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4.3 — Linear independence

Let V be a vector space, and let vq{,vq,...,v, € V.
Definition 1. v, is linearly dependent on v, vy, ..., v, if there exists k1, ko, ..., k,_1 €
R such that
Vi, =kivi+kove + o+ kv
Otherwise, v,, is linearly independent of vi,vs,...,v,_1.
Definition 2. vy, vy, ..., v, are linearly dependent if there exists kq, ko, ..., k, € R, not

all k;’s are zero, such that
]ﬁVl + ksz +---+ ann =id.

Otherwise, vi,va,..., Vv, are linearly independent.

Definition 3. S C V is linearly dependent if there exists vi,vsy,...,v,, € S and
ki, ko, ..., k, € R, not all k;’s are zero, such that

]C1V1 —+ k2v2 + -+ knvn =id.

Otherwise, S is linearly independent. If S = (), then S is also defined to be linearly
independent.

Recall that a linear combination of vi,va,... v, is
kyvi + kovo + -+ 4+ kv,
A trivial linear combination of v{,vy,..., v, is
Ovy 4+ 0vy 4+ -+ - + Ov,,,

which is obviously equal to id. Hence, vy, vs,..., v, are linearly dependent if there is a
nontrivial linear combination of them to form id.

Theorem 4. Let S be a subset of vectors in a vector space V. Then

(a) ifid € S, S is linearly dependent;

(b) if S contains only one vector, then S is linearly independent if and only if id ¢ S;

(¢) if S contains exactly two vectors, then S is linearly independent if and only if neither
vector is a scalar multiple of the other.
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Theorem 5. Let S be a subset of two or more vectors in a vector space V.. Then S is linearly
independent if and only if no vector in S is a linear combination of the others in S.

If we want to prove that a set S is linearly independent, we often use proof by contrapositive
or proof by contradiction. This is because linear independence is a “for all” statement:

All nontrivial linear combinations of vectors in S are not equal to id.

Hence, with proof by contrapositive or proof by contradiction, we can start with “there
exists” assumption:

There exists a nontrivial combination of vectors in S that equals id.

Theorem 6. Let V = R", and let S = {vi,va,...,vp,}. If m > n, then S is linearly
dependent.

Example 7. In R*, let e; = (1,0,0,...), e = (0,1,0,...), .... Then S = {e;,e,,...} is
linearly independent.

Example 8. In V = R* let S = {(1,2,3,4),(5,6,7,8),(9,10,11,12)}, S’ = {(1,1,1,1),
(1,2,4,8), (1,3,9,27),(1,4,16,64)}, and 8" = {(1,1,1,1), (1,2,4,8), (1,3,9,27), (1, 4, 16, 64),
(1,5,25,125)}. Then S and S” are linearly dependent, while S’ is linearly independent.

Example 9. In V = P, S = {1,z,2% ...} is linearly independent, while S’ = {1 — z,
5+ 3x — 22%, 1 + 3z — 2} is linearly dependent.

Theorem 10. If fi, fa, ..., fu € F(—00,00) have n— 1 derivatives, then {f1, fa,..., fn} are
linearly independent if (but NOT only if) the Wronskian of these functions is not identically
zero, where the Wronskian is

Example 11. In V = F(—o00,00), S = {2,sinz} is linearly independent, while S’ =
{2,sin z, cos? x'} is linearly dependent.



