MAT 260 LINEAR ALGEBRA
LECTURE 10

WING HONG TONY WONG

4.2 — Subspaces

Definition 1. Let V be a vector space, with @ and ® denoting its addition and scalar
multiplication operations respectively. A nonempty set W is a “subspace” of V if
all the following 3 properties are satisfied.
(1) WCV.
(2) The addition and scalar multiplication operations in W are inherited from V.
In other words, if &y : W x W — W and Oy : R x W — W denote the addition
and scalar multiplication operations in W respectively, then
for all u,v € W, @y (u,v) = ®(u,v), and
for all k£ € R, and for all v.e W, Oy (k,v) = ©(k, V).

(3) W, with @y and Oy defined on W as maps, is a vector space.

Question 2. What happens if we drop (2) from Definition 17

Answer. Consider V' = R with the standard vector addition and scalar multiplication. Con-
sider W = R, with addition and scalar multiplication on W defined such that

udyv=u-v and kou=u"
Recall from Example 8 and Problem 16 in Lecture Note 3 that W is a vector space. In other
words, this choice of V' and W satisfy conditions (1) and (3) in Definition 1. However, we
don’t like to call W to be a subspace of V. This is why condition (2) is necessary.
O

If conditions (1) and (2) in Definition 1 are known to be satisified, it still takes a lot of
work to verify condition (3), since verifying whether W is a vector space involves verifying
all 10 axioms for W . Is there a quicker way?

Theorem 3. Let V' be a vector space, and let W be a nonempty subset V' such that the
addition and scalar multiplication in W are inherited from V. Then W s a subspace of V
if and only if Azioms (1) and (6) hold for W.

Proof. 1f W is a subspace of V, then all 10 axioms hold for W. In particular, Axioms (1)
and (6) hold. Hence, the “only if” direction is trivial.
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Now, assume that Axioms (1) and (6) hold for W.

Note: The proofs of Axioms (2), (3), (7), (8), (9), (10) for W are very similar since they
are of the same type.

Axiom (2) for W:
For all u,v ¢ W,

LHS =udwyv
=udv (since addition in W is inherited from V')
=védu  (by Axiom (2) for V)
=vdyu (since addition in W is inherited from V')
= RHS.

Therefore, Axiom (2) for W holds.

Axiom (3) for W:
For all u,v,w € W,

LHS =udw (voy w)
=ud(vew) (since addition in W is inherited from V', and v &y w € W)
=(uodv)dow  (by Axiom (3) for V)
=(udw V) by w (since addition in W is inherited from V', and u @&y v € W)
= RHS.
Therefore, Axiom (3) for W holds.

Axiom (7) for W:
For all kK € R and for all u,v € W,

LHS =k Ow (udw V)
=kO(udv) (since addition and scalar multiplication in W are inherited from V/,
and u Gy v € W)
=koudkov  (by Axiom (7) for V)
=kOwudwkOw v (since addition and scalar multiplication in W are inherited
from V, and k Oy u and k O v are in W)
= RHS.

Therefore, Axiom (7) for W holds.



Axiom (8) for W:
For all k,/ € R and for all ve W,

LHS =(k+/0)Ow v
=k+0)0OV (since scalar multiplication in W is inherited from V)

=kovaelov  (by Axiom (8) for V)

=kOwvewloOwv (since addition and scalar multiplication in W are inherited
from V, and k © v and £ Oy v are in W)
= RHS.

Therefore, Axiom (8) for W holds.

Axiom (9) for W:
For all k,¢/ € R and for all v € W,

=(k-0)oOv (since scalar multiplication in W is inherited from V)
=kO({OV) (by Axiom (9) for V)
=kOoOw ({ Ow v) (since scalar multiplication in W is inherited from V/,

and £ Ow v e W)
= RHS.

Therefore, Axiom (9) for W holds.

Axiom (10) for W':

Forallve W,
LHS =10y v
=10v (since scalar multiplication in W is inherited from V)
=v  (by Axiom (10) for V)
= RHS.

Therefore, Axiom (10) for W holds.

Axiom (4) for W:
Since W is nonempty, pick v € W. Consider 0Oy v. By Axiom (6) for W, 0oy v € W.

OOwv=00vVv (since scalar multiplication in W is inherited from V)

=id  (by Theorem A for V in Lecture Note 6).
Therefore, id € W, and Axiom (4) for W holds.



Axiom (5) for W:
For all v € W, consider —1 Oy v. By Axiom (6) for W, —1 oy v e W.

—1opyv=-10vVv (since scalar multiplication in W is inherited from V)

= -V (by Theorem C for V in Lecture Note 6).

Therefore, for all v € W, —v € W, and Axiom (5) for W holds.
0

From now on, if we know that the addition and scalar multiplication in W are inherited
from V| we will simply use & and © to represent them. Furthermore, unless otherwise spec-
ified, the addition and scalar multiplication in any subset of V' are assumed to be inherited

from V.

Example 4. Let V = R? with standard addition and scalar multiplication. The following
subsets are subspaces of V.

e The set containing only the origin, i.e., {(0,0,0)}.

e A straight line passing through the origin, i.e., {t(a,b,c) : t € R} for some (a,b,c) €
R3.

e A flat plane passing through the origin, i.e., {t1(a1,b1,c1) ® ta(ag, by, o) : t1,ty €
R}, where (a1, by,¢1), (az, by, c2) € R3 and there do not exist real numbers k and ¢
satisfying k(aq, b1, c1) = l(ag, b, c2).

e R3.

Question 5. A straight line or a flat plane that does not pass through the origin is NOT a
subspace of R3. Why?

Question 6. (5 bonus points if answered by next Friday) Are those subsets listed in Exam-
ple 4 all the possible subspaces of R3? Why?

Example 7. Let V = F(—00, c0) be the vector space of all functions from R to R, as defined
in Example 6 of Lecture Note 3. The following subsets are subspaces of V.

e The set of all “integrable” functions, i.e., {f € V : [*_f(z)dx is well-defined}.

e The set of all continuous functions, denoted by C'(—o0, c0).

e The set of all differentiable functions.

e The set of all functions whose first derivatives exist and are continuous, denoted by
Cl(—00, ).

e The set of all functions whose first n-th derivatives exist and are continuous, denoted
by C"(—00,00).

e The set of all functions whose first n-th derivatives exist for all n € N, denoted by
C*° (=00, 00).

e The set of all polynomials, denoted by P...

e The set of all polynomials of degrees up to n, denoted by PB,.

Note: From the second bullet point onwards, the subspaces are arranged in the order that
each subspace is contained in the previous one.
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Question 8. Is the set of all polynomials of degree n a subspace of F'(—o0,00)?

| Homework |

Problem 9 (Textbook 4.2.1). Let V = R?® be a vector space with standard addition and
scalar multiplication. Use Theorem 3 of Lecture Note 8 to determine whether the following
sets are subspaces of V.

a) The set of vectors of the form (a, 0,
The set of vectors of the form (a,

(a,0,0), i.e., W={(a,b,c) € V:b=0 and c = 0}.
b) (a,1,1)
c¢) The set of vectors of the form (a,b,c), where b = a + c.
d) (a,b
) (a,b

(
( ).
(d) The set of vectors of the form (a, b, c), where b =a + ¢+ 1.

c
(e) The set of vectors of the form (a,b,0).

Problem 10 (Textbook 4.2.3, 4.2.4(d)). Let V = P; be the vector space of all polynomials
with degrees up to 3, with standard addition and scalar multiplication. Use Theorem 3 of
Lecture Note 8 to determine whether the following sets are subspaces of V.

(a) The set of polynomials ag + a1 + asx? + azx® for which ag = 0, i.e., W = {ag + ayz +
asx? + azxd € V :ag = 0}.

(b) The set of polynomials ag + a1x + asx? + azz?® for which ag + a; + as + az = 0.

(c) The set of polynomials ag + a7 + asx? + azx® in which ag, a1, as, and a3 are integers.

(d) The set of polynomials ag + a;x, where ag and a; are real numbers.

(e) The set of polynomials of degree 2.

Problem 11 (Textbook 4.2.4). Let V = F(—o00,00) be the vector space of all functions
from R to R, with standard addition and scalar multiplication. Use Theorem 3 of Lecture
Note 8 to determine whether the following sets are subspaces of V.

(a) The set of functions f in F'(—o0,00) for which f(0) =0, i.e., W ={f € V' : f(0) = 0}.
(b) The set of functions f in F(—o0,c0) for which f(0) = 1.

(c) The set of functions f in F(—o0,00) for which f(—x) = f(z).

Problem 12. Let V' be a vector space, and let W be a nonempty subset V' such that the
addition and scalar multiplication in W are inherited from V. Prove that W is a subspace
of Vit and only if for allu,v e W, forall ke R,udkove W.

Problem 13. Let V be a vector space. Let I be a nonempty set (often called the “index

set”), and let W; be a subspace of V for all i € I. Prove that (W, with addition and scalar
iel

multiplication inherited from V, is a subspace of V.



4.2 — Spanning

From this section onwards, we are no longer going to use & and ©, and you need to able
to tell from the context.

Question 14. Let V be a vector space, and let S = {vy,vy,...,v,} € V. What kind of
vectors in V' can be created from S via addition and scalar multiplication?

Definition 15. Let V be a vector space, and let S = {v,va,...,v,} C V. A “linear
combination” of vi,v,,...,v, (or a “linear combination” of S) is

kyvi + kovo + -+ 4 kv,
where k;’s are scalars. (Note: This sum is well-defined because of Axiom (3) for V.)
The “span” of vi,vy,...,v, (ora “span” of S) is the set of ALL linear combinations
of vi, vy, ..., vy, ie.,
span(S) ={v € V :v = kyvy + kove + - - - + k,v,,, where ki, ko, ... k, € R}.
If S =0, then we define span(S) = {id}.

Theorem 16. Let V' be a vector space, and let S = {vq,va,...,v,} C V. Then span(S) is
the “smallest” subspace of V' containing S.

Proof. The few words “smallest subspace of V' containing S” has actually hidden THREE
important statements:
(1) span(S) is a subspace of V.
(2) span(S) contains S, i.e., S C span(95).
(3) For all subspaces W of V' containing S, we have W containing span(.S). Equivalently,
for all subspaces W of V' such that S C W, we have span(S) C W.

Proof of (1): To show that span(.S) is a subspace of V', we need to verify Axioms (1) and (6)
for span(S), according to Theorem 3.

Axiom (1) for span(S):
For all u,v € span(S),

u=~kvy+kyvo+---+k,v, andv=~0v+lvy+---+L,V,,
where kl,kg,...,kn,éhgm...,gn e R.

u+v=(kvy+kvy+-+kv) + (Ovi+lave + -+ 4, vy)
= (ki +0)vi+ (ko + ) vo+ -+ (kn+ L)V, (by Axioms (2), (3), and (8) for V)
€ span(9),



since (ki + £1), (ko + €a), ..., (k, + €,) € R. Therefore, Axiom (1) for span(5) holds.

Axiom (6) for span(S):
For all € R and for all v € span(S),

v=">0vi+lvy+ -+ L,V,,
where 61,62, e 7€n e R.

av = a(lyvy + lovy + - -+ L, vy,)
=a(l1vy) + a(lava) + -+ + a(lyvy) (by Axiom (7) for V)
= (aly)vi + (aly)ve + -+ - + (aly) v, (by Axiom (9) for V)
€ span(.S),

since aly,aly, ..., al, € R. Therefore, Axiom (6) for span(S) holds.

Proof of (2): For alli=1,2,...,n,

OV1+0V2—|—"'+0VZ‘,1+1V1‘—|—0V1‘+1—|—"'+0V7L
=id+---+id+v,+id+--- +id (by Theorem A and Axiom (10) for V')
=v;. (by the definition of addition identity)

This shows that every v; is an element of span(S). Therefore, S C span(S).

Proof of (3): Let W be a subspace of V such that S C W. For all v € span(5),
v =Fkivi+ kovy + -+ vy,

where ki, ks, ..., k, € R.
Since vy, Vs, ..., v, € W, we have kyjvy, kovy, ... k,v, € W by Axiom (6) for W. Now,
by Axiom (1) for W,

kivi+ kovy € W;
kivi + kava + kavy = (kv + kava) + kavs € W
kivy + kovy + ksvs + kyvy = (/{31V1 + kovae + k’ng) + kyvy € W
kivi+kove+ o+ kn V1 + kovy = (kivi + kava+ - 4+ ko1 vie1) + kv, € W
Hence, v € W. Therefore, span(S) C W.

O
Example 17. Let V = R" with standard addition and scalar multiplication, and let
e; = (1,0,0,...,0), eo = (0,1,0,...,0), ..., e, = (0,0,0,...,1). It is easy to see that
span{e;, ey, ..., e,} = R". These e;’s are called “standard unit vectors” in R".

Example 18. Let V = P,, the vector space of polynomials of degrees up to n, with standard
addition and scalar multiplication. It is easy to see that span{l,x,z? ... 2"} = P,.
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Theorem 19. Let V' be a vector space, and let S and T be two finite subsets of V.. Then
span(S) = span(7T)
if and only if
S Cspan(T) and T C span(S).

Proof. (=) Assume that span(S) = span(7’). Then by statement (2) in the proof of Theorem
16, S C span(S) = span(7) and T' C span(7") = span(5).

(<) Assume that S C span(7T) and T C span(S). By statement (1) in the proof of
Theorem 16, span(7") and span(S) are subspaces of V.

e Since S C span(7'), by statement (3) in the proof of Theorem 16, span(S) C span(7T');

e since 7' C span(S), by statement (3) in the proof of Theorem 16, span(7") C span(S).
Therefore, span(S) = span(7T').

U

Example 20. Let VV = R? with standard addition and scalar multiplication, and let u =
(1,2,—1) and v = (6,4, 2). Determine whether {u, v} spans x = (9,2,7) and y = (4, -1, 8).

Solution. Let ki, ke € R such that kyu + kv = x. In other words,
ki(1,2, —1) + ko(6,4,2) = (9,2,7).
From this equation, we get the following system of linear equations.

ki +6ky =9
2ky + 4ko = 2
—k1+2/€2:7

We can solve this system by the method of elimination, which involves

e interchanging any two equations,
e multiplying an equation by a nonzero constant, and
e adding a constant multiple of an equation to another equation.

The goal is to get Os for the coefficients for some variables.

Here, we are going to convert the system of linear equations into an augmented matrix,

and we are going to perform Gauss-Jordan elimination, which is composed of a se-
quence of elementary row operations:

e Interchange the i-th and j-th row (R; <> R;).
e Multiply the i-th row by a nonzero constant (cR;).
e Add a constant multiple of the j-th row to the i-th row (R; + cR;).

The goal is to get to the reduced row echelon form:
e Every row of all zeros are at the bottom of the matrix.
e For every row which are not all zeros, the first nonzero entry is 1, called the leading 1.

e The positions of leading 1s are going downward and rightward.

e All entries in the same column as a leading 1 are all zeros.
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1 6|9 1 6 1
2 4|2 | f22 0—8—16M>0—8—16
~1 2|7 1 2 0
. 169R8R 1 6|9
: 0 1] 2 | &2 o 12
0 8|16 000

This finishes the forward phase of the Gauss-Jordan elimination, and will result

in a row_echelon form (which is the same as reduced row echelon form, except the
last condition is removed.) Next, we have the backward phase of the Gauss-Jordan
elimination.

1 6|9 1 0|-3
0 1)2 | &2 (0 1] 2
0 0]0 0 0] O
From the reduced row echelon form, the first row represents the equation k; = —3, and

the second row represents ks = 2, so the solutions to the system of linear equations are
(k1,k2) = (—3,2).
Therefore, x is spanned by {u,v}.

Similarly, let /1, ¢y € R such that ¢;u + fov = y. In other words,
(1,2, —1) + £5(6,4,2) = (4, —1,8).

From this equation, we get the following system of linear equations.

01+ 60, = 4
2£1+4£2:—
— + 20, =8
1 6| 4 1 6| 4
2 4| -1 | 22y RICREINGY ()
~1 2| 8 0 8| 12
B 1 6] 4 16[4) , 1 64
CRCN IRV I =N VR (O IRy BV
0 812 0 0]3 0 01

From this row echelon form, the last row represents the equation 0 = 1, which is impossible,
so there are no solutions to the system of linear equations. Therefore, y is not spanned by

{u, v}.

O
Example 21. Let V = P, with standard addition and scalar multiplication, and let v; =
1+ax+22% vy =14 2% and v3 = 3 + 4o + T2>.

(a) Express w = 4 + 3z + T2 as a linear combination of vy, vy, v3.
(b) Determine whether span{vy, vy, v3} = Ps.
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Solution. Let ki, ko, ks € R such that k1vy + kovy + k3vy = w. In other words,
ki(14 2 4 22%) + ko (1 + 2%) + k3 (3 + 4o + T2%) = 4 + 3z + T2,
From this equation, we get the following system of linear equations.
ky 4 ko + 3ks =4
ky +4ks =3
2ky + ko +Thks =T

11 3|4 1 1 3| 4 1 1 3| 4
1043|280 -1 1)1 |20 1 -1 1
2 1 7|7 ) "B \o -1 1]-1 0 -1 1|-1

10 4|3

fstfa | g1 —1]1

=\ g0 o0lo0

Since there is no leading 1 in the column corresponding to the variable k3, we assign a
free parameter k; =t, where t € R.

e The first row represents the equation ki + 4t = 3, so k; = —4t + 3; and
e the second row represents the equation ko —t =1, s0 ko =1 + 1.

So, the solutions to the system of linear equations are
(k1, ko, k3) = (=4t + 3,t + 1,1),
where ¢t € R is a free parameter. Therefore, (—4t +3)vy + (t+ 1)va+tvy =w for all t € R.
Let x = by + bz + byx?, and let ¢4, 05, /5 € R such that ¢;v, + lyvy + 3v3 = x. In other
words,
O1(1 4+ 24 22%) + Lo(1 4 22) + €3(3 + 4o + T2®) = by + byx + bya®.
From this equation, we get the following system of linear equations.
U+l + 3l = by
2 + 43 = by
20, + Uy + Tls = by

113 1 13 b 1 1 3 bo
10 4b | 2280 -1 1] by—by | 20 1 =1 by—10y
2 1 Tlby ) ™72\ 0 —1 1]by—2b 0 —1 1|by—2b

10 4 by

Bstfa | g1 —1 by — by

Bimfe N0 00 0|by—by— by

The third row represents the equation 0 = by — by — by. If by — by — by # 0, then there is

no solution to the system of linear equations. Therefore, there exists x € P, that cannot be
spanned by {vq, vy, v3}, i.e., span{vy, vy, v3} # P.

O
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