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1. CONSERVATIVE VECTOR FIELDS

Let f: D CR" — R", D open, f continuous. f is conservative if there is a C* ¢ : R® — R
such that f = V.
f is conservative if and only if [ o [+ da =0 for all piecewise C* closed curve C in D.

If D is connected and f is conservative, then ¢ is uniquely determined up to a constant,
namely ¢(x) = [, f - da, where C'is any path from a fixed point zg € D to z € D.

Leﬁ f: D CR*— R" D open, fis C'. f is conservative implies 3;2 = g—ﬁ for all
1,].

Let f: D CR" — R", D open and simply connected (no holes), f is C. ng; = g—g for all
1,7 implies f is conservative.

2. GREEN’S THEOREM

Jordan curve in R" is a simple closed curve (no self-intersection). In R?, we can talk about
positively and negatively oriented.

In R?, the normal vector n(t) = (Haa/(%)/ points outwards.

Green’s Theorem:
f: D CR?— R? D open and simply connected, f is C', a : [a,b] — D positively oriented
piecewise C! Jordan curve. Then

Jo £ - do= [[ (G2 = G)dedy,
where R is the closed region bounded by the Jordan curve a.

It can also be written as [, Pdx + Qdy = [, (%2 — &) dxdy, where f = (P, Q).

Note that this integral does not depend on the parametrization «, but only on the curve C'
itself.

If R has holes, each has boundary a Jordan curve, then Green’s Theorem implies

[ (42~ 9 )ady = [ Paa-+ Qi — fo, Pids-+Qy -~ I, Pl +Qy.

Application for calculating areas:

Area(R) = [[, 1dady = § [, xdy — ydx = %f; x(t)y'(t) — y(t)x'(t)dt.
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Winding number:
Let zp = (xo,yo) not on the curve C' = «a([a, b]).

T—T _ b (x t)—x0)y' (1) —(y()~y
W, 20) = g fo —de + Egedy = o [, O (w0 gy,

If ais a Jordan curve, then W(a, 2p) = £1 if 2y is in the interior and W (a, z9) = 0 if z is
in the exterior.

3. DIV, CURL AND GRAD

Grad:
f:DCR =R Vf=(2L, . 2
Div:

f:DCR"—R" V- f= % 4+ 4+ 8f = trace of Jacobian matrix of f.

Laplacian:
- DCR" R, Af=V-V :%4—...,%:traceofHessianmatrixoff.
ox oz
f is harmonic if Af = 0, a zero function.
Curl:
i j k
fiDCRS SR f=(PQR), culf=Vxf=|& & &
P Q@ R

4. EXAMPLES

Example 1. If f(z,y) = (P(x),Q(y)), then g—g =0 = ‘3—1;, so f is conservative and

fc f - da =0 for all Jordan curves a.

Example 2. If P(x’y) = 16_92 and Q(Q’;’ y) = —$2y6_y2 + @, evaluate the line integral
[ Pdx + Qdy around the boundary of the square of side 2a determined by the inequalities
|z| < a and |y| < a.

Solution. Note that if Q'(z,y) = —22ye™¥", then %—g = —23:ye‘y2 = %—1;, SO f = (P,Q') is
conservative, which gives [ Pdz + Qdy = ( [ Pdz + Q'dy) + [ x2+y zdy = [ = - —1—dy, which

is equal to fa_a (_a)++y2dy + ffa ﬁdy = 0 since they cancel each other.
]



