Chapter 1. The Role of Algorithms in Computing

- An algorithm is a sequence of unambiguous instructions for solving a problem '
i.e., for obtaining a required output for any legitimate input in a finite amount of time.

- More formally, an algorithm is a sequence of computational steps that transform the
input into the output.

problem
algorithm
input “computer” [ output
(ex) The sorting problem
Input: A sequence of n numbers <ay, ay, ..., 8>
Output: A permutation (reordering) <a,’, a;/, ..., a,"> of the input sequence such

thata,' < a,’<...<a,’

- An algorithm is said to be correct if, for every input instance, it halts with the correct
output.

- An algorithm can be specified in English, as a computer program, or even as a
hardware design. The only requirement is that the specification must provide a precise
description of the computational procedure to be followed.

- Algorithms devised to solve the same problem often different in their efficiency. The
most straight forward and simple algorithms for solving a given problem is often not
the most efficient.

- Designing more efficient algorithms frequently requires utilizing more sophisticated
data structures and familiarity with certain concepts from mathematics such as
functions, sets, various summation formulas, and so forth.

-Why do you need to study algorithms?

(1) You have to know a standard set of important algorithms from different areas of
computing.

= You should be able to design new algorithms and analyze their efficiency.

() Th'e study of algorithms has come to be recognized as the cornerstone of computer
science. = Computer programs would not exist without algorithms.
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(3) Specific algorithm design techniques can be interpreted as problem-solving
strategies that can be useful regardless of whether a computer is involved.

(Note) A person does not really understand something until after teaching it to someone

else. Actually, a person does not really understand something until after teaching
it to a computer, i.e., expressing it as an algorithm.
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Chapter 2. Getting Started

(Note) In this book, we shall typically describe algorithms as programs written in a
pseudocode that is similar in many respects to C, Pascal, or Java.
= Read pseudocode conventions (p19-20)

A pseudocode is a mixture of a natural language and programming language-like
constructs.

- Algorithm design and analysis process

(1) Understanding the problem
(2) Ascertaining the capabilities of a computational device
(Sequential or parallel algorithms)
(3) Choosing between exact and approximate problem solving
(Approximation due to the nature of problems or speed up purpose)
(4) Deciding on appropriate data structures
(5) Algorithm design techniques '
(6) Methods of specifying an algorithm (Pseudocode, flowchart, and etc.)
(7) Proving an algorithm’s correctness
(8) Analyzing an algorithm (Time efficiency, space efficiency, and etc.)

(9) Coding an algorithm
2.2. Analyzing algorithms

- Analyzing an algorithm has come to mean predicting the resources that the algorithm
requires. (ex. Memory, communication bandwidth, and etc.)

- Most often it is computational time that we want to measure.
(<= Resources are usually enough due to the improvement of computers)

- The running time of an algorithm on a particular input is the number of primitive
operations executed.

- A constant amount of time is required to execute each line of our pseudocode.
(i.e. Assume that each execution of the i-th line take time c;, ¢; is a constant)

(ex) Insertion_Sort (A)
cost times

1 for j«-2 to length[A] C n=(m-2+1)+!
2 dokey«A[j] C2 n-1

3 //nsert Afj] into the sorted sequence A[1..j-1]

4 ij-1 C4 n-1

5 while i>0 and A[i]>key cs Shat;

6 do A[i+1]«A[i) ce =8, (1)

7 i—i-1 c7 )3"," 2(4-1)

8 Ali+1])«key cs n-1

@) t; is the number of fimes the while loop test in fme &
(is exeCIH'eA <Far Hhat value of J



cost: time of each statement
times: number of times each statement is executed.

= The running time of Insertion_Sort Cm ”
T(n) =c;n + Ca(n-1) + cq4(n-1) + c;s Z}:ztj +Cq z&#l(tj-l) +c7 ZJ=1(tJ']) + cg(n-1)

The best case occurs if the array is already sorted
(ie. Alijgkeyforj=2,3,..,n . g=1forj=23,..,n)
= T(n) = cin +ca(n-1) + cq(n-1) + cs(n-1) + cg(n-1)
=(ci+cyt+cy +C5+Cs)n—(02+04+05+08)
=an + b (a, b: constants)

The worst case occurs if the array is in reversS sorted or"der nn-0
1 = 1 1 — o 'n i = ML- - 5 ‘- =
(ie.t=jforj=2,3,....,n ..ZJ.uJ 2~ 25 D 2
o) n(n-) D
= T(m)= cin+cy(n-1) +cy(n-1) tes(—= - t+ee( — )+t (T2 )
+ cg(n-1)

= an’+bn +c (a, b, c: constants)
(Note) We shall usually concentrate on finding only the worst-case running time.

- Order of growth (or rate of growth)
: Consider only the leading term of running time, since the low-order terms are
relatively insignificant for large n. We also ignore the leading term’s constant
coefficient. ‘

(ex) Insertion sort has a worst-case running time of o(n?).
Insertion sort has a best-case running time of 8(n).

- We usually consider one algorithm to be more efficient than another if its worst-case
running time has a lower order of growth.

2.3. Designing Algorithms
- There are many ways to design algorithms.

(1) Brute Force (ex. bubble sort, linear search, ...)
(2) Divide and Conquer (ex. merge sort, quick sort, )
(3) Decrease and Conquer (or Incremental Approach)

(ex. insertion sort, DFS, BFS, topological sorting, ...)
(4) Transform and Conquer (ex. Gaussian elimination, heap sort, ...)
(5) Dynamic Programming

(ex. matrix-chain multiplication, longest common subsequence, ...)
(6) Greedy Algorithms (ex. activity-section, Huffman codes, ...)

€2 ¢
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(ex) Merge sort using divide and conquer technique

’

The divide-and-conquer approach involves 3 steps:

1. A problem’s instance is divided into several smaller instances of the same
problem, ideally of about the same size.

2. The smaller instances are solved (typically recursively, though sometimes a
different algorithm is employed when instances become small enough).

3. If necessary, the solution obtained for the smaller instances are combined to get
a solution to the original problem.

Merge_Sort (A, p, I)

1 ifp<r Gxt=¢ =6 T o) L ifn
2 then q « &p"l'r)/;_l Cax | =Cy = 6W = (") = {
3 Merge Sori (A,p,q)  Tavsd = Tap) | 2T("R) +6@) , if ¢
4 Merge_Sort (A, q+1, 1) T(w2) ¥ = T(n2)

5 MCrgC (A! P, qa r) 9("‘)

Merge (A, p, g, 1)

1 n« gptl G '

2 nmerq Ca |

3 create arrays L[1.. n;+1] and R[1.. ny+1] G 1

4 fori—1tom 8 »

5 doLfi] — A[p+-1] iy T

6 forj—1ltom 4 W

7 doR[j] — AlgH] G Nt

8 Ln+l]e— o Cy Ma

9 Rnptl]e— Y] !
10 i1 G i
11 je1 Cio '
12 fork«ptor Cu ‘
13 do if L[i] <R[j] Cin (r-p+1)+] = N+
14 then A[k] « L[i] c _
15 ] Cu Y-p¢l = 1M

16 else A[k] — R[j] ¢ £

17 je—jtl G $

Cie £
>T@o)=6@m) () 4~7 36m) Cip §n
T P~/720am) (=7 On)
ts the yruming time
by using He ardler of grauth
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Chapter 3. Growth of Functions

3.1 Asymptotic Notation

The efficiency analysis framework concentrates on the order of growth To compare and
rank such orders of growth, computer scientists use three notations: O.(big oh),

Q(big omega), and O(big theta).

(1) O (big oh)-notation: asymptotic upper bound
onpegative integer

For a given function g(n), ”}‘(/
O(g(n)) = { f(n) | J positive constants ¢ and¥fig s.t. 0 < f(n) < cg(n) for all n=no }

Where, n represents size of input

time o ' C -8(7!)
soye
£

i
!
I
)
1
!
J

g size of inpwk (n)
(ex) Let g(n) = n® and f(n) =100n+5
Then 100n + 5 = O(n?) (Note: O(g(n)) represents a set of functions
= f(n)e O(gm)) = f(n) = O(g(n)))
(=) Takeng=1,c =105
Then 0<100n+5<100n+5n =105n (foralln>1) ¢ jo5 "

(Note) The definition gives us a lot of freedom in choosing specific values for
¢ and nyg.

(ex) Let g(n) n’ and f(n) = 2n*
Then 2n® = O(n )
() Take ng=2,c=1
Then 0 <2n” < 1n® (for all n >2)

(ex) Let g(n) n’/2 and f{n) = 2n’
Then 2n = O(n’/2)
(¥) Takeng=2,c=2
Then 0 <2n? < 2(n’2) (for all n > 2)

(ex) Let g(n) n*+4 and f(n) = n’+3
Then n*+3 = O(n +4)
(v) Takenp=1,c=1
Then 0 <n’+3 < 1(n*+4) (for all n > 1)
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(2) Q(big omega)-notation: asymptotic lower bound
nonegative integer

For a given function g(n), \/—
Q(g(n)) = { fn) | J positive constants ¢ and¥ s.t. 0 < cg(n) = f(n) for all n>no }

Where, n represents size of input

Hmeto ! o
Solve f g
| Cg(n)
{
|
i Size of Ampat (1)

(ex) n’ = Q(n?) (Note: Q(g(n)) represents a set of functions

, = f(n)€ Q(g(n)) = f(n) =Q(g(n)) )
)c=1n=00% in’<n’foralln> 0‘

(ex) n’ = Q(2n?) »
®)c=1,n=2= 0<(1)2n*<n’foralln>2

(ex) 0’ = Q(2n?)
(%) c=Y%,ng=0=> 0 < (%)2n’<n’foralln> 0

(ex) Vo= Q(log n)
(@)e=1,n0=16 = 0<(I)log n<Vn foralln>16

(3) ©(big theta)-notation: asymptotic tight bound

For a given function g(n), angw\"we sy
O(g(n)) ={ f(n) |4 positive constants ¢y, ¢, mS f(n) < cag(n)
foralln>no }
Where, n represents size of input
time to '
Sofve

size of ,{nrM‘ (n)

e
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(ex) ()n(n-1) =.0(n*) (Note: O(g(n)) ropresents a sot of fi unctions
= ) & O(gm)) = f(n)=O(g(n)))
(**) (the right inequality)
(Ya)n(n-1) = (Yan* = (Ya)n < (va)n? foralln = 0
(the left incquality)
(n(n-1) = (%)n? = (Ya)n = (Yo’ - (Yan(Y)n (for all n 2 2) = (Va)n?
Hence, take ¢; = Y, ¢3 = %2 and ng = 2
Then, 0 £ (‘/4)n2 < (A)n(n-1) < ('/a)n2 foralln>2

(ex) (Y)n? - 3n= O(n®) (Note: O(g(n)) represents a set of functions
) = fin)e O(g(n) = f(n) = O(g(n)) )
(¥)0<cin® <(Yn? = 3n <cn
0<c £(A)- In<c
ec,=faca='aand ng=7

w»;f’e;? Then, 0 <yn’ < (4)n' ~3n < ()n’ for all n 27
A ”L(Notc) We can always determine the relative growth rates of two functions f(n) and g(n)
by comparing 1&;\“_'%(:;“); . |
i fe0 0 = oty = o Jom)
1w 4 { C(¥O) = fay = 0 (§m)
" = 3 = o(f(m)

osciffates vefation
Where, oQm) means O(pem) but net Q(pPM) .

@ Basic Asymptotic Efficiency Classes (eincreasing order)
o(n!)
0(n2")
0(2")
O(n*)
o(n?)

O(n logn)
O(n)
0@h)

O(logn)

o(1)
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@ Examples of Algorithm A"U'QJSTS oF
_>@||Aaorithm._ MoxElement (ALO..n-11)
fermines the || maxval < ALoT G
e ey PACLD 1t O [(n-)-1+1] 41 =
a given arveyll if ACAT > maxval G-
| Moxvad <~ AL G Sl
Yetun maxved . G5 s
_ . 5 T =00
> A%oriﬂm\uniguegpemen'l‘s (AL0.1-1) |
ﬁfmh::j;ag for A0 o -2 do & [(’h -2)-0-H]H
given amy || _for Je it o 1-1 do | G = “ “[a-0-(in +‘+'J
° distinct. | if ALT=ACIT e flse G 3o L) -Cit) 1 ]
- veturn frue C+H__.._/_ )
| o T(h) =06 (n*)
{9) %}:_[ -1)- (A'H)-{-I—I-I_] .
=f): (1-2) = I’M _%_ﬁ —’n(ﬂ |)+<_"_’°.£"_J_ = Q)
—> @ | Mgorithm MavixMultplication (A[o.m~|,o..n-l],8[o =, 0.1-17)
Beiplies two || foy de0 40 M( do G [(71 |) 0+11+( = 1l
mremw%hcesu
- oder o by | for j<0 1o 1~ do G Lo[(n -0+1+1]
; defoitin- "“é" . CLnylsoo0 [cﬂ D—-o0+( ]

foy k(‘o ‘i:o'n | do CA-AoJo[-n‘ 0+!+,]

veturn C </

() =9(7¢5)

(%) %3 .5[0\ ) - 0+t+|]

1\4‘{ ( +|)

=

b T
— A=D_j=p

[MH] Z(Hn) =14+n=03)



