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1. FUNDAMENTALS

1.1. Preliminaries. Let X ~ f(z), f : R — R, such that f is a well-defined probability
density function and let ¥ ~ g(y), g : R — R, such that g is a well-defined probability density
function.

The population parameters for X are the mean, px , the variance, 0%, the standard deviation,
ox, etc. and the population parameters for Y are the mean, py, the variance, 0% the standard
deviation, oy, etc.

Let X and Y have a well-defined joint probability density function, h((z,y)) where
h: RxR — R. Hence, the population covariance is o xy formed by computing E[XY]—-E[X]-E[Y]

and the population (Pearson product-moment) correlation between X and Y is pxy = _IXY_ such
ox 0y
that ox 75 0 and Oy 75 0.

1.2. Sample Statistics. Let D = {X1, Xo, X3,..., X,,} be a finite data set from the X-population
of interest such that n € N and
C={"1,Y,,Ys,...,Y,,} be a finite data set from a Y-population of interest such that m € N.

We assume such samples were random; i.i.d.; per variable there was no error in measurement or
recording of the data.

Recall the population parameters for X are the mean, jx, the standard deviation, ox, etc.; X is an

estimator for px, fix; S% is an estimator for 0%, o%; and Sx is an estimator for ox, ox. Please
recall when any of these estimators are unbiased, consistent, or sufficient and how they were created
(either with the method of moments or the method of maximum likelihood).

Likewise the population parameters for Y are the mean, uy, the standard deviation, oy, etc.;
Y is an estimator for py, fiy; S% is an estimator for 02, 02; and Sy is an estimator for oy, oy

The sample (Pearson product-moment) correlation is between X and Y is rxy (only in the
case equal sample sizes so m = n). We use rxy = pxy.

Recall also:
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2. STUDENT T-STATISTIC

2.1. Independent t-test One Sample Statistical Inference About the Mean of a Popu-
lation. Set «. Decide on n. State the hypothesis (the population parameter being estimated (1) is
some real number, m; (2) is less than or equal to some real number, m; or, (3) is greater than or
equal to some real number, m.).

If an assumed ox is used, then the test is a Z-test. Let us proceed with the scenario that there is
not an assumed ox, so the statistic is built as a T-statistic with df =n — 1.

So, in case (1) we have:
Hy : u = m versus the alternate hypothesis H4 : u # m.

Case (2) is:
Hy : i < m versus the alternate hypothesis Hy : p > m.

Whilst case (3) is:
Hy : ;o > m versus the alternate hypothesis Hy : pp < m.

Data is collected and the sample is assumed random (pseudo-random); the observations were i.i.d.;
and, there was no error in measurement or recording of the data.

The distribution of the X is either normal (where X ~ N(z,ux,0x)) or via appealing to the
Central Limit Theorem X is approximately normal. So, in either case (where X ~ N(z, ug,0x))
or XN (x,px,05)). The centre of the distribution under Hy is the p = m. Let t,/5 be the
t-critical value for T-statistic with df = n — 1 and a-level set (as was done apriori). So, we have:
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the a-level to reject the Hy. When T,y falls in the white regions (between the shaded ’regions’),
then there is not sufficient evidence at the a-level to reject the Hy (fail to reject the null hypothesis).

Let Teomp = . When T,y falls in the shaded ‘regions,” then there is sufficient evidence at

Now consider that the X is a point-estimate for pg based on the sample; might there not be a
better way to report the results from the study? The answer is a qualified, ’yes.” Such is called
a “confidence interval.” It is constructed as follows. Recall that the - level was a priori set. So,
i, X —ta &) is a segment with X as it centre having the property that it generalises the
vn *y/n

point estimate (this segment based on the data varies from sample-to-sample) and if said segment
happens to ’cross’ pg (which is fixed) then there is sufficient evidence at the a-level to reject the

Hy. However, if said segment does not ’cross’ px (which is fixed), then there is NOT sufficient
evidence at the a-level to reject the Hy.
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2.2. ’Small’ (not large) Sample Size Independent t-test. Independent t-test Pooled Variance
Formula with variances assumed equal with df being n +m — 2
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which is:
(X - Y) - (,UX —MY)
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2.3. ’Large’ Sample Size Independent t-test. Independent Pooled Variance Formula with vari-
ances assumed equal for 'large’ sample sizes m > 30,n > 30 with df being n +m — 2
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2.4. Independent t-test Non-equal Variances. Independent Pooled Variance Formula with
variances are not assumed equal. Large sample:
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with df being adjusted
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We shan’t use this and I recall that when I was in school we were strongly encouraged NOT to ever
do an independent t-test with non-equal of variances.



2.5. Paired Sample t-test. If one is doing this by hand, first compute 7,; recall,
rxy = 2:1((Xf,—X)~(Ya—Y)) _
Vi (Xa=X)2) (20, (Ya=Y)?)
since the samples are related (two measures from the same subject or matched pairs), the correlated

data formula is used.

Clearly (a dangerous word) the formulae are already noted except the T-statistic:

(X1 — X2) — (11 — p2)

tpaired =
\/(s%) (5) — 2o ray - (S550)

with df number of pairs minus one.

All the hypothesis testing verbiage stays the same.

2.6. Programming. Minitab, SPSS, R, SAS, etc.

2.7. Exercises.

Exercise 2.1. A study is to be conducted to compare the weights of cats and dogs. Let us assume
the population(s) are normally distributed with tcat; Pdog; Tcat; aNd Tdoq all existing such that
Ocat = Odog and Ocat 7é 0.

Set your « level. Determine what your practical null hypothesis is; and, based on that determine
what your statistical null hypothesis versus alternate hypothesis is.

What statistical test(s) is (are) to be done?

Assume you are able to take a pseudo-random sample of cats and dogs of size 5 for the cats and 4
for the dogs (one of the dogs got let out (whoop whoop) so we have but 4). Assume the observations
are independent identically distributed (i.i.d.) and there is no error of measurement in the collection
or recording of the data.

Weights of cats: 21, 35, 13, 21, 10. Weights of dogs: 31, 10, 20, 40.

Do the work completely by hand. What are the results (properly stated)? Do you opine, based on
the samples, there is any difference between the weights of cats and dogs?



