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ADVANCED CALCULUS (REAL ANALYSIS) |
DR. MCLOUGHLIN
MORE DEFINITIONS, AXIOMS, AND THEOREMS § 12
HANDOUT 2 %2

LetU =R.

Definition 12.1: A segment (&, b) means V' x >a<x<b.
Definition 12.2:  An interval [a, b] means V' x >as<x<b.
Definition 12.3A: A half segment (or half interval) [a, b) means Vx >a<x<bh.
Definition 12.3B: A half segment (or half interval) (a, b] means Vx >a<x<h.

Definition 12.4: A point, p, is a limit point of the set K means
V £€>0d apoint Xe K>Xe(p-¢ p+eg) where p#X.

Alternate Definition 12.4: A point, P, is an accumulation point of the set K means
V £€>0d apoint Xe K>Xe (p-¢ p+eg) where p#X.

Notation for Definition 12.4: The set of limit points of the set K is symbolised as K'; so, a point, p, is a
limit point of the set K is symbolised as p € K’

Def. 12.5: Let K = R, K is bounded above iff 3 apoint X e Rap<x V p € K.
Def. 12.6: Let K = R, K is bounded below iff 3 apoint ye Ray<p V p € K.
Def. 12.7: Let K < R, Kis bounded iff it is bounded above and bounded below.

Def.. 12.8: Let K = R . Define the set Uk where U ={m|m=>p V pe K} and call it the set

of upper bounds of the point-set K.
Def..12.9: Let K — R . Define the set Lixwhere Lx ={q|q<p V pe K} and-callitthe set of

lower bounds of the point-set K.

Theorem. 12.1: Let K < IR 5 K is bounded above.

Theset U ={m|m=>p V pe K} isnon-empty.

Theorem. 12.2: Let K < IR 5 K is bounded below.

Theset Lx ={q|q<p V peK}isnon-empty.

Def.. 12.10: Let K c R . Consider U ={m|m>p V pe K}. Define the pointsS € R to be

the supremum of K, denoted SUp(K), (or the least upper bound of K denoted lub(K)) to be the point
in Ugsuchthats<m V m e Ug.
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Def..12.11: Let K R . Consider U ={m|m>p V peK}. Define the pointg € R to be

the infinum of K, denoted inf(K), (or the greatest lower bound of K denoted glb(K)) to be the point
in L suchthatm<g Vme Lg.

Axiom of Completeness: Let K R, K# &, A K be bounded above. Then sup(K) exists and is

obviously real.

Definition 12.12: A point, P, is a boundary point of the set K means YV e>0
Japoint xeKsxe(p-gp+te)a
Japointye K- sye (p-¢,p+e).

Notation for Definition 12.12: A point, , is a boundary point of the set K is symbolised as p € bd(K)
The set of boundary points of the set K is symbolised as bd(K)

Definition 12.13: A point, P, is an interior point of the set K means 3 £>0 >
V xe(p-¢ p+e) = X e K Thesetof interior points of the set K is symbolised as int(K)

Definition 12.14: K is open means bd(K) K.

Definition 12.15: K is closed means bd(K) < K.

Theorem 12.1; Let K = R , K is open iff K° is closed.

Definition 12.16: A point, P, is a point of the closure of the set K means p € K v p e K’
The closure of the set K is symbolised as Cl(K)

Definition 12.17: A point, P, is an isolated point of the set K means de>0 >

Vxe(p-gp+te) = XxeK wherex=p
The set of isolated points of the set K is symbolised as iS0(K)

Theorem 12.2: Let K < R, Kiis closed iff K = cl(K).

Theorem 12.3: Let K < R, K'is open iff K = int(K).

Notation: Let K c R andLet M c R .
A difference set K - M is also written in this classas K\M = {X|x € KA X ¢M}

Theorem 12.4: Let K c R, K = U T suchthat I' = {A | A is open}. K is open.
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Theorem 12.5: Let K c R, K = U T suchthat ' = {A|Aisclosed}and |T"| < &o. Kiisclosed.

Theorem 12.6: Let K c R, K =T suchthat I' = {A | A is closed}. K is closed.

Theorem 12.7: Let K c R, K =T suchthat ' = {A|Aisopen}and || < No. Kisopen.



