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1. REVIEW OF BACKGROUND SET THEORY

Because of what occurred from the Spring of 2020 through the Spring of 2021; we need
to begin with some material from Math 224; namely, the theory of functions. They are
built from product sets and relations so the material on product sets and relations you need
to read and understand. We will be discussing said to review then march into the theory of
function for a week or so.

1.1. Product Sets: Computational or Graphing. We started this section of the course
building from sets to the more general product sets.

Recall: Let U be a well defined universe. Let V be another well defined universe. Let U be
a well defined universe. Let A be a set whose points, p are elements from U. Let B be a set
whose points, b are elements of V. We defined the universe W =U X V.

Definition 1.1. Let the universe W = U X V be defined from the well defined universes
U and V such that A C U whilst B C V. The product set A with B is the set
AX B={(a,b): a€ A, beE B}.

LetW =RXxR LetA,B,C,D,E,F,G,H A J be non-empty sets such that

A=N, B=7 C=[L4
D=(1,4) E ={4,9} F =[1,7]
G=(,7] H ={1,4,6,7,8} J={x|1<x<4}

Computational Exercises:

Exercise 1.2. Find the set (list out all the elements of): A X E
Exercise 1.3. Find the set (list out all the elements of): A X H
Exercise 1.4. Find the set (list out all the elements of): E X A
Exercise 1.5. Find the set (list out all the elements of): A X (E N H)
Exercise 1.6. Graph the set A X E in the Cartesian plane.
Exercise 1.7. Graph the set A X H in the Cartesian plane.
Exercise 1.8. Graph the set E X A in the Cartesian plane.
Exercise 1.9. Graph the set A X (E N H) in the Cartesian plane.
Exercise 1.10. Graph the set C X G in the Cartesian plane.
Exercise 1.11. Graph the set C X F in the Cartesian plane.
Exercise 1.12. Graph the set D X G in the Cartesian plane.
Exercise 1.13. Graph the set J X G in the Cartesian plane.

Definition 1.14. Let the universe W = U X V be defined from the well defined universes
Uand Vsuchthat ACU,C CU whilst BCVand D C V.
(1) The product set (A X B) U (C X D) is the set

{(m,n) : (Im,n) € AX BV (m,n) €CxD}.
2
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(2) The product set (A X B) N (C X D) is the set

{(m,n) : (m,n) € AX BA(m,n) € C X D}.
(3) The product set (AN C) X (BN D)istheset {(m,n) : me ANCAne€ Bn D}.
(4) The product set (AU C) X (BU D) istheset {(m,n) : me AUC An € BU D}.

1.2. Product Sets: Computational or Graphing Continued. We started this section of
the course building from sets to the more general product sets.

Recall: Let U be a well defined universe. Let V be the well defined universe. Let U be a
well defined universe. Let A be a set whose points, p are elements from U. Let B be a set
whose points, b are elements of V. We defined the universe W =U X V.

Definition 1.15. Let the universe W = U X V be defined from the well defined universes
U and V such that A C U whilst B C V. The product set A with B is the set
AX B ={(a,b): a€ A, b€ B}.

For all exercises letU =R, V =R XR LetA,B,C,D,E, F,G,H A J be non-empty
sets from U such that

A=N, B=7 C=[L4
D =(2,5) E = {4,9} F =[1,7]
G =(1,7] H ={1,4,6,7,8} J={x]2<x<3}

Exercise 1.16.
1. Find the set (list out all the elements of): A X E 2. Find the set (list out all the elements of): A X H

3. Find the set (list out all the elements of): £ X A 4. Find the set (list out all the elements of): A X (E N F

Definition 1.17. Let the universe W = U X V be defined from the well defined universes
Uand Vsuchthat ACU,C CU whilst BCVand D C V.

(1) The product set (A X B) U (C X D) is the set
{(m,n) : (Im,n) € AX BV (m,n €CxD}.
(2) The product set (A X B) N (C X D) is the set
{(m,n) : (Im,n) € AXBA(m,n) €CxD}.
(3) The product set (AN C) X (BN D)istheset {(m,n) : me ANCAne€ Bn D}.
(4) The product set (AU C) X (B U D) istheset {(m,n) : me AUCAne€ BU D}.

Exercise 1.18. Graphing the following product sets (if possible; if something does not
exist state why):

1. Draw A X B. 2. Draw A X C. 3. Draw A X D.

4. Draw A X A. 5. Draw A X E. 6. Draw A X F.

7. Draw J X G. 8. Draw G X J. 9. Draw (D X F).

10. Draw (D X E) U (F X G) 11. Draw (C X D) U (F X G) 12. Draw (D X C) N (F X G)
13. Draw (D¢ X F) 13. Draw (FF — E) X F

Exercise 1.19. So far this semester we have considered theorems about points, p, sets, A,
power sets, P (A), and collections, 2. Now we have some claims about product sets to
consider; but, it is always helpful to draw a picture or pictures to understand a claim. e.g.:

3
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Claim 1.20. Let U be a well-defined universeand V = U X U. Let W, X,Y, A Z be
non-empty sets of elements from the universe U. It is the case that
WXxXX)yn¥YxXZ)ycWny)x(Xn2Z).

What we do is think about the claim and try to figure out if it is true or not. We draw
different scenarios that fulfill the premises and see if the conclusion follows (how many
examples, etc. is not well defined - do as many as it takes to visualise the scenario).

Use the same universe and sets from exercise 12.1 and 12.2:
Draw (AX F)N(C X D) and (AN C) X (F N D).

Do these seem to indicate the claim is true or not?

Draw (EXB)N(CxJ)and (ENC)X (BN J).

Do these seem to indicate the claim is true or not?

Draw (J X G)N(C X A)and (J N G) X (C N A).

Do these seem to indicate the claim is true or not?

1.2.1. Prove the Following Theorem. Recall: Let U be a well defined universe. Let V be
the well defined universe, P (U). Let U be a well defined universe. Let A be a set whose

points, p are elements from U. Let B be a set whose points, b are elements of V. We
defined the universe W =U X V.

Definition 1.21. Let the universe W = U X V be defined from the well defined universes
U and V such that A C U whilst B C V. The product set A with B is the set
AX B ={(a,b): a€ A, b€ B}.

Theorem 1.22. Let V = U X U Let A, B,C, A D be non-empty sets of elements from U.
Itis the case that (A X B)N(C X D) =(ANC) X (Bn D).

1.3. Prove or Disprove The Following Claims.

Claim 1.23. Let U be a well defined universe. Let V =U X U Let A, B,C,A D be
non-empty sets of elements from U.
It is the case that (AU B) X (CU D) C(AXC)U (B X D).

Claim 1.24. Let U be a well defined universe. Let V' = U X U Let A, B,C,A D be
non-empty sets of elements from U.
It is the case that (AX C)U (B X D) C (AU B) X (CuU D).

Claim 1.25. Let U be a well defined universe. Let V =U X U Let A, B,C,A D be
non-empty sets of elements from U.
It is the case that (A X B) — (C X D) C (A - C) X (B — D).

Claim 1.26. Let U be a well defined universe. Let V' = U X U Let A, B,C,A D be
non-empty sets of elements from U.
It is the case that (A — B) X (C — D) C(AX C)— (B x D).

Claim 1.27. Let U be a well defined universe. Let V = U X U Let A A B be non-empty
sets of elements from U.
It is the case that (A x B)® C A€ x B€.



RA1-August 2021-rev-4.1- 2021/08/29 - M. P. M. M. M°Loughlin

Claim 1.28. Let U be a well defined universe. Let V' = U X U Let A A B be non-empty
sets of elements from U.
It is the case that (A x B)° 2 A€ x B€.

1.4. A Pair of Thought Provoking Questions.

False Claim 1.29. Let U be a well defined universe. Let V =U X U Let A, BA C be
non-empty sets of elements from U.
Itisthe casethat AUBXC =AUBXBUC.

Why is the preceding claim a nonsensical claim?

False Claim 1.30. Let U be a well defined universe. Let V =U X U Let A, BA C be
non-empty sets of elements from U.
Itis the case that AU(B X C)=(AU B) X (BUC).

Why is the preceding claim still a nonsensical claim?

1.5. Relations Part 1. We started this section of the course building from sets to the
more general product sets.

Recall: Let U be a well defined universe. Let V be the well defined universe, P (U). Let A
be a set.

We considered theorems on sets, power sets, P (A), and sub-collections of power sets, €.
Then we considered Let U be a well defined universe. Let V be the well defined universe.
Let A be a set which is a subset of U. Let B be a set whose points are elements of V. We
defined the universe W = U X V.

1.6. Relations.

Definition 1.31. Let the universe W = U X V be defined from the well defined universes
U and V such that A C U whilst B C V. The product set A ’cross’ B is the set
AX B={(a,b): a€e A, be B}.

Let R be any subset of A X B:

R C A X B. Ris called a relation. Big whoop!

We found the subject of relations in and by themselves was not too intriguing; but, there
are sets defined by the relation.

Definition 1.32. Let the universe W = U X V be defined from the well defined universes
U and V such that A C U whilst B C V. Let M C A X B. The corange of the relation M
from A to B is the set A.

Notation 1.33. The corange of the relation M from A to B is denoted as cor(M).

Definition 1.34. Let the universe W = U X V be defined from the well defined universes
U and V such that A C U whilst BC V. Let M C A X B. The codomain of the relation
M from A to B is the set B.

Notation 1.35. The codomain of the relation M from A to B is denoted as cod(M).
5
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Definition 1.36. Let the universe W = U X V be defined from the well defined universes
U and V such that A C U whilst BC V. Let M C A X B. The domain of the relation M
from A to Bistheset {x : (x,y) € M }.

Notation 1.37. The domain of the relation M from A to B is denoted as dom(M).

Definition 1.38. Let the universe W = U X V be defined from the well defined universes
U and V such that A C U whilst BC V. Let M C A X B. The range of the relation M
from AtoBistheset {y : (x,y) € M}.

Notation 1.39. The range of the relation M from A to B is denoted as ran(M)

1.7. Exercises:

Exercise 1.40. Let the universe W = N X N.

Consider A = {1,2,3,4}. Consider the relation R C A X A where
R=1{(1,1),(1,2),2,2),3,2),(2,3),(3,3)}

1.1. Find cor(R). 2.1 Find dom(R). 3.1 Find ran(R) 4.1 Find cod(R)

Exercise 1.41. Let the universe W = Z x N. Consider the relation R C A X B.
Consider A = { —3,-1,0,2,3,4}, B=NsLet R={(x,y) : x=—=yVx =y}
1.2. Find cor(R). 2.2 Find cod(R). 3.2 Find dom(R) 4.2 Find ran(R)

Exercise 1.42. Let the universe W = N xR. Consider A=N, B={p : pe NAp?> e N}
Consider the relation T C A X B where T = {(p, p*) : p < 20}

1.3. Express T in list form (write out all the points in T).

2.3. Find cor(T). 3.3 Find cod(T'). 4.3 Find dom(T') 5.3 Find ran(T)

Exercise 1.43. Let the universe W = N X N.

Consider A = {1,2,3,4}. Consider the relation R C A X A where
R=1{(1,1),(1,2),(2,4),(1,3),(2,2),(3,3),(4,4)}

1.4. Find cor(R). 2.4. Find cod(R). 3.4. Find dom(R) 4.4. Find ran(R)

Exercise 1.44. Let the universe W = N X N.

Consider A = N,,. Consider the relation K C A X A where K = {(a, b)|b is divisible by a}
1.5. Express K in list form (write out all the points in K).

2.5. Find cor(K). 3.5 Find dom(K). 4.5 Find ran(K) 5.5 Find cod(K)

1.8. Relations Part 2 (with an Introductory Note on Partial Orders and Equivalence
Relations). We started this section of the course building from sets to the more general
product sets.

Recall: Let U be a well defined universe. Let V be the well defined universe, P (U). Let A
be a set. We considered theorems on sets, power sets, P (A), and sub-collections of power
sets, Q.

Then we considered Let U be a well defined universe. Let V be the well defined universe.
Let A be a set which is a subset of U.
Let B be a set whose points are elements of V. We defined the universe W = U X V.

6



RA1-August 2021-rev-4.1- 2021/08/29 - M. P. M. M. M°Loughlin

Definition 1.45. Let the universe W = U X V be defined from the well defined universes
U and V such that A C U whilst B C V.
Let R be any subset of A X B (R C A X B). R is called a relation.

Example 1.46. Since the relation M from A to Bistheset M C {(a,b) : a € A,b € B}
it can be whatever.

Let the universe W = U X V' be defined from the well defined universes U = N and

V =N,

Let A=N, and let B = N,.

Notice there are not a ton of relations between A and B.

The set M, = @ is a relation from A to B.

The set M, = {(1, 1)} is a relation from A to B.

The set M, = {(2, 1)} is a relation from A to B.

The set My = {(1,1),(2,1)} is a relation from A to B.

The set M, = {(1,1),(2,1),(2,2)} is NOT relation from A to B; it is a relation from U to
V but not from A to B.

We found the subject of relations in and by themselves was not too intriguing.

1.9. Relations on a Set. So, we consider relations on a set.

Definition 1.47. Let the universe W = U X U be defined from the well-defined universe
Usuchthat A CU.
The relation S from A to A (S ison A)istheset.S C {(a,b) : a€ A,b € A}.

Oddly, this creates more interesting ideas.

Definition 1.48. : Let the universe W = U X U be defined from the well defined universe
U such that A C U. Consider the relation R on A. R is said to be reflexive if for every

x € A,(x,x) € Rand 3 x € A (note there must exist an x such that (x, x) € R, this is to
ensure that @ does not vacuously hold as reflexive).

Definition 1.49. Let the universe W = U X U be defined from the well defined universe
U such that A C U. Consider the relation R on A. R is said to be symmetric if for every
(xy) e R=> (y,x) € R.

Definition 1.50. Let the universe W = U X U be defined from the well defined universe
U such that A C U. Consider the relation R on A. R is said to be antisymmetric if
(x,y) € Rwherex #y = (y,x) € R.

Alternate Definition for Antisymmetry: Let the universe W = U X U be defined from the
well defined universe U such that A C U. Consider the relation R on A. R is said to be
antisymmetric

if (x,»)) €ERA (y,x) ER = x=y.

Exercise 1.51. Show that the two definitions for antisymmetry are logically equivalent.

Definition 1.52. : Let the universe W = U X U be defined from the well defined universe
U such that A C U. Consider the relation R on A. R is said to be transitive if
xy)€ER A (,b2) ER = (x,z) € R.

7
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Notice this is not the same as saying the following: Let the universe W = U X U be
defined from the well defined universe U such that A C U. Consider the relation R on A.
(x,y)€ER=>3z>5(x,z)€ RA(z,y) € R.
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1.10. Exercises:

Exercise 1.53. Let the universe W = N X N. Let A C N. Consider the relation R on A.
Consider A = {1, 2,3,4} LetR = {(1, 1), (1, 2), (2, 2), (3, 2), (2, 3), (3, 3)}

(1) Determine if R is reflexive or not. Justify.

(2) Determine if R is symmetric or not. Justify.

(3) Determine if R is antisymmetric or not. Justify.

(4) Determine if R is transitive or not. Justify.

Exercise 1.54. Let the universe W = N X N. Let A C N. Consider the relation S on A.
Consider A ={1,2,3,4} Let S = {(1, 1), (2, 2), (3, 2), (2,3),(3,3), (4,4)}

(1) Determine if S is reflexive or not. Justify.

(2) Determine if S is symmetric or not. Justify.

(3) Determine if S is antisymmetric or not. Justify.

(4) Determine if S is transitive or not. Justify.

Exercise 1.55. Let the universe W = N X N. Let A C N. Consider the relation T on A.
Consider A ={1,2,3,4} Let T = {(1, 1), (1, 2), (1, 3), (2, 3), (2, 2), (1,4), (3, 3), (4, 4)}
(1) Determine if T is reflexive or not. Justify.
(2) Determine if T is symmetric or not. Justify.
(3) Determine if T is antisymmetric or not. Justify.
(4) Determine if T is transitive or not. Justify.

Exercise 1.56. Let the universe W = N X N. Let A C N. Consider the relation W on A.
Consider A ={1,2,3,4} Let W= {(1, 1), (1, 2), (1, 3), (2,4), (2,2),(1,4), (3, 3), 4,4)}
(1) Determine if W is reflexive or not. Justify.
(2) Determine if W is symmetric or not. Justify.
(3) Determine if W is antisymmetric or not. Justify.
(4) Determine if W is transitive or not. Justify.

1.11. Partial Orders and Equivalence Relations.

Definition 1.57. Let the universe W = U X U be defined from the well defined universe
U such that A C U. Let the relation be R on the set A. If R is reflexive, symmetric, and
transitive, then R is called an equivalence relation on A.

Example 1.58. Let the universe Let the universe W = N X N. Let A C N. Consider
A={1,2,3,4}.

Consider the relation S on A where S = {(1, 1), (2,2),(3,2),(2,3),(3,3),(4,4)}

S is an equivalence relation on A.

Definition 1.59. Let the universe W = U X U be defined from the well defined universe
U such that A C U. Let the relation be R on the set A. If R is reflexive, antisymmetric, and

transitive, then R is called an partial order on A.
9
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Example 1.60. Let the universe W = N X N. Let A C N. Consider A = {1,2,3,4}.
Consider the relation M on A where M = {(1,1),(2,2),(3,2),(2,4),(3,4),(3,3),(4,4)}
M is a partial order on A.

10
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1.12. Equivalence Classes and Partitions.

Definition 1.61. Let the universe W = U X U be defined from the well defined universe
U such that A C U. Let the relation be R on the set A. If R is an equivalence relation on
A, then R induces a subset of P (A) [a collection], called the collection of equivalence
classes of A induced by R.

An equivalence class of the element a € A from R is denoted as [a] z

[alg ={b€ A : (a,b) € R}.

Example 1.62. Let the universe W = N X N. Let A C N. Consider the relation S on A.
Consider A = {1,2,3,4} Let .S = {(1,1),(2,2),(3,2),(2,3),(3,3), (4, 4)}

1] = {1}.
2] = {2,3} = [3];.
[4]s = {4}.

Notice that ¥ = {[1]s, [2]5, [4]s} = {{1},{2,3}, {4}} S P (A).
So, we are again considering power sets when discussing partitions or equivalence classes.

Definition 1.63. Let the universe U be defined and let the set A be well defined such that
ACU.

Let the collection IT C P (A). Il is called a partition of A iff:

(HOVMeIl AVN €1l itis the casethat M N N = @; A,

(2) UIT = A.

Condition (1) means the sets in I1 are pair-wise disjoint or they are said to be mutually
exclusive; and,

Condition (2) means the collection II is exhaustive.

Theorem 1.64. Let the universe W = U X U be defined from the well defined universe U
such that A C U. Let the R be an equivalence relation on the set A. The collection of
equivalence classes of A induced by R partitions A.

Theorem 1.65. Let the universe W = U X U be defined from the well defined universe U
such that A C U. Let Q be a partition of A. Q induces an equivalence relation on A which
is typically denoted as A\Q.'

Example 1.66. (An Equivalence Relation creates a Partition)

Let the universe W = N X N. Let A C N. Consider the relation S on A. Consider A = {1,
2,3,4} LetS={(1,1),(2,2),3,2),(2,3),(3,3),4,4)}

[1l¢ = {1}.[12]5 = {2,3} = [3]4.[4]5 = {4}.

Notice that ¥ = {[1], [2]s, [4]¢} partitions A.

1T will use the notation @ for the equivalence relation induced by the partition € (upper case versus lower
case).

11
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Example 1.67. (A Partition creates an Equivalence Relation)

Let the universe W = N x N. Let A C N.

Consider the partition of A, ® = {{1,2}, {3,4}}.

Notice it induces the equivalence classes [1]q, = [2], and [3], = [4]
which when we ’backtrack’ induces the equivalence relation, call it ¢p where

¢ ={(1,1),(2,2),(1,2),(2,1),3,3),(4,4),(3,4),(4,3)}

I say, whoop dee doo. I love partial orders (next worksheet); so, we will be studying those
more than the equivalence relations, classes, and partitions.

1.13. Functions Preliminaries. We started this section of the course building from sets
to the more general product sets. Then came relations, equivalence relations, equivalence
classes, partial orders, linear orders, and well ordering.

Definition 1.68. Let U be a well defined universe. We defined the universe W = U X U.
Let A be any subset of U. A is well ordered under an order, call it < if and only if the
order is a linear order and for any subset, B of A, there is a first element of B under the
order <.

Axiom 1.69. The Axiom of Choice. Let U be a well defined universe. Given any
non-empty collection, I', of subsets of U whose members are pair-wise disjoint non-empty
sets, there exists a set B consisting of exactly one element taken from each sets belonging
toI.

Axiom 1.70. The Well Ordering Principle. Let U be a well defined universe and M be a
non-empty set. There exists a well-ordering of the set M.

Definition 1.71. Let U be a well-defined universe. Let V be a well-defined universe. We
defined the universe W = U X V. Let D and C be sets suchthat D CU and C C V.
Further, let f be a relation from D to C. f is a function from D to C iff:

(1) D # @;

(2) dom(D) = cor(D);

B x,yef Al(x,2)e f = y=2z.

Notation 1.72. Suppose U be a well-defined universe; V be a well-defined universe; and,
consider the universe W = U X V. Let D and C be sets suchthat D CU and C C V.
Further, let f be a well-defined function from D to C. We write f : D — C as
expressing such.

One may write something down in notation that makes it seem we are discussing a
well-defined function, but in actuality it is not.

12
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Example 1.73. Suppose U =R and W =R XR. Let D ={1,2} and C = {2,3,5}
Further, let g = {(1,3),(1,5),(2,2)}. A person can write g : D — C butitis not a
function (explain why).

For all exercises let U = R and W =R X R.

Exercise 1.74. Explain why someone claiming f : R — R such that f(x) = \/; isa
function is incorrect.

Exercise 1.75. Consider g : N — R such that g(x) = \/; Is it a function or is it not
—justify why you opine such.

Exercise 1.76. Consider 4 : N — Z such that h(x) = \/; Is it a function or is it not
—justify why you opine such.

Exercise 1.77. Consider j : {7} — R such that j(x) = \/E Is it a function or is it not
—justify why you opine such.

Exercise 1.78. Consider k : N — N such that k(x) = \/; Is it a function or is it not
—justify why you opine such.

13
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Definition 1.79. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXW.Let DCUand C C W.

Consider the function, f, from D to C.

f is injective iff (x,y) € f A (w,y) € f = x = w.

Notation 1.80. The symbol for f is a well defined injection from Dto Cis f : D = C or
S
D»C

Definition 1.81. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXW.Let DCUand C C W.

Consider the function, f, from D to C.

f is surjective iff ran(f) = cod(f).

Notation 1.82. The symbol for f is a well defined surjection from DtoCis f : D » C
or D —J; C

Definition 1.83. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXW.Let DCUand C C W.

Consider the function, f, from D to C.

f is bijective iff it is injective and surjective.

Notation 1.84. The symbol for f is a well defined bijection from Dto Cis f : D » C or
S
D»C

Theorem 1.85. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXW.Let DCUand C C W.

Consider the bijective function, f, from D to C.

The relation f~! from C to D is a bijective function also.

Definition 1.86. A function which satisfies the previous theorem is said to be f an
invertible function.

Definition 1.87. Let U be a well-defined universe. Let V =U X W. Let V = U X R. Let
D CUandC CR.

Consider the well defined function f C D X C. f is called a real-valued function simply
because the codomain is a subset of R.

Definition 1.88. Let V =R X R. Let D =Nand C C R.
Consider the well defined function f C D X C. f is called a sequence simply because the
domain is N.

14
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1.14. Functions Part 1.

Definition 1.89. Let U be a well-defined universe and W be a well-defined universe. Let
Vi =UXW.Let DCU and C C W. Consider the relation, R, from D to C.

The relation R~!, from C to D is the set of all points {(y, x) : (x, y) is a point of R}. So,
R~!is a subset of C X D whilst the universe for the inverse relation is V, = W x U

Definition 1.90. Let U be a well-defined universe, V be a well-defined universe, and W be
a well-defined universe. Let Y, =U XV and Y, =V XW.Let DC U and C, C V;
C,CV;C,NnC, # @;and, E C W. Let the relation, R, be well-defined from D to C, and
let the relation, .S, be well-defined from C, to E.

The relation M, from D to E is the set of all points {(x, z) : 3 (x, y) that is a point of R
and 3 (y, z) that is a point of .S'}.

Notation 1.91. So, from the definition M is a subset of D X E and is denoted as
M = SoR

Notice in the definition the M = SoR requires there to be ’some agreement’ in the middle
sets (C, and C,) so there needs to be at least one point p in C; N C, so that there is an
abscissa x in D so that (x, p) € R and an ordinate y in E so that (p,y) € S. If

C, n C, = @, then the composition is @ and we say the composition is ’trivial.’

Example 1.92. LetU =V =W =R andlet D =Ngyand C =N; and E = N,.
Define R C D X C such that R = {(1,2),(2,3),(4,1),(5,1)}

Define S C C X E such that .S = {(3,3),(3,4),(2,1)}

So, M = SoRis {(2,3),(2,4)}.

What of RoS? Itis {(2,2)}.

Example 1.93. LetU =V =W =R. Let D=Nyand L = {0,1} and E = N,.
Define A C D X L such that A = {(1,0),(2,0)}

Define B C L X E such that B = {(1,4),(1,3)}

So, AoB is @ and BoA is @. I would say that is quite trivial.

Now, to perhaps the most important concept, I opine, in all of mathematics.

Definition 1.94. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXxW.

Let D C U and C C W. Consider the relation, f, from D to C. f is a well-defined
function from D to C iff dom(f) # @; cor(f) = dom(f); and, (x,p) € f A(x,q) € [
implies that p = q.

Definition 1.95. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXxW.
Let D C U and C C W. Consider the function, f, from D to C.
f isinjective iff (x,y) € f A (w,y) € f = x=w.
15
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Definition 1.96. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXxW.

Let DCUand C C W.

Consider the function, f, from D to C.

f is surjective iff ran(f) = cod(f).

Definition 1.97. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXW.

LetDCUand C C W.

Consider the function, f, from D to C.

f is bijective iff it is injective and surjective.

Theorem 1.98. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXxW.

Let DCU and C C W.

Consider the bijective function, f, from D to C.

The relation f~! from C to D is a bijective function also.

Definition 1.99. A function which satisfies the previous theorem is said to be f an
invertible function.

16
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Prove or disprove each claim.

Claim 1.100. Consider the relation g C [0, o0) X R such that g(x) = x?. g is a well
defined function.

Claim 1.101. Consider the relation 2~ C R X [0, o0) such that g(x) = x>. his a well
defined function.

1.15. Questions Part A.

Exercise 1.102. LetU =V =W =R; Y, =R XR;and, Y, =R X R.
A=Ngand B={-1,0,3,5,6}; and C = {1,2,4}.

Define R C A X Bsuchthat R = {(1,-1),(2,-1),(3,3),(4,5)}
Define S C B X C such that S = {(0, 1), (0, 2),(6,4),(6,1)}

A. Find R~ B. Find RoS. C. Find SoR.
D. Find S~!. E. Find R !oS. F. Find S~'oR° L.
G. Find (SoR)7!. H. Find R"'oS~1.

For all exercises, subsequent, let U = R and W =R X R.

Exercise 1.103. Let D =Ny and E = {-1,0,3,5,7,11}.

Define j C D X E such that k = {(1,-1),(2,5),(3,0),(4,11),(5,7)}
Determine if the following statements are true or false; but, not both.
Justify why you opine that which you contend is the answer.

A. jis arelation from D to C B. j is a function from D to C
C. j is an injection from D into C D. j is a surjection from D onto C
E. j is a bijection from D onto C F. j~! is a relation from C to D

G. j~!'is a well defined function from C to D

Exercise 1.104. Let D = Ny and C = {-1,0,5,7,11}.

Define k C D x C such that k = {(1,-1),(2,0),(3,-1),(4,5),(5,7)}
Determine if the following statements are true or false; but, not both.
Justify why you opine that which you contend is the answer.

A. k is arelation from D to C B. k is a function from D to C
C. k is an injection from D into C D. k is a surjection from D onto C
E. k is a bijection from D onto C F. k~! is a relation from C to D

G. k7! is a well defined function from C to D

17
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Notation 1.105. Let W = U X V and D C U whilst C C V. Suppose f is a well defined
function from D to C. The notation f : D — C is short-hand for what was just
elucidated.”

Exercise 1.106. Consider g : [0, c0) — R such that g(x) = x2. Is it a bijection or is it
not —justify why you opine such.

Exercise 1.107. Consider 2 : R — [0, o) such that A(x) = x2. Is it a bijection or is it
not —justify why you opine such.

Exercise 1.108. Consider f5 : R — R such that f5(x) = x2. Is it a bijection or is it not
—justify why you opine such.

Exercise 1.109. Consider f, : R — R such that f(x) = x>. Is it a bijection or is it not
—justify why you opine such.

Exercise 1.110. Consider f, : [0, 00) — [0, o) such that f,(x) = x*. Is it a bijection or
is it not —justify why you opine such.

1.16. Functions Part 2. Let us consider a two-dimensional discussion of the concept of
function. Please recall the definition of a function; it is very important to review it. A
function is NOT:

(1) arule;

(2) an input-output machine; or,

(3) an algebraic expression.

A function is a special kind of relation from a set to another set. The points are
ordered-pairs (just as any point of a product set is a set of ordered pairs) and there is a
restriction on what kind of relation is a function.

Definition 1.111. Let U be a well-defined universe and W be a well-defined universe. Let
V=UXW.

Let D C U and C C W. Consider the relation, f, from D to C. f is a well-defined
function from D to C iff dom(f) # @; cor(f) = dom(f); and, (x,p) € f A(x,q) €
implies that p = q.

Notice the well-defined universe must be defined.

First, and foremost a corange and a codomain must be defined.

Then the relation is defined so that, of course means that a domain and a range exist.

The problem with the notation is some use it and what they are claiming is not true (the thing is not a well
defined function from D to C.

18
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Then the function is defined either algebraically, point-by-point, or some other rigourous
way. So, consider the following:

Exercises B Supplemental

Exercises B9 -B.10LetU =V =W =R;Y, =R XR; Y, =R XN;and, Y; = NXR.
Let A=Nsand B={-1,0,3,5,6};and C = {1,2,4}.

Exercises B.9 Define f C A X B such that f = {(1,-1),(2,-1),(3,3),(4,5)}

1. Is f a well-defined function from A to B with respect to the universe Y;?

2. Is f a well-defined function from A to B with respect to the universe Y,?

3. Is f a well-defined function from A to B with respect to the universe Y;?
Please note how important the discussion of the universe is from these questions.

Exercises B.10 A. Consider the universe Y, and note the relation g defined as g € Bx C
such that g = {(—=1, 1), (3,2),(6,4),(6,1)}
Is g a well-defined function from B to C?

B. Consider the universe Y; and note the relation A defined as 7 C B X C such that
h={(0,1),(3,2),(5,4),(6, )}
Is h a well-defined function from B to C?

C. Consider the universe Y; and note the relation j defined as j C B X C such that

J=1{(=1,2),(0,1),(3,2),(5,4),(6, 1)}
Is j a well-defined function from B to C?

D. Consider the universe Y, and note the relation k defined as k € B X C such that
J=1{(=1,2),(5,4),(6,1),(0,1),(3,2),(-1,4)}
Is k a well-defined function from B to C?

Exercise 1.112. LetU =R and V = R.
LetY, = U XV, Peter claims f,(x) = \/; is a well defined function from U to V.
Is he correct or incorrect? Why?
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Exercise 1.113. Let U =N and V = N.
Let Y, = U XV, Paula claims f,(x) = \/E is a well defined function from U to V.
Is she correct or incorrect? Why?

Exercise 1.114. Let W =R X R.

LetU =Nand V =R.

LetY, = U XV, Zach claims f;(x) = \/; is a well defined function from U to V.
Is he correct or incorrect? Why?

What does f5(x) look like graphically in the plane (W = R X R)?

Exercise 1.115. Let W = R X R.

LetU =Nand V = R.

Let Y, = U X V, Ana claims f,(x) = x? is a well defined function from U to V.
Is she correct or incorrect? Why?

What does f,(x) look like graphically in the plane (W = R X R)?

Exercise 1.116. Let W = R X R.

LetU=Rand V = R.

LetY, = U x V, Betty claims f5(x) = x? is a well defined function from U to V.

Is she correct or incorrect? Why? What does f,(x) look like graphically in the plane
(W =R xR)?

Exercise 1.117. Let U =R and V' = N.
LetY, = U XV, Carla claims f5(x) = x? is a well defined function from U to V.
Is she correct or incorrect? Why?

Exercise 1.118. Let U =N and V' = N.
Let Y, = U x V, Donald claims f5(x) = x> —4 is not a well defined function from U to V.
Is he correct or incorrect? Why?

Exercise 1.119. Let W =R X R.

U=NandV =R.

Let fo(x) = x> =4 Let Y, = U x V, Donald claims f5(x) = x*> — 4 is a well defined
function from U to V.

Is he correct or incorrect? Why?

2. CARDINALITY (FUNCTIONS PART 3)

Definition 2.1. Let U be a well-defined universe and let A be a set.

The set A is finite means either:
(1) A=g;or,
(2) that there exists some well-defined bijection, f from A to an initial segment of the naturals, N,

A well-defined non-empty finite set is called a ‘non-trivial’ finite set.
Definition 2.2. Let U be a well-defined universe and let A be a set.

The cardinality of A is the number of distinct elements in A, and is denoted as | A|.

Comment 2.3. Let U be a well-defined universe and let A = @. It is the case that |A| = 0.
20
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Comment 2.4. Let U be a well-defined universe and let A # @ be a non-trivial finite set
and |A| = p, p € N. The value p is the size of the initial segment of naturals such that

there is a well-defined bijection, f, such that A >{» N .

Notice the theory of finite sets and the axiom of null creates a richer and more sublime
understanding of N* as opposed to N. We are now in a position to refer to N* as the
cardinal naturals which is how you may find them referred to and are designated as N,.
Ergo, N* =N,

Definition 2.5. Let U be a well-defined universe and let A be a set.
The set A is infinite means it is not finite.

Definition 2.6. Let U be a well-defined universe and let A be a set.
The set A is denumerable means that there exists some well-defined bijection, f from A
onto the naturals, N.

Definition 2.7. Let U be a well-defined universe and let A and B be sets.
A set A that is finite or denumerable is a countable set.
A set B that is not finite nor denumerable is an uncountable set.

Sets can be finite, denumerable, or countable but not any of the two concurrently.

Exercise 2.8. Let U=R and letA = {x, @, e, \/5}.

Consider the relation g € A X N, such that g = {(x, 1), (@, 2), (e, 3), (\/5, 4)}. Note that g
is a well defined function, it is injective, and surjective. Thus, it is used in a proof that

|A| = 4. Verify g~! is a well-defined bijection and g~' C N, X A also proves that |A| = 4
meaning that the definition of a non-empty finite set can be expressed as that there exists
some well-defined bijection, f from an initial segment of the naturals, N, (p € N), to A.

Exercise 2.9. Let U= R and let A = {7, ¢, e, V/2).

Consider the relation g € A X N, such that g = {(x, 1), (@, 2), (e, 3), (\/E, 4)}. Note that g
is a well defined function, it is injective, and surjective. Consider g~! (which is a
well-defined bijection and g~! C N, X A).

1. Consider the relation gog~'. What is its corange, domain, codomain, and range?

2. Consider the relation g~'og. What is its corange, domain, codomain, and range?

Prove or disprove each claim.

Claim 2.10. Consider the relation 2 C R x R such that A(x) = x%. h is a well defined
bijection.

Claim 2.11. Consider the relation g C R X R such that g(x) = x>. g is a well defined
bijection.
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2.1. More About Functions: Definitions and Theorems.

Definition 2.12. Let U be a well defined universe whilst A and B are sets. Let there be a
well defined bijection, f, from A to B. With such a function existing between the sets, we
say that A and B are equinumerous. We denote such as |A| = | B| and also by the
notation A ~ B.

Definition 2.13. Let U be a well defined universe and let A be a set. A is infinite if and
only if A is not finite.

Definition 2.14. Let U = R and consider the set N. We define the cardinality of N as N,,.
We denote such as [N| = N,.

Theorem 2.15. Let U be a well defined universe whilst A and B are sets such that A and
B are disjoint (AN B =@). |AU B| = |A| + | B|

Theorem 2.16. Let U be a well defined universe whilst A and B are sets such that A C B
It is the case that |A| < | B

False Claim 2.17. Let U be a well defined universe whilst A and B are sets such that
A C B Itis the case that |A| < | B|

Theorem 2.18. Let U = R and consider the set N*. [N*| = N,,.
So,

Theorem 2.19. Let U be a well defined universe whilst A and B are sets such that A C B
It is the case that |A| < | B

LetU =RXR

Exercise 2.20. Consider the function g : Z — R defined by:
gx)=3-x*+1

A.Let A = {5,13} Find g[A].

B.Let B=N, Find g[B].

C.LetM ={-2,-1,1,2,3} Find g[M].
D. Why is it improper (wrong) to ask,“Let C = [5, 13] Find g[C]?"

Exercise 2.21. Consider the function f : N — R defined by:
fx)=3-x*+1
A.Let A ={5,13} Find f[A].

B.Let B=N, Find f[B].
C. Why is it improper (wrong) to ask,“Let M = {-2,—1,1,2,3} Find f[M]?"
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Exercise 2.22. Consider the function f : N — R defined by:

fx)=3-x>+1
A.Let A = {5,13)} Find f~'[A].
B. Let B = [0, 50] Find f~'[B].
C.Let C = [-5, 1] Find f'[C].
D.Let E = (-11,0] Find f~'[E].

Exercise 2.23. Consider the function f : N — R defined by:

fx)=3-x*+1
A.Is f is injective? Explain.
B. Is f is surjective? Explain.
B. Is f is bijective? Explain.

Exercise 2.24. Consider the function p : N, — N, defined by:
p=1{(1,3),(2,6),(3,5),(4,4),(5,2),(6, 1)} another way to write p is as follows:

1 23 456
365421
such notation is called permutation function notation as discussed in class.

A. Find p™! B. Is p~! a well defined function from N to N?
C. Write p~! in permutation function notation.
Exercise 2.25. Consider the permutation function p : N, — N defined by:
1 23 456
365 421

and the permutation function g : Ny — N, defined by:

1 23 456
4 235 61

A. Find pog B. Find gogq
C. Find gop D. Find pop
E. Find p~'og F. Find gogq™!
G. Find g~ 'op™! H. Find p~'op

Exercise 2.26. LetU = R X R
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Consider the relation d : Z — N defined by:

—2-z+1, z<0
d(z) =
2.z, z>0

Is d a well defined function? Explain.

Exercise 2.27. LetU = R xR
Assume the relation d : Z — N defined by:

—2.-z+1, z<£0
d(z) =
2.2z, z>0

is a well defined function.

A. Prove or disprove d is injective.

B. Prove or disprove d is surjective.

C. Prove or disprove d is bijective.

D. From part A, B, and C what is the cardinality of Z?

2.2. Some Number Theory: Definitions and Theorems.

Definition 2.28. Let U = R and consider the set A = N. Let p and g be elements of N.
A common divisor of p and ¢ is a natural number, c, such that p = ¢ - asa € N, and
g=c-babeN.

Theorem 2.29. Let U = R and consider the set A = N. Let p and g be elements of N. Let
the set G denote the set of common divisors of p and ¢q. G # &.

Theorem 2.30. Let U = R and consider the set A = N. Let p and g be elements of N. Let
the set G denote the set of common divisors of p and q. |G| < N,.

Theorem 2.31. Let U = R and consider the set A = N. Let p and g be elements of N. Let
the set G denote the set of common divisors of p and ¢q. (G, <) is a linear order.

Definition 2.32. Let U = R and consider the set A = N. Let p and g be elements of N.
The greatest common divisor (GCD) of p and ¢ is the natural number, r such that
p=r-a,a€N,and g =r-b b € N and no other natural number, w is a common divisor
of p and g where w > r.

Theorem 2.33. Let U = R and consider the set A = N. Let p and g be elements of N. Let
r be the greatest common divisor of p and g and let the set G be the set of common
divisors of p and g. r is the maximal element in (G, <) (the linear order of G under the
usual order (less than or equal to inherited from the axioms of the reals)). Since G is finite
and all elements of G are comparable r is greatest element of G by definition.

Definition 2.34. Let U = R and consider the set A = N. Let p and g be elements of N.
p and q are relatively prime iff the GCD of p and ¢ is 1. Further, G = {1} where G is the
set of common divisors of p and g.
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Theorem 2.35. Let U = R and consider the set B = Q. Let p € Q where p > 0.

dmeNAneNap= " and m and n are relatively prime.
n

Definition 2.36. Let U = R and consider the set B = Q. Let p € Q where p > 0. Let
p= ™ where m and n are relatively prime and are in the set N. The number p is said to be

n
in reduced form.

Theorem 2.37. Let U = R and considerthe set C =1. C # @.

2.3. Larger Cardinals than aleph-null and a Peek Ahead. . . Recall, let U = R.

R=Qul Qnl=g.
We claim the following:

Theorem 2.38. Let U = R and consider Q. |Q| = N,,.
Theorem 2.39. Let U = R and consider [. [I] > N,.

During this semester (Real Analysis I) you will prove some interesting results, I hope,
such as:

Theorem 2.40. Let U = R and let a and b be distinct points in Q.
dc € Qoc is between a and b.

Theorem 2.41. Let U = R and let a and b be distinct points in Q.
dk € sk is between a and b.

Theorem 2.42. Let U = R and let s and ¢ be distinct points in [.
dc € Qocis between s and t.

Theorem 2.43. Let U = R and let s and ¢ be distinct points in [.
Jw € low is between s and ¢.

Theorem 2.44. Let U = R and let a be a point in Q and ¢ be a point in [.
Jw € [ow is between a and 7.

Theorem 2.45. Let U = R and let a be a point in Q and ¢ be a point in [.
dc € Qacis between a and 1.

Theorem 2.46. Let U = R and let x and y be distinct points in R.
dp € Qapis between x and y.

Theorem 2.47. Let U = R and let x and y be distinct points in R.
Jw € lsw is between x and y.

Theorem 2.48. Let U = R and let (a, b) be a segment.

3 infinitely many points w € law € (a, b).
25
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Theorem 2.49. Let U = R and let (a, b) be a segment.
3 infinitely many points p € Qap € (a, b).

Fascinating.
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