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Math 260  Linear Algebra

Dr. McLoughlin’s Class 

Axiomatic Linear Algebra 

Vector Spaces 

Handout 2

Assumptions: Let U be a non-empty universe.  Let V be a non-empty set of vectors of size 1 ( n ( n ( (. 

Let the operations:

Addition be defined so that ( 
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 is a defined; and

Scalar Multiplication be defined so that ( 
[image: image5.wmf]u

v

 (  V and ( k (  (,  k
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  is a defined. 

The Vector Space Axioms 

Axiom 1 (closure of addition): ( 
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Axiom 2 (commutative of addition): ( 
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Axiom 2 (associative of addition): ( 
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Axiom 4 (existence of identity of addition): ( a vector 
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Axiom 5 (existence of additive inverse): ( 
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 (  V  ( a unique vector 
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Axiom 6 (closure of scalar multiplication): ( k ( (  , ( 
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Axiom 7 (distributive of scalar multiplication over vector addition): ( k ( (  , ( 
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Axiom 8 (distributive of scalar multiplication over scalar addition): ( k, j ( (  , ( 
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(k + j) 
[image: image49.wmf]u

v

 =  k
[image: image50.wmf]u

v

 + j
[image: image51.wmf]u

v


Axiom 9 (associative of scalar multiplication): ( k, j ( (  , ( 
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Axiom 10 (existence of identity of scalar multiplication): ( a unique number 1  ( (1) 
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Some Axioms from Real Analysis (Math Classes- Calculus, Real Analysis, etc.)

Dr. M. P. M. M. McLoughlin

The Field Axioms of  (
Axiom 1 (closure of addition): ( x, y (  ( , x + y ( (   and (x = w ( y = v) ( (x + y  = w + v) 

Axiom 2 (commutative of addition): ( x, y ( ( , x + y = y + x.

Axiom 3 (associative of addition): ( x, y, z ( ( , (x + y) + z  = x + (y + z)
Axiom 4 (existence of identity of addition): ( a unique number 0  ( x + 0  = x   ( x ( (
Axiom 5 (existence of additive inverse): ( x ( (   ( a unique number -x  ( x + (-x)  = 0   
Axiom 6 (closure of multiplication): ( x, y ( (  , x ( y ( (  and (x = w ( y = v) ( (x ( y  = w ( v) 

Axiom 7 (commutative of multiplication): ( x, y ( ( , x ( y = y ( x.

Axiom 8 (associative of multiplication): ( x, y, z ( (  , (x ( y) ( z  = x ( (y ( z)
Axiom 9 (existence of identity of multiplication): ( a unique number 1  ( x ( 1  = x   ( x ( (  ( 1 ( 0
.
Axiom 10 (existence of multiplicative inverse): ( x ( (  ( x ( 0 ( a unique number x-1   ( x ( (x-1)  = 1   
Axiom 11 (distributive of multiplication over addition): ( x, y, z ( (   , x ( (y + z) = (x ( y) + (x( z)
The Order Axioms of  (
Axiom 12 (trichotomy): ( x, y ( (  ,  exactly one of the following relationships exists between x and y :  x < y,  x = y, ( x > y.  [(x < y) exor (x = y) exor (x > y)]

Axiom 13 (transitive): ( x, y, z ( (   ,  [ (x < y) (  (y < z)] ( (x < z)

Axiom 14 (preservation of order under addition): ( x, y, z ( (  , (x < y) ( (x + z < y + z)
Axiom 15 (preservation of order for positive multiplier): ( x, y ( (   , [(x < y) (  (0 < z)] (  (x ( z < y ( z)
The Completeness Axiom of  (
Axiom 16 (completeness): ( A ( ( (  A is bounded above ( a number m which is the least upper bound of the set   (m ( x   ( x ( A).

The Axioms of Set Theory (Math 224 - Foundations) 

Dr. M. P. M. M. McLoughlin

Axiom 1  (The Axiom of Extension) Two sets are equal iff they have the same elements. 

Axiom 2 (The Axiom of Null) There exists a set with no elements, call it 
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Axiom 3 (The Axiom of Pairing) Given any sets A and B, there exists a set C whose elements are A and B.

Axiom 4 (The Axiom of Union) Given any set A, the union of all elements in A is a set. 

Axiom 5  (The Axiom of Power Set) Given any set A, there exists a set B consisting of all the 

   subsets of A. 

Axiom 6  (The Axiom of Separation) Given any set A and a sentence p(a) that is a statement for all
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Axiom 7 (The Axiom of Replacement)  Given any set A and a function f defined on A, 

       the image f(A) is a set. 

Axiom 8  (The Axiom of Infinity)  There exists a  set A such that   
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Axiom 9  (The Axiom of Regularity)  Given any non-empty set A, there exists an a 
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Axiom10  (The Axiom of Choice) Given any non-empty set A whose members are 

             pairwise disjoint non-empty sets, there exists a set B consisting of

             exactly one element taken from each set belonging to A. 

The Axioms of Probability (Math 301 and 302) 

Dr. M. P. M. M. McLoughlin

Recall from Set Theory that every set, A,  is a subset of some well defined universe, U. 

So, for probability theory we rename the universe as a sample space [the space from whence a sample may be chosen] and an arbitrary set is called an event. 

Let S denote the sample space, E, Ei , F, etc. events and the notation Pr(() the probability of whatever. 

Axiom 1  
S is the space ( Pr(S) = 1 

Axiom 2 
E is an event ( 0 ( Pr(E) ( 1

Axiom 3  
Let I be an index set.  The collection 
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Corollary 1  
E is an event ( Pr(E() = 1 - Pr(E)

Corollary 2  
E and F are events ( E ( F ( Pr(E) ( Pr(F)

Corollary 3  
Let I be an index set.  The collection 
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Theorem 1 
E and F are events.   Pr(E(F) = Pr(E) + Pr(F) - Pr(E ( F)

Note: the axioms of probability are one of the shortest lists I can recall for an area of mathematics. Note some of the other axioms lists for other classes. 

Peano’s Axioms for (  (Math 224 - Foundations)

Dr. M. P. M. M. McLoughlin

Note ( = {1, 2, 3, 4, …} whilst  (* = {0, 1, 2, 3, 4, …}

Axiom 1: ( a unique number 1  (  1 ((. 
Axiom 2:  If  x ( (,  then x( is a natural number.

Axiom 3 : There is no natural number, x(, such that x( = 1. 
Axiom 4:  If  x ( (  and  y ( (  and x( = y(, then x = y. 
Axiom 5:  Let ((a) be a propositional statement. If  ((1) is true and for every natural 

number ((x) ( ((x(), then  ( n ( ( ,  ((n). 
Peano’s Axioms for ( *
Axiom 1: ( a unique number 0  (  0 ( (*. 
Axiom 2:  If  x ( ( * ,  then x( is a natural number.

Axiom 3 : There is no natural number, x(, such that x( = 0. 
Axiom 4:  If  x ( ( *and  y ( ( * and x( = y(, then x = y. 
Axiom 5:  Let ((a) be a propositional statement. If  ((0) is true and for every natural 

number ((x) ( ((x(), then  ( n ( ( *,  ((n). 
� It can be argued that 1 > 0 from this.
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