1.1 Introduction to Systems of Linear Equations 1

CHAPTER 1: SYSTEMS OF LINEAR EQUATIONS AND MATRICES

1.1 Introduction to Systems of Linear Equations

Equations in part (a) do not form a linear system since the second one is not a linear equation.
Equations in parts (b), (c), and (d) form linear systems.

(b) We can solve this system by inspection since the second equation is a multiple of the first. Letting x = 4

solves both equations, therefore the system is consistent.

(c) An easy way to find an example of a solution of this system would be by letting y = 0 first, then look

for values of x and z that solve the resulting system

dx +2z=—-1

—x—3z=0

Adding 4 times the second equation to the first will yield a simplified system

-10z =-1
—-x—3z=0
which is solved by z = 11—0 and x = — %. Together with y = 0, this is a solution of the original system,

showing it to be consistent.

(d) We add —6 times the first equation to the third, then proceed to add the first equation to the fourth,

and the second one to the fourth, obtaining a simplified system

3z+x=—4
y+5z=1
—l6z =27

7z=1

Clearly, the last two equations are contradictory, thus the system is inconsistent.
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6. For example,

(a) (b) (c)

x+y+z=1 x=1 x+y+z=1
x+y+z=2 y=2 x+y+z=1
x+y+z=3 Z=13 x+y+z=1

8. Thevaluesin (b), (d), and (e) satisfy all three equations — these vectors are solutions of the system.

The vectors in (a) and (c) are not solutions of the system.

7+5s—4t .
10. (a) x; = S X2 = S5,X3 = t where s and ¢ are arbitrary values

_ 8r—2s+t—4u

(b) v= — O IWS=TX=5y= t,z=uwhere r, s, t,and u are arbitrary values
12. (a) (b) (c) (d)
2x =—1 3x—y—z=-1 x+2y+3z=4 3w+y—4z=3
—4x = —6 5w+ 2x—3z=-6 —4x—3y—2z=-1 —4dw+4y+z=-3
x=-1 Sx—6y+z=1 —-w+3x—-2z=-9
3x =0 —-8x=3 —z=-2
14. (a) (b) (9 (d)
3 -2 -1 2 0 21 1 2 0 -1 11 1 0 0 1
[4 5 3] [3 -1 4 7] [0 31 0 -1 2] [0 1 0 2]
7 3 2 6 1 -1 0 0 0 1 7 0 1 0 0 1 3

1.2 Gaussian Elimination

2. (a) This matrix has properties 1-3 but does not have property 4: the second column contains a leading 1 and

a nonzero number (2) above it. The matrix is in row echelon form but not reduced row echelon form.

(b) This matrix does not have property 1 since its first nonzero number in the third row (2) is not a 1. The

matrix is not in row echelon form, therefore it is not in reduced row echelon form either.

(c) This matrix has properties 1-3 but does not have property 4: the third column contains a leading 1 and a

nonzero number (4) above it. The matrix is in row echelon form but not reduced row echelon form.

(d) This matrix has properties 1-3 but does not have property 4: the second column contains a leading 1 and

a nonzero number (5) above it. The matrix is in row echelon form but not reduced row echelon form.

(e) This matrix does not have property 2 since the row that consists entirely of zeros is not at the bottom of

the matrix. The matrix is not in row echelon form, therefore it is not in reduced row echelon form either.
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(f) This matrix does not have property 3 since the leading 1 in the second row is directly below the leading
1in thefirst (instead of being farther to the right). The matrix is not in row echelon form, therefore it is not

in reduced row echelon form either.

(g) This matrix has properties 1-4. It is in reduced row echelon form, therefore it is also in row echelon

form.

(a) Auniquesolution: x=-3, y=0, z=7.

(b) Infinitely many solutions: w =8+ 7, x =2 —3(, y = =5 —{,z = ¢ where { is an arbitrary value.

(c) Infinitely many solutions: v =—-2+6s5—3{, w=s, x =7 —4(, y=8—15(, z=1{ where s and ¢

are arbitrary values.

(d) The system is inconsistent since the third row of the augmented matrix corresponds to the equation

Ox + 0y +0z = 1.

2 2 2 0]
[—2 5 2 1 <«——— The augmented matrix for the system.
8 1 4 -1l
1 1 1 0]
[—2 5 2 1 <—— The first row was multiplied by %
8 1 4 -1l
[1 1 1 0]
0 7 4 1 <4— 2 times the first row was added to the second row.
8 1 4 —11
1 1 1 0]
0 7 4 1 <4—— —8 times the first row was added to the third row.
0 -7 —4 -1l
[1 1 1 0]
0 1 % % <4——— The second row was multiplied by %
0 -7 —4 —1]
1 1 1 0]
0 1 % % <4—— 7 times the second row was added to the third row.
0 0 0l
1ot
0 1 4 1 <+—— —1 times the second row was added to the first row.
0 O 5 5

_ . 13 1 4 . .
Infinitely many solutions: x4 = —;—;t, X, = ;—;t, X3 =t where t is an arbitrary value.
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[0 -2 3 1]
8. 3 6 -3 =2 <——— The augmented matrix for the system.
16 6 3 5.
3 6 -3 2]
0 -2 3 1 <4—— The first and second rows were interchanged.
16 6 3 5.
0 —2 3 1 <4— The first row was multiplied by 7
L6 6 3 5]
B . _5_
0 -2 3 1 <4—— —6 times the first row was added to the third row.
0 —6 9 9l
1 2 -1 -]
0 1 =32 _1 <4——— The second row was multiplied by —% .
2 2
L0 —6 9 9l
1 2 -1 -]
0 1 -— 3 _1 <+—— 6 times the second row was added to the third row.
2 2
0 0 0 6.
1 2 -1 -]
o 1 =2 _1 <4——— The third row was multiplied by % .
2
0 0 0 1.
1 2 -1 -]
0 1 — 3 0 — %times the third row was added to the second row.
2
0 0 0 1.
[1 2 —1 0]
0 1 —g 0 G %times the third row was added to the first row.
[0 0 0 1l
[1 0 2 0]
0 1 —g 0 <4——— —2times the second row was added to the first row.
[0 0 0 1l

The last row corresponds to the equation

0a+0b+0c=1

therefore the system is inconsistent.

(Note: this was already evident after the fifth elementary row operation.)
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2 2 2 0]
[—2 5 2 1 <4——— The augmented matrix for the system.
8 1 4 -1l
1 1 1 0]
[—2 5 2 1 <4——— The first row was multiplied by %
8 1 4 —1l
[1 1 1 0]
0o 7 4 1 <4—— 2 times the first row was added to the second row.
8 1 4 -1
1 1 1 0]
0 7 4 1 <4—— —8 times the first row was added to the third row.
0 -7 —4 —1]
[1 1 1 0]
0 1 ; % <4——— The second row was multiplied by %
0 -7 —4 -1
1 1 1 0]
0 1 % % <———— 7 times the second row was added to the third row.
0 0 0 0l

The system of equations corresponding to this augmented matrix in row echelon form is

x1 + xz + x3 = 0
N 4 1
x =X3 = =
2 773 7
0 =0
Solve the equations for the leading variables
X1 ==X —X3
1 4
Xp==—=X
2 =57 7743

then substitute the second equation into the first

If we assign x; an arbitrary value ¢, the general solution is given by the formulas

N A

1:, .x3=1:

N

Xy =—z—z4, Xy =
1 777 2
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[0 -2 3 1]
12. 3 6 -3 -2 <4—— The augmented matrix for the system.
16 6 3 5.
3 6 - —2]
0 -2 3 1 <4——— The first and second rows were interchanged.
16 6 3 5.
1 2 -1 -] 1
0 —2 3 1 <«—— The first row was multiplied by 7
L6 6 3 5]
_1 . _5_
0 —2 3 1 <4—— —6 times the first row was added to the third row.
0 —6 9 9l
1 2 -1 -]
0 1 — 3 1 <—— The second row was multiplied by —% .
2 2
L0 —6 9 9
1 2 -1 -]
0 1 -— 3 _1 <4—— 6 times the second row was added to the third row.
2 2
0 0 0 6
12 -1 =]
0 1 -— 3 _1 <«——— The third row was multiplied by % .
2 2
0 0 0 1

The system of equations corresponding to this augmented matrix in row echelon form

2
a+2b—c=—§
3 1
b—zc=—§

0 = 1

is clearly inconsistent.

14. The system does not have nontrivial solutions.
(The third equation requires x5 = 0, which substituted into the second equation yields x, = 0. Both of

these substituted into the first equation resultin x; = 0.)

16. The second equation is a multiple of the first one.

This system has nontrivial solutions (e.g., x; = 2 and x, = 3).



18. We present two different solutions.

Solution | uses Gauss-Jordan elimination

2 -1 -3 0
-1 2 -3 0
L1 1 4 0
L1 3 g
2 2
-1 2 -3 0
1 1 4 0
_1 _l _E 0_
2 2
3 9
e
b 1 4 o
_1 _l _E 0_
2 2
3 9
o 2 -2 «—
o 2 Lo
2 2 -
_1 _l _E 0_
2 2
0 1 -3 «—
LO 32
2 2 -
R
2 2
0 1 -3 0
o 0o 10 o
L1 3 g
2 2
0 1 -3 0
o 0o 1 o
1 =2 0 0]
2
0 1 0 0
0 0 1 o
10 0 0]
0100
00 1 ol

Unigue solution: x =0, y =0, z = 0.

1.2 Gaussian Elimination

The augmented matrix for the system.

The first row was multiplied by %

The first row was added to the second row.

—1 times the first row was added to the third row.

The second row was multiplied by %

— % times the second row was added to the third row.

The third row was multiplied by 11—0

3 times the third row was added to the second row
and ; times the third row was added to the first row

%times the second row was added to the first row.



8

20.

Chapter 1: Systems of Linear Equations and Matrices

Solution 1l. This time, we shall choose the order of the elementary row operations differently in order to

avoid introducing fractions into the computation. (Since every matrix has a unique reduced row echelon

form, the exact sequence of elementary row operations being used does not matter — see part 1 of the

discussion “Some Facts About Echelon Forms” on p. 21)

-3
-3
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=

= [l

|
=
B o

cCOoORrR OO0OR OCOR OOR OO R
COCR O ORRr OWR, OCWRE OWR
RO O ROO ROO R O =Kk

Unique solution: x =0, y =0,

BNON BN DNO

1 3 =2
1 -4 3
3 2 -1
-3 5 -4
1 —4 3
1 3 -2
3 2 -1
-3 5 —4

0030 2009200320202 009 20030082038 0038 209

OO OO OO0 0o

The augmented matrix for the system.

The first and third rows were interchanged

(to avoid introducing fractions into the first row).

The first row was added to the second row.

—2 times the first row was added to the third row.
The second row was added to the third row.

The third row was multiplied by —%.

—1 times the third row was added to the second row.
—4 times the third row was added to the first row.

The second row was multiplied by %

—1 times the second row was added to the first row.

The augmented matrix for the system.

The first and second rows were interchanged.
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1 = -2 2 90
2 2
0 1 3 =20 <—— The first row was multiplied by %
2 3 2 -1 0
—4 -3 5 —4 0
1 1 -2 2 g
2 2
0 1 3 =20 <4—— —2 times the first row was added to the third row
0 2 6 —4 0 and 4 times the first row was added to the fourth row.
0 -1 -3 2 0
1 1 -2 2 0]
2 2
0 1 3 =2 0 —2 times the second row was added to the third row
and the second row was added to the fourth row.
0 0 0 0 0
L0 0 0 0 O
1 0 -2 2 0]
2 2
01 3 =20 «— - % times the second row was added to the first row.
0 0 0 0 0
L0 0 0 0 O

If we assign w and x the arbitrary values s and ¢, respectively, the general solution is given by the

formulas
7 t 3s+2¢ t
U==s—=I{, v=-35 , W=s, x=
2 2
1 3 0 1 0
1 4 2 0 0
22. 0 -2 -2 -1 0 <——— The augmented matrix for the system.
2 —4 1 1 0
1 -2 -1 1 0
1 3 0 1 07
0 1 2 -1 0
0 -2 -2 -1 0 <——— —1 times the first row was added to the second row,
0 —-10 1 =1 O —2 times the first row was added to the fourth row,
0 -5 -1 0 O and —1 times the first row was added to the fifth row.
1 3 0 1 07
0 1 2 -1 0
0 0 2 -3 0 <——— 2 times the second row was added to the third row,
0 0 21 -11 0O 10 times the second row was added to the fourth row,
0 0 9 -5 0 and 5 times the second row was added to the fifth row.
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rl 3 0 1 07
0 1 2 -1 0
0 0 1 —; 0 <«—— The third row was multiplied by %
0 0 21 —-11 0O
L0 0 9 -5 0
1 3 0 1 0
01 2 -1 0
3
0 01 - 3 0 <«—— —21 times the third row was added to the fourth row
41 and —9 times the third row was added to the fifth row.
0 00 = 0
2
0o 0 0 I o
2 4
1 3 0 1 07
01 2 -1 0
3
0 01 -5 0 <+—— The fourth row was multiplied by 42—1.
0 0 O 1 0
0o 0 0 Z o
2 4
1 3 0 1 0
01 2 -1 0
0 0 1 —% 0 — = ; times the fourth row was added to the fifth row.
0 0 O 1 0
L0 0 0 0 o0

The augmented matrix in row echelon form corresponds to the system

.x1 + 3.x2 + .x4 = 0
xz + 2x3 - x4, = 0
3
X3 — EX4 = 0
x4 = 0

Using back-substitution, we obtain the unique solution of this system

x1=0, .x2=0, x3=0, .x4=0
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1.2 Gaussian Elimination

0 0 1 1 1 0]
-1 -1 2 =3 1 0 .
1 1 —2 0 -1 0 <4+——— The augmented matrix for the system.
2 2 -1 0 1 0l
1 1 -2 0 -1 0]
-1 -1 2 -3 1 0 . . .
0 0 1 1 1 0 <4—— The first and third rows were interchanged.
2 2 -1 0 1 0l
(1 1 -2 0 -1 0]
00 0 -3 0 0 <«—— The first row was added to the second row
0 0 1 1 10 and —2 times the first row was added to the last row.
0 0 3 0 3 0]
[1 1 -2 0 -1 0]
0 0 1 1 1 0 . .
0 0 0 —3 0 0 <—— The second and third rows were interchanged.
[0 0 3 0 3 0l
(1 1 -2 0 -1 0]
0 0 1 1 1 0 .
0 0 0 -3 0 0 —— 3 times the second row was added to the fourth row.
0 0 0 -3 0 0l
[1 1 -2 0 -1 0]
8 8 (1) 1 (1) 8 <«—— The third row was multiplied by —%.
0 0 0 -3 0 0l
[1 1 -2 0 -1 0]
0 0 1 1 1 0 . .
0 0 0 1 0 0 <4—— 3 times the third row was added to the fourth row.
0 0 0 0 0 0l
[1 1 -2 0 -1 0]
8 8 (1) 2 (1) 8 <— —1 timesthe third row was added to the second row.
0 0 0 0 0 0l
1 1 0 0 1 0]
0 01 0 1 0 . .
000 10 0 <4—— 2 times the second row was added to the first row.
0 0 0 0 0 ol

If we assign Z, and Z: the arbitrary values s and ¢, respectively, the general solution is given by the

formulas

Z1=_S_t, ZZ=S, Z3:_t, Z4=0, ZS=1:

11
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1 2 1 2]
2 =2 3 1 <4——— The augmented matrix for the system.
1 2 —(a?-3) al
1 2 1 2
0 —6 1 -3 <4——— —2 times the first row was added to the secand row
0 0 —a24+2 ag-2 and —1 times the first row was added to the third row.
1 2 1 2 ]
0 1 —% % <—— The second row was multiplied by —%.
0 0 —a’+2 a-2]
The system has no solutions when a = V2 or a = —/2 (since the third row of our last matrix would then
correspond to a contradictory equation).
For all remaining values of a (i.e., a # V2 and a # —/2 ) the system has exactly one solution.
There is no value of a for which this system has infinitely many solutions.
1 1 7 —7]
2 3 17 —-16 <4——— The augmented matrix for the system.
1 2 a*+1  3al
11 7 -7
0 1 3 -2 <4—— —2 times the first row was added to the secand row
0 1 a2—-6 3a+7] and —1 times the first row was added to the third row.
11 7 -7
0 1 3 -2 <4— —1 times the second row was added to the third row.
0 0 a?—-9 3a+09l
The system has no solutions when a = 3 (since the third row of our last matrix would then correspond to a
contradictory equation).
The system has exactly one solution when a #+# 3 and a # —3.
The system has infinitely many solutions when a = —3.
1 1 1 a
2 0 2 b <4—— The augmented matrix for the system.
0 3 3
1 1 1 a
0 -2 0 —2a+b <4——— —2 times the first row was added to the second row.
0 3 3 c
11 1 a
01 0 a —% <4——— The second row was multiplied by —%,
0 3 3 c
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1.2 Gaussian Elimination

1 1 1 a ]
b
0 10 a-— 5 —3 times the second row was added to the third row.
0 0 3 —3a+-b+c|
1 1 1 a ]
b
0 10 a— 5 The third row was multiplied by %
0 0 1 —a+2+4€
2 3
1 1 0 2a—-2-9]
2 3
0 1 0 a —g —1 times the third row was added to the first row.
0 0 1 —a+2+4¢
2 3
1 0 0 a-=< ]
3
b
0 1 0 a—3 —1 times the second row was added to the first row.
0 0 1 —a+2+€
2 3
The system has exactly one solution: x; =a—-, x, =a——-, and x3 =—a + g +§ .
[2 1 3]
0 -2 -29
13 4 51
[2 1 3]
0 —2 =29 —1 times the first row was added to the third row.
11 3 A
[1 3 2]
0 —2 -29 The first and third rows were interchanged.
W/ 1 31
[1 3 2]
0 -2 -29 —2 times the first row was added to the third row.
0 -5 —11
[1 3 2]
0 -2 -29 —3 times the second row was added to the third row.
L0 1 86
[1 3 2]
0 1 86 The second and third rows were interchanged.
0 —2 —29.
1 3 2]
0 1 86 2 times the second row was added to the third row.
0 0 143
1 3 2] !
0 1 86 The third row was multiplied by -
0 0 1.
1 3 0] . :
0 1 0 —86 times the third row was added to the second row
0 0 1 and —2 times the third row was added to the first row.

13
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1 0 0
[0 1 Ol <4——— —3 times the second row was added to the first row.
0 0 1

34. We begin by substituting x = sina, y = cos 3, and z = tan y so that the system becomes

2x — y + 3z = 3
4 + 2y — 2z = 2
6x — 3y + z =9
2 -1 3 3]
4 2 =2 2 <4——— The augmented matrix for the system.
6 -3 1 9l
2 -1 3 3]
0 4 -8 —4 <4——— —2 times the first row was added to the second row
0 0 -8 0l and —3 times the first row was added to the third row.
2 -1 3 3]
0 4 -8 —4 <«——— The third row was multiplied by —%.
0 0 1 0.
2 -1 0 3]
0 4 0 —4 <4——— 8 times the third row was added to the second row
0 0 1 0l and —3 times the third row was added to the first row.
2 -1 0 3]
0 1 0 -1 <4+——— The second row was multiplied by %.
0 0 1 0l
2 0 0 2]
01 0 -1 <«——— The second row was added to the first row.
0 0 1 0l
1 0 0 1]
01 0 -1 <4—— The first row was multiplied by %
0 0 1 0l
This system has exactly one solutionx =1, y =—-1, z=0.

The only angles @, 3, and y that satisfy the inequalities 0 < a < 2, 0 < f < 21,0 < y < wand the

equations
sina =1, cosf = -1, tany =0

are a=%,ﬁ=n, and ¥y = 0.
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36. We begin by substituting a = %, b= %, and ¢ = % so that the system becomes

a + 2b — 4c = 1
2a¢ + 3b + 8 = 0
—-a + 9 4+ 10c = 5
1 2 —4 1
2 3 8 0 <4——— The augmented matrix for the system.
-1 9 10 5
1 2 —4 1
0 -1 16 -2 <+—— —2 times the first row was added to the second row
0 11 6 6. and the first row was added to the third row.
1 2 —4 1
0 1 —-16 2 <4——— The second row was multiplied by —1.
0 11 6 6
[1 2 —4 1
0 1 -16 2 <4—— —11 times the second row was added to the third row.
0 0 182 -16
(1 2 —4 1
0 1 16 g <4——— The third row was multiplied by ﬁ.
0 0 1 ——
i 91

Using back-substitution, we obtain

8 1 91
T S PTeTTE
54 1 91
b=2+16c=a = y:B:a
7 1 13
a=1—2b+4c=—§ = X=a=—7

38. Each point on the curve yields an equation, therefore we have a system of three equations

equation corresponding to (—2,7): 53¢ — 2b + 7¢ + d = 0
equation corresponding to (—4,5): 4la — 4b 4+ 5¢ + d = 0
equation corresponding to (4, —3): 25 + 4 — 3¢ + d = 0

53 =2 7 1 0
The augmented matrix of this system [41 —4 5 Ol has the reduced row echelon form
25 4 -3 1 0

—

i 1

1 0 0 29 0
2

0 1 0 T 0
4

LO 0 1 T 0_

15
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42.
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If we assign d an arbitrary value ¢, the general solution is given by the formulas

4
(I:—Et, b=ﬁt} CZEI:, d=t

(For instance, letting the free variable d have the value —29 yieldsa =1, b= —2,and ¢ = —4.)
(a) 3 (this will be the number of leading 1's if the matrix has no rows of zeros)

(b) 5 (if all entries in B are 0)

(c) 2 (this will be the number of rows of zeros if each column contains a leading 1)

(a) Either the three lines properly intersect at the origin, or two of them completely overlap and the third

one intersects them.
(b) All three lines completely overlap one another.

(Since the exercise specifically mentions three lines, we should assume that in each equation at least one of

the line coefficients is nonzero.)

1.3 Matrices and Matrix Operations

(a) Defined; 1 X 1 matrix

(b) Undefined (A 3 X 1 matrix A cannot be multiplied by a 6 x 3 matrix BT)

(c) Defined; 6 x 1 matrix

(d) Undefined (24 isa 3 x 1 matrix, which cannot be added toa 6 x 2 matrix C)

(e) Defined; 2 x 3 matrix

(f) Undefined ( CD isa 6 X 6 matrix, which cannot be addedto a 6 x 1 matrix BTET)
(g) Defined; 3 X 6 matrix

(h) Undefined (DC isa 2 x 2 matrix, which cannot be addedtoa 1 x 1 matrix EA)
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1.3 Matrices and Matrix Operations

[—5 0 -1 -5 0 -1
@[, 2% | 4 -1 1] (c) [ 4 -1 1]
-1 -1 1 -1 -1 1
_1 3
4
. 9 0 -1
(d) Undefined @| 2 o () [1 0]
L 32
4 4
9 1 -1 [ 9 —13 0
(&) [—13 2 —4] m|1 2 1 (M) [lgg 28 12;)
01 -6 -1 -4 —6
(j) Undefined (k) 46 () Undefined
(trace is only defined
for square matrices)
6 -3 2 —10 11
(a) | 36 0 (b) Undefined (c) |13 2 5
| 4 7 L 4 -3 13
[ 10 —6 0 0 O
(d) [-14 zl (@ [30 2 @ o o ol
| —1 -8 0 0 O
—2 7
(a) first columnof AB = A [first column of B] =
—2 4-
(b) third column of BB = B [third column of B] =
6 —2 4
(¢) secondrow of BB =[secondrowof B]B =[0 1 3]]|0 1 3|=[21 22 18]
7 7 5

(d) first columnof AA = A [first column of A] =

: 7lH Bl
B

3 =2 7
(f) firstrowof BA =[firstrowof B]JA =[6 -2 4] [6 5 4] =[6 -6 70]
0 4 9

(e) third column of AB = A [third column of B] =

17
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3 -2 7
10. (a) first columnof AB =6 6] +0 5] + 714
0 4 9
3 [—2 7]
second columnof AB =-216|+ 1| 5|+7]4
0 | 4 9]
3 —2] 7
third columnof AB =4|6]l+3| 5|+5]4] =
0 4] 9
6 -2 4
(b) first columnof BA =3|0|+6| 1]|+0|3
7 7 5
6 [—2 4]
second columnof BA =—-2|0|+5| 1]|+4|3
7 | 7 51
6 —2] 4
third columnof BA =7|0|+4| 1]14+9|3|=
7 7. 5
O
= = x =
12. (a) A 0 —3 4,X Lz,b 1
3
[ 1 0 1 5
3 3 3 [X1 -3
(b) A=]-1 -5 =2|, x=|*x2|, b=] 3
0 —4 1 | X3 0
14. (a) 3x1 - .xz + 2.x3 _ 2 (b)
4‘x1 + 3x2 + 7x3 = _1
_2x1 + X2 + SX3 = 4
1 2 0][2 6
16.12 2 kl|2 0 3||2|=[2 2 k]|3k+4
0 3 1llk k+6

67
= |64
63

167

411
59
57

|

—6
=17
41

[ 70
31

1122

3w —

5w

3w+
2w +

; the matrix equation:

oM

l; the matrix equation: [—

The values of k that satisfy the equationare k = —10 and k = —-2.

O =W

3] rx,
s
|

+ 40+

=k?+ 12k +20 = (k+10)(k + 2)

O O OO
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24.

28.

1.3 Matrices and Matrix Operations 19

The given matrix equation is equivalent to the linear system
a — b = 8
a + b = 1
c + 3d = 7
— ¢ + 2d = 6

After subtracting first equation from the second, adding the third to the fourth, and back-substituting, we

obtain the solution: a=2, b =—Z, c=-2 ,and d=2,
2 2 5 5
2 3 4 5 11 1 1 -1 -1 1 1
3 4 5 6 1 2 4 8 -1 -1 -1 1
@1, 5 ¢ 7 W3 o 27 @1 4 -1 1
5 6 7 8 1 4 16 64 1 1 -1 -1
ry (1-7r)x 0
There are infinitely many such matrices, e.g. for any real value 7 ,the matrix A =| 0 0 0] will

0 0 0

y 0 0
work. (There are other possible matrices as well, e.g., [Z 0 —xl.)
0 z -y

1.4 Inverses; Algebraic Properties of Matrices

—72 =248 -—-132
(a) a(BC) = (aB)C = B(aC) =] 28 68 88
44 —-108 152

[ 20 -32 -23
(b) A(B—C)=AB—AC = 1 -84 —23]
|—13 =52 2
[ 20 —-30 -9
() B+COA=BA+CA=|-10 37 67]
—16 0 71

0 56 -84
(d) a(bC) = (ab)C =|-28 —-196 -—112
—84 —140 -—252

The determinant of A4, det(4) = (3)(2) — (1)(5) = 1, is nonzero. Therefore 4 is invertible and its inverse

isA™! = [_; _é]
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6. The determinant of C, det(C) = (6)(—1) — (4)(—2) = 2, is nonzero. Therefore C is invertible and its

1
. . -1 _ l -1 —4 _ _E -2
inverseis C 2[ ? 6] [ ; ) .

8. The determinant of the matrix is (cos 8)(cos ) — (sin®)(—sin®) = 1 = 0. Therefore the matrix is

cosf —sinf

invertible and its inverse is [ . .
sin@ cos @

10.(aN T =[_F )=y

7 1
_[10 -5 a_1[-7 5]_| 20 3
2.48=[0 ], @B =5 10]_l—i ;
0 2
13 71
L[ 2 -1 a_ 1[4 31_| 5 20 a1 20 1
A _[—5 3]'3 _20[—4 2]_ R B4 _9 1
5 10 10 2
s 1
14. From part (a) of Theorem 1.4.7 we have A=(A_1)_1.ThereforeA=1—13[_§ ; = 133 123.
T3 13

16. From part (a) of Theorem 1.4.7 it follows that the inverse of (547) " is 547,

2
2
2 1] [-2 -1 5
Thus 547 = — [_5 B ] = [ - 3]. Consequently, A=
"5 5
1o
3 _ _[8 0 3In—1 _ 8 1 0
18. (a) 4 _AAA_[28 ; 0 (7 = 1 (c) [4 0
2
00 - 77 0 2 _[8 0
(d) A 21_[4 _] (e) 24 A+1_[20 2] () A3 —24+4] [20 3]
_ 27 LS
_13 0 _14 1331 ] 1331 _1 0 _3
20.@| o -8 o (b) 0 -2 0 @|oo9 o
70 0 —27 oy 15 0 —4
1331 1331
1 0 -1 6 0 —9 15 0 -12
@lo -4 o @0 11 o @] oo o
5 0 0 45 0 -3 60 0 —27
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34,

36.

1.4 Inverses; Algebraic Properties of Matrices 21

P =a2-or=[7 0,
pz(A)=A+31=i 2], p3(A)=A—31=[_i _g], pz(A)ps(A)=[_1§ _g]

p2(A)p3(4) = (A+31)(4-3I)
=A(A-3D+BNHA -3 <——— Theorem 1.4.1(e)

= (42— AGBD) + (BNHA—(BNHEBN) <——— Theorem 1.4.1(j)

= (A% = 3(4D) + (3(1A) — 9II) <4——— Theorem 1.4.1(m)
= (42 -34)+ (BA -9 <4— PropertyAl = JA=Aonp. 41
=A4%2-9] <4——— Theorem 1.4.1(b)

The assumption A2 —34 + [ = O yields | = 34 — A? = A(3] — A) which shows that A™" = 3] — A.

Multiplying both sides on the leftby (ABCT)™!' = (CT)"'B~1A™" and on the right by (BATC)™! =
C (A7) 1B " yields D = (CT) "B~ 1A 'ABTC 1(ATY 'B~1 = (CTYy "B 'BTC 1(4T) B .

Yes, it is true. From part (e) of Theorem 1.4.8, it follows that (42)T = (AA)T = ATAT = (4T)2. This

statement can be extended to n factors (see p. 47) so that

(An)T = (AAA)T — ATAT"'AT — (AT)n

n factors n factors

ACTHTTACTHACHTTAD ' =CA'ADT  =CD™.
(c™1)71471  AC~1 multiplied by 1
its inverse yields /

X117 X122 Xq3
Letting X =

X21  X22 x23l , the matrix equation AX = [ becomes
X31  X32 X33

X11 X12 X13 0 1 0

Xqq T X1 T X3q Xqp+ Xpp+t X3y Xq3+ X3 +x33l [1 0 Ol
X1 + X3 X22 t X32 X23 + X33 0 0 1

Although this corresponds to a system of nine equations, it is sufficient to examine just the three equations

corresponding to the first column
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x11 +x21 +x31 =1
X1 = 0

X291 +x31 =0

to see that subtracting the second and third equations from the first leads to a contradiction 0 = 1.

We conclude that A is not invertible.

_ CD@-(®0) _ 17 _ CDO-CD@W 3

W5 = S emen - 3 2T om0 8

42, 5 = DD-CO@® _24_ 12

_ _ __@QW-® _ 4 _2
T @@-2 107 57 2T @@-(-2(1) 10 5

1.5 Elementary Matrices and a Method for Finding A1

2. (a) Elementary matrix (corresponds to multiplying the second row by v/3 )
(b) Elementary matrix (corresponds to interchanging the first row and the third row)
(c) Elementary matrix (corresponds to adding 9 times the third row to the second row)

(d) Not an elementary matrix

4. (a) Add 3 times the first row to the second row: [é 2
1 0 0
(b) Multiplythethirdrowbyl: 010
3 1
0 0 -
3
0 0 0 1
. {01 0 o0
(¢) Interchange the first and fourth rows: 00 1 0
1 0 0 0
10 20
(d) Add < times the third row to the firstrow: [0 1 0 0
7 00 10
0 0 0 1
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6. (a) Multiply thefirstrowby —6: EA = S i26 _Eg _6]

2 -1 0 —4 -4
-7 1 -1 21 19
2 0 1 3 -1

(b) Add —4 times the first row to the second row: EFA =

1 4
() Multiply the secondrow by 5: EA = |10 25]
3 6
1 0 0
8 (3a) |0 —3 0| (D wasobtained from B by multiplying the second row by —3)
0 0 1
[1 0 0]
(b) |0 —% 0| (B was obtained from D by multiplying the second row by —%)
0 1
[1 0 O
(c) |0 1 2| (F wasobtained from B by adding 2 times the third row to the second row)
0 0 1
[1 0 0
(d) |0 1 —2] (B was obtained from F by adding —2 times the third row to the second row)
0 0 1
10. [_3 6 | 1 0] <4+—— Theidentity matrix was adjoined to the given matrix.
4 510 1
-2 ~1 90 |
3 <—— The first row was multiplied by —-.
| 4 5/ 0 1] 4
.
1 =2|=3 0
" <4—— —4 times the first row was added to the second row.
0 131 - 1
| 3 i
] .
1 -2 —3 0 ’
41 <—— Thesecond row was multiplied by —.
0 1 &4 13
39 13
5 2
1 0|7
349 113 <+—— 2 timesthe second row was added to the first row.
01l 5 =
_5 2
The inverse is 3;9 113 .

39 13
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12,

L5 2o

<4—— Theidentity matrix was adjoined to the given matrix.

<+—— 2 times the second row was added to the first row.

A row of zeros was obtained on the left side, therefore the matrix is not invertible.

14.

© O R ocom

_ o o K,

The inverse is

1.2 0
2 1 2
0 2 1
2 0
2 1
2 0]1
. _2|e2
313

2 1lo
2 0y 1
. 2| 2
31 3
A
3" 3

2 0 1
1 =21 2
3

o 1|-2
7

12 011
01 0|32
7

0 0 1|2
7

3
00;
2
10;
4

0 1[-3
32
7 7
2 _1
7 7
_*r  Z
7 7

1 0
0 1
0 0
1 0
2 1
0 0
0
1
T3
0
0
1
T3
2
3
0
1
T3
2
7
0
1
"7
2
7
2
7
1
"7
2
7

Nlw NN s

o

Ndlw 9N Nls N NN
\ I

o = S Ok O O FRPOO RO O

O Nlw

The identity matrix was adjoined to the given matrix.

—2 times the first row was added to the second row.

The second row was multiplied by —%.

—2 times the second row was added to the third row.

The third row was multiplied by ;

% times the third row was added to the second row.

—2 times the second row was added to the first row.



1 0 0]
01 0
0 0 1]
500}
05 0
0 0 5]
500}
-5 5 0
50 5]
500}
-5 0 5
55 0]
0 0]
0 -1
2 0|
4 0]
1 -1
2 0
3 1]
1 -1
2 0
1
—1].
0
10 0]
01 0
0 0 1l
0 0]
1
5 0
0 1]

1 1 _2
5 5 5
16. 11
5 5 10
1 _4 1
5 5 10
1 1 =2
1 01 2
2
1 -4 2
2
11 =2
o o 2
2
[0 5 2| -
2
11 =2
0o -5 =
2
LO 0 5 _
2
11 -2 5
01 —1] 1
2
00 1]-2
11 0] 1
01 0| 0
o0 0 11-2
11 0] 1
01 0| 0
o0 0 11-2
1 3
The inverse is 0 1
-2 2
V2 3v2 0
18 -4z V2 o
0 0 1
1
13 0] 3
—4 1 0| o
00 1l o0

1.5 Elementary Matrices and a Method for Finding A™

<4—— The identity matrix was adjoined to the given matrix.

<4— Each row was multiplied by 5.

<4—— —1 times the first row was added to the second row and
—1 times the first row was added to the third row.

<4—— The second and third rows were interchanged.

<«— Thesecond row was multiplied by —% and

the third row was multiplied by §

— % times the third row was added to the second row and
2 times the third row was added to the first row.

<+—— —1 times the second row was added to the first row.

<+—— The identity matrix was adjoined to the given matrix.

<4—— Each of the first two rows was multiplied by /%
v

25
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1

1 30| 3
0 13 0]2v2
0 011 o

00 1! 0
V2
26

2\5
13

V2
26
2\5
13

The inverseis

0

N e
LTU1TO O

NOoO oo

20. I
1
0
0
0

2
26

V2
26

0 1

I
_
PR =), O OO0ORFrRrRO OO, O

o

til= wl-

o
|

_ P, OO0 OFrRP OO OFrPOoOOoO OFroo

o

]

Nk ;=

47

—
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4 times the first row was added to the second row.

The second row was multiplied by %

<4—— —3 times the second row was added to the first row.
0
8 <4+— The identity matrix was adjoined to the given matrix.
1]
0
8 <4——— —1 times the first row was added to each of the
1 remaining rows.
0
8 <4—— —1 times the second row was added to the third row
1 and to the fourth row.
0
8 <+—— —1 times the third row was added to the fourth row
1.
0
0

<4— The second row was multiplied by %,

0 the third row was multiplied by %, and
1 the fourth row was multiplied by %
7 .




The inverse is

]

glr wl-=

o

o

Nl= alR

i

1.5 Elementary Matrices and a Method for Finding A™ 27

22. This matrix is singular because its third row contains only zeros. (Refer to Example 6 in Section 1.4.)

24.

O O O o

NOORFR, NMNO RO

S OO R, OO O K o

O OO, OO O
SO PrO rOoORro

OO RO
oN WO

PP OO R KFEk OO

N WO LI WO

I WO UlwiN o

CGTWwihO UTWwoN

I
IO O R 1O O K

U1 o O -

V1T OO U1l O© k-

o B -0 0 O rP OO0 O, oo

WO O WO RO

]

gl Nl=

SO PRP OO OO Kk O

S OPRrRPO OO Ok

NOOFRr NOORFR NO O

il

0 0
1 0
0 1
00
1 0
0 0
0 1
0 0
1 0
0 0
0 1
20
1 0
0 1
0 0
2 0
0
-1
0
0
0
-1
0
1
0
-1
0
1
0
-1
0

P OO0 POOO POOO POOO mRPOOO POOOD mOOCO

o

The identity matrix was adjoined to the given matrix.

The first and second rows were interchanged.

—2 times the first row was added to the fourth row
and to the fourth row.

The second and third rows were interchanged.

The second row was multiplied by —1.

—1 times the second row was added
to the fourth row.

—4 times the third row was added
to the fourth row.

The third row was multiplied by %, and

the fourth row was multiplied by —%.
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4
1 0 0 0 -3
3
01 0 O >
1
0 01 0 >
4
o 00 1l =
_4+ 3 1
5 5 5
g 0 -1
The inverse is ;
- 0 0
2
L 4 2 1
5 5 5
0 0 0 K
0 0 k, O
@10 k o0 o
 k, 0 0 O
'k, 0 0 0
0 ks 0 O
0 0 k, O
[0 0 0 K
[1 0 0 00
01 0 0 0
0 01 0 0
[0 0 0 1 L
kq
[0 0 0
0 0 —
ks
The inverse is )
0o — O
ka
|~ 0 0
kq
k 0 0 O
1 £ 0 0
(b) 0 1 k£ O
0 0 1 k

|l w

vl

P OO0 OO oK

SO O

OrRLP OO OOk o

OO RO

[

OO RO Ok OO

O = O O

= O OO

[
1

SO OoOkr RPOOOo

<—— -1 times the fourth row was added to the first row
and
3 times the third row was added to the second row.

<4—— The identity matrix was adjoined to the given matrix.

The first and fourth rows were interchanged;
the second and third rows were interchanged.

The first row was multiplied by 1/k,,

the second row was multiplied by 1/k,
the third row was multiplied by 1/k, , and
the fourth row was multiplied by 1/k; .

<4—— The identity matrix was adjoined to the given matrix.



10 0 0

110 0
k

0 L1 0
k

1

[0 0 - 1

(1.0 0 0

010 0

0 210
k

[0 0 - 1
k
1.0 0 0

0100 |-
0010
[0 0 1 1
k

- 1

1000 +

1

010 0|-

1

001 0| =

1

[0 0 0 113
1

k

1

T k2

The inverse is ]

-

1

-

28. It follows from parts (a) and (d) of Theorem 1.5.3 that a square matrix is invertible if and only if its reduced

D N YN

o

0

1
k
1
k2
1
P

x| -

row echelon form is identity.

SO R ok aA

e = S

OO aro

x| =

]

Tle =ia

|

o

o ®I=
| L

1.5 Elementary Matrices and a Method for Finding A™

<+—— Each row was multiplied by 1/k.

<+“— —% times the first row was added
to the second row.

G —% times the second row was added
to the third row.

<« —% times the third row was added
to the fourth row.

l <+—— The first and second rows were interchanged.

29
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1 ¢ 1
l 01 ¢ <4———— The second and third rows were interchanged.

c 1 0
1 c 1
0 1 c <—— —c timesthe first row was added to the third row.
0 1-c¢% —c
1 ¢ 1
0 1 c <4——— ¢?—1 times the second row was added to the third row.
0 0 ¢3—2c |

If ¢3—2c=c(c?=2)=0,ie.if c=0,c= V2 or ¢ = —/2 the last matrix contains a row of zeros,
therefore it cannot be reduced to I by elementary row operations.

1
c3-2¢

Otherwise (if ¢® — 2¢ # 0), multiplying the last row by

would result in a row echelon form with 1’s on

the main diagonal. Subsequent elementary row operations would then lead to the identity matrix.

We conclude that for any value of ¢ other than 0,2 and —V2 the matrix is invertible.

30. We perform a sequence of elementary row operations to reduce the given matrix to the identity matrix. As

we do so, we keep track of each corresponding elementary matrices:

_ 1 0
A= [—5 2 ]
[(1) g ] <+——— 5 times the first row was added to the second row. E; = [é 0]
[1 0 o . 1 0
0 1 ] <4—— The second row was multiplied by > E, = 0 1
2

Since E,E,A =1, then A = (E,Ey) [ = E By ' = [_é (1’] [(1) g]

32. We perform a sequence of elementary row operations to reduce the given matrix to the identity matrix. As

we do so, we keep track of each corresponding elementary matrices:

1 1 0
A= [1 1 1]
0 1 1
1 1 0 1 0 0
[0 0 1] <4——— —1 times the first row was added to the second row. Ei=1-1 1 0]
0 1 1 0 0 1
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1 1 0 [1 0 O
0 1 1| <«———— Thesecond and third rows were interchanged E,=10 0 1
0 0 1 0 1 0
1 1 0 [1 O 0
0 1 0 <+—— —1 times the third row was added to the secondrow. E; =0 1 -1
0 0 1 0 0 1
1 0 0 1 —1 0
0 1 0] <«——— —1 timesthesecond row was added to the firstrow. E, =0 1 0
0 0 1 10 0 1

Since E,E,E,E1A =1, then

1 0 O][1 0 OJft 0 OJf1 1 ©
A= (E,E3E,E) I =E'E; ' E;'E; =1 1 oflo o 1f|lo 1 1]lo 1 of

0 0 110 1 o0ll0 0 110 0 1

34. We use the elementary matrices already obtained in the solution of Exercise 30. Since E,E1A = I, then

1 0
RN
2

36. We use the elementary matrices already obtained in the solution of Exercise 32. Since E4 E3E,E 1A =1,

1 -1 01 0 o1fr 0 0 1 0 0
0 1 0jjo 1 -—-1j|0 0 1)f-1 1 O
0 0 1lo 0 i 1 0 0 0 1

38. Let us begin by finding a sequence of elementary row operations that will reduce B to I:

then

A_1 = E4E3E2E1 =

6 9 4
B=|-5 -1 0
-1 -2 -1
-1 -2 —-11] (a)
-5 -1 0 <4——— The first and third rows were interchanged.

6 9 4 |
[ 1 2 1] (b)

-5 -1 0 <4— The first row was multiplied by —1.

[ 6 9 4|
(1 2 1] (c)

0 9 5 <«—— 5 times the first row was added to the second row and
0 -3 -2 —6 times the first row was added to the third row.
1 1]

5 (d) 1

0 1 5 <+——— The second row was multiplied by -.
0 -3 =2

31
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1 2
0 1

1
5
9
1
3
1
5
9
1
0
0
1
0
0
1

r 1T 1T 1 o
(=R - = = e -
o

S kP OO0 P NO kN

+
(o]

Now we reduce A

order, to obtain B.

o
I
|

|
W - WR R

O P WRPrE WWKE OFRr P, OR R, OFR -
| |
=

P O O R OO P OO RFRPOO RPFPROO PR OO

COoORr OO OO WK R
|

n O O
S P N ORFRPr O OF

(=R - =R

(e)
4—

3 times the second row was added to the third row.

The third row was multiplied by —3.

—g times the third row was added to the second row and
—1 times the third row was added to the first row.

—2 times the second row was added to the first row.

I, then continue applying the inverse operations of the ones listed above, in reverse

The first and second rows were interchanged.

The first row was multiplied by —1.

—2 times the first row was added to the second row and
—3 times the first row was added to the third row.

The second row was multiplied by %

—3 times the second row was added to the third row.
The third row was multiplied by —1.

The second row was added to the first row.

inverted operation (h):
2 times the second row was added to the first row



