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CHAPTER 5 EIGENVALUES AND EIGENVECTORS

5.1 Eigenvalues and Eigenvectors

2 =1 —-11I1 0
AX = [—1 2 —1] [1] = [0] = 0X therefore X is an eigenvector of A corresponding to the eigenvalue 0
-1 - 2111 0

(@) det(A] —A) =12 —-21—3=(1—3)(1+ 1); theeigenvaluesare A =3 and 1 = —1
(b) det(Al — A) = 1?2 — 814+ 16 = (1 — 4)?; the eigenvalueis 1 = 4

(c) det(Al —A) = A? — 12; the eigenvaluesare A = V12 = 2v/3 and 1 = —/12 = —2V3
(d) det(Al — A) = A% + 3; no real eigenvalues

(e) det(Al — A) = A2%; the eigenvalueisA = 0

(f) det(Al —A) =212 —-21+1=(1—1)?; theeigenvalueis A =1

A—4 0 -1
(a) Cofactor expansion along the second column yields det(Al —A4) =| 2 1-1 0
2 0 A-1
=o-0 7t TH=a-ne-90-D-CD@] = G- DA -51+46)

=(A—1)(A1—2)(A—3); the characteristic equationis (1 —1)(1—2)(1—-3) =0

1—3 0 5
(b) We use the arrow technique to evaluate the determinant: det(i] — 4) = —% A+1 0 |=
-1 -1 142
[A=-3)A+DA+2)+0+1]—-[-5(A+1)+0+0]=21%3-24;
the characteristic equation is A> — 24 = 0
A+2 0 -1
(c) We use the arrow technique to evaluate the determinant: det(A] —A4) =| 6 A+2 0 |=

—19 -5 A+4
[A+2)2A+4)+0+30]—-[19(1+2)+0+0] =22 +8A2+1+8;
the characteristic equationis A + 812+ 1+8 =10
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A+1 0 -1
(d) We use the arrow technique to evaluate the determinant: det(Al — A4) = | 1 A=3 0 |=
4 -13 A1+1

[(A+ D21 -3)+0+13] - [-4A—-3)+0+0]=23—-A2—-1-2;

the characteristic equationis A3 — 12 —1— 2

A—5 0 -1
(e) We use the arrow technique to evaluate the determinant: det(A/—4)=| -1 1—-1 0=
7 -1 A
[A=5Q—-1)A+0-1]-[-7A—-1)+0+0] =A% —6A%2+121—8;
the characteristic equationis A% — 612 + 124 —8 =0
A-5 —6 -2

0 A+1 8
-1 0 A+2

[A=B5)A+1DA+2)+48+0]—[2(1+1)+0+0] = A3 — 222 — 151 + 36;

(f) We use the arrow technique to evaluate the determinant: det(A] — 4) =

the characteristic equationis A3 — 242 — 151 +36 =0

8. (a) Thereduced row echelonformof ] — A =

-3 0 -1 1 0 0
2 0 0lis|0 Q 1|. The general solution of
2 0 0 0 0 O

X1 0 0
(I-A)x=0isx; =0,x, =, x3 = 0. In vector form, [le = [tl =t [1] A basis for the eigenspace
X3 0 0

correspondingto 1 = 1is {(0,1,0)}.

—2 0 -11 [t o 1]
The reduced row echelon formof 21 — A = [ 2 1 0] islog 1 _21 . The general solution of
2 0 1 0 0 0
1 x1 _%t_ _%
QRI—Ax=0isx; = —sbX=Lx=1LIn vector form, [X2]| = ¢|=¢| 1| Abasisforthe
X3
t 1

eigenspace corresponding to A = 2is {(—1,2,2)} (scaled by a factor of 2 for convenience).

-1 0 -1 1 0 1
The reduced row echelon formof 3] — A = [ 2 2 0] is [0 1 —1|. The general solution of
2 0 2 0 0 0

X1 —t -1
(BI—-A)x=0isx; = —t,x, =, x3 = L. In vector form, [le = [ t] = t[ 1]. A basis for the eigenspace
X3 t 1

corresponding to A = 3is {(—1,1,1)}.
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5
(b) The reduced row echelon form of 0] — A = —é is __1]. The general solution of
-1 -1 2 5

E 5
< 1 3 3
0/ —A)x=0isx; ==L, x, ==L, x5 = L. Invector form, | X2| = |1,] = | 1]. A basis for the eigenspace
1 =36 X2 =30 X3 Ly
3 3
t 1

corresponding to A = 0is {(5,1,3)} (scaled by a factor 3 for convenience).

—20-15+2
V2 - 3 0 5 10 — =5
The reduced row echelon form of V21 — A = -z V241 0 is 0 1 —2-v2
6+5+/2
. - __20+15v2 _ 242 _
The general solution of (\/f] - A)X =0isx; = P t,x, = Y, t,x; =t
20+15\F 20+15+2
* ovsvz L 6+5vZ
In vector form, | X2 | = 2442 2+v2 |
6+5\F 6+5\F

A basis for the eigenspace corresponding to 1 = v/2 is {(20 +15v2,2 42,6 + Sﬁ)} (scaled by a factor

6 + 5v/2 for convenience).

—20+15v2
-2 - 3 0 5 10 ==
The reduced row echelon form of —/2I — A = - —2+1 0 is 0 1 —2+2
6-5v2
-1 -1 —v2+21 |§ 0
. . 20-15+2 2-v2
The general solution of (—\/fl - A)X =0isxy = PR £, xy = P t,x3 =1
20715\/51f 20-15v2
X1 6-5v2 6-5v2
In vector form, | X2 2-vz |=¢| 2-v2
X2 6—5v2 6—5v2
L 1
A basis for the eigenspace correspondingto A = —V/2 is {(20 —15v2,2—+2,6 — 5\/?)} (scaled by a factor

6 — 52 for convenience).

(c) The reduced row echelon form of —8/ — A =

EER TS

The general solution of (—8] — A)x = 0isx; = —gt, Xy = —g £, x5 = ¢.

Ool_on=
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1 1
x1 _gt _g

In vector form, | X2 | = 1=t _ 1]
X3 6 6
t 1

A basis for the eigenspace correspondingto A = —8is {(—1,—1,6)} (scaled by a factor 6 for convenience).
1
3 0 -1 |} 0 —3
(d) The reduced row echelonformof 2] —A=|1 -1 Olis|lp 1 =1}
4 13 3 3
0 0 0
The general solution of (2] —A)x = 0isx; = %t, X, = %t, X3 =1(

1
X1 ; t
In vector form, [*2| = L=t
x3 3
t

A basis for the eigenspace corresponding to 2 = 2 is {(1,1,3)} (scaled by a factor 3 for convenience).

-3 o0 -11 1 O
ERET
00

The general solution of (2] — A)x = 0isx; = —%t, Xy = —%t, x3 = t.

1 1
alo (T3 [T
In vector form, | X2]| = LY [ Y
X3 3 3
¢ 1

A basis for the eigenspace correspondingto A = 2 is {(—1,—1,3)} (scaled by a factor 3 for convenience).

R wlrwl=

(e) Thereduced row echelon form of 2] — A =

O wlr wlr

(f) The reduced row echelon form of 3] — A =

2 —6 =2 1 0 =5
0 4 8lis|0 1 2|. The general solution of
1 0 5 0 0 0

X1 5t -5
BI—Ax=0isx; =5t,x, = —2t, x5 = t. Invector form, |X2| = [=2¢t| =t |-2]|.
X3 £ 1

A basis for the eigenspace correspondingto A = 3 is {(5,—2,1)}.

2
8
3

(=l

0
1 ——|. The general solution of
-1 0

0

-9 - -2
The reduced row echelon form of —4]/ — A = l 0 -3 8] is l
0 -2 0

2

x1 _2[: -
(4l —A)x=0isx; = —=2(,%x, = St, x5 = L. In vector form, [le = St =t g )
X3 ¢

A basis for the eigenspace correspondingto A = —4is {(—6,8,3)} (scaled by a factor 3 for convenience).
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In each part we employ the procedure described in Example 3 in Section 5.1.

(a) det(Al —A) = A*+ A3 —-312— 1+ 2.

The only integer solutions of the characteristic equation are +1 and +2.

Since det(1] — A) = 0, A — 1 must be a factor of the characteristic polynomial.

Dividing A — 1into A* + 13 — 342 — 1 + 2 leads to det(A] — A) = (A — 1)(A% + 242 — 1 - 2).
The cubic polynomial can be found to be zero at A = 1 as well.

Dividing A — 1 into 1> + 24% — 1 — 2 yields

det(A —A) =(A-1D?A%+31+2)=QA-1D*QA+ DA +2).

We conclude that the eigenvalues are 1, —1, and —2.

(b) det(Al — A) = A* — 8A% + 1942 — 244 + 48.

The only integer solutions of the characteristic equation are +1,+2,+3,+4,+6,+8,+12,+16, +24, and
+48. Successively substituting these into the characteristic polynomial, we find det(4/ — A) = 0 so that
A — 4 must be a factor of the polynomial. Dividing A — 4 into A* — 843 + 1912 — 241 + 48 we obtain
det(A] — A) = (A — 4)(4% — 442 + 31 — 12). The cubic polynomial can have integer zeros
+1,+2,43,+4,+6, and +12. Substituting A = 3 results in a zero value, therefore dividing A — 4 into

A% — 412 + 31 — 12 leads to det(A] — A) = (A — 4)2(A% + 3).

The only real eigenvalueis 4.

(a) The matrix is upper triangular, therefore by Theorem 5.1.2 its eigenvalues are —1 and 5, the entries on

the main diagonal.

(b) The matrix is lower triangular, therefore by Theorem 5.1.2 its eigenvalues are 3, 7, and 1, the entries on

the main diagonal.

(c) The matrix is diagonal, therefore by Theorem 5.1.2 its eigenvalues are — %, 1, and %, the entries on the

main diagonal.

We begin by finding eigenvalues and eigenvectors of the matrix A.
A4+1 2 2
detAl —A) =| -1 1-2 —1|=[A+DUA-2D21—-2-2]-[21—-2)—(A+1)—24]
1 1 A

=L -A2-1+1=20-D-11-D=AQ-1DUA-1D=A+ DA - 1)?

From the characteristic equation (1 + 1)(1 — 1)? = 0 it follows that A has eigenvalues 1 and —1.



168

16.

18.

26.

Chapter 5: Eigenvalues and Eigenvectors

2 2 2 1 1 1
-1 -1 -1lis|0 0 0}
1 1 1 0 0 O

The general solutionof (/| —A)X=0isx; = —s—t,x, =5, x3 = L.

The reduced row echelon formof [ — A =

A basis for the eigenspace of the matrix A correspondingto 1 = 1is {(—1,1,0),(—1,0,1)}.
0 2 2 1 0 -2

The reduced row echelon formof -1/ —4A=|-1 - —1lis|0 1 1].
1 1 -1 0 0 0

The general solution of (I — A)x = 0isx; = 2¢, x, = —t, x3 = L.

A basis for the eigenspace of the matrix A corresponding to 1 = 1is {(2,—-1,1)}.

Using Theorem 5.1.4, we conclude that the eigenvalues of the matrix A% are 12°> = 1 and (—1)?° = —1.
Furthermore, the bases for eigenspaces corresponding to these eigenvalues are {(—1,1,0), (—1,0,1)} and

{(2,-1,1)}, respectively.
Since p(1) = det (A — A), it follows that p(0) = det(—4) = (—1)"det (4).
(a) n =3 and p(0) =5 therefore det(4) = —5

(b) n = 4and p(0) = 7 therefore det(4) = 7

. a a A—a —a
Denoting A = [ai a;z], we have det(A] — 4) = —amﬂ 1 ;222 = —a11)(A—az) —a;a, =
A2 = (aqq + ax)A + ajqa;; — aq,a;
tr(A) det (4)
A+2 -2 -3
detl —A) = 2 A1-3 -2 |=2-612+111-6;
4 -2 A-5

The only integer solutions of the characteristic equation are +1,+2,+3, +6.
Since det(1/ — A) = 0, we divide 1 — 1 into A% — 612 + 111 — 6 to obtain
det(AI —AD =QA-1DUA?*=51+6)=U-1DA-2)1-73).

3 -2 -3 1 0 -1
2 -2 -=2]is|0 1 0].
4 -2 —4 0 0 0

The general solutionof (I —A)X=0isx; =t,x, =0, x3 = L.

The reduced row echelon formof [ — A =

A basis for the eigenspace of the matrix A correspondingto A = 1is {(1,0,1)}.
4 -2 =31 [1 =5 o0
The reduced row echelonformof 2l —A =2 — =2lislo o 1|
4 -2 31 o o o

The general solution of (2] —A)X = 0isx, = ;t, X, =t, %3 =0.
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A basis for the eigenspace of the matrix A corresponding to 1 = 2 is {(1,2,0)}.

5 — -3 1 0 -1
The reduced row echelon formof 3/ — A4 =2 0 -—-2]is|0 1 -1}.
4 — -2 0 0 0

The general solutionof (3] —A)x=0isx; =L, x, =t,x3 = L.

A basis for the eigenspace of the matrix A corresponding to A = 3 is {(1,1,1)}.
(a) From the result of Exercise 23, the matrix A~ has

e eigenvalue 1 with a basis for the corresponding eigenspace {(1,0,1)},

e eigenvalue % with a basis for the corresponding eigenspace {(1,2,0)3},

e eigenvalue % with a basis for the corresponding eigenspace {(1,1,1)}.

(b) From the result of Exercise 24, the matrix A — 37 has

e ejgenvalue —2 with a basis for the corresponding eigenspace {(1,0,1)},
s eigenvalue —1 with a basis for the corresponding eigenspace {(1,2,0)},

e eigenvalue 0 with a basis for the corresponding eigenspace {(1,1,1)}.
(c) From the result of Exercise 24, the matrix A + 21 has

e eigenvalue 3 with a basis for the corresponding eigenspace {(1,0,1)},
s cigenvalue 4 with a basis for the corresponding eigenspace {(1,2,0)},

e eigenvalue 5 with a basis for the corresponding eigenspace {(1,1,1)}.

(a) Since the degree of p(4) is 6, Ais a 6 X 6 matrix (see Exercise 17)
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(b) p(0) # 0, therefore 0 is not an eigenvalue of A. From parts (a) and (t) of Theorem 5.1.6, A is invertible.

(c) A hasthree eigenspaces since it has three distinct eigenvalues, each corresponding to an eigenspace.

5.2 Diagonalization

|42} _i| = 18 does not equal |g 411| = 14 therefore, by Table 1in Section 5.2, A and B are not similar

matrices.



