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1 0 0 1
The augmented matrix of this system has the reduced row echelonform [0 1 0 2| therefore the
0 01 —1

solutionis ¢; = 1, ¢, = 2, ¢z = —1. This allows us to express p = 1p; + 2p, + (—1)ps.

(a) (0,v2); (b) (1,0); (¢) (=1,v2); (d) (a—b,V2b)
4.5 Dimension

3 11 1 0

5 -1 1 —1 0] has the reduced row echelon form

The augmented matrix of the linear system [

0 0
I 1 1
. The general solutionis x; = =S Xp = oS- t, x3 =5, x4 = t. Invector form

Bla sl

(21, %5, %3,%4) = (—%s,—%s —i,s, t) =s (—%,—j—v 1,0) +£(0,—-1,0,1)

therefore the solution space is spanned by the vectors v; = (—3

1
o 1,0) and v, = (0,—1,0,1). These

vectors are linearly independent since neither of them is a scalar multiple of the other (Theorem 4.3.2(c)).

We conclude that v; and v, form a basis for the solution space and that the dimension of the solution

space is 2.
1 -3 1 0

The augmented matrix of the linear system |2 —6 2 0] has the reduced row echelon form
3 -9 3 0

1 -3 1 0

0 0 0 0]. Thegeneral solutionis x; = 3s — £, x, =S, X3 = £. In vector form

0 0 0 0

(xq,%9,x3) = (3s — {,5,t) = 5(3,1,0) + £(—1,0,1)

therefore the solution space is spanned by the vectors v; = (3,1,0) and v, = (—1,0,1). These vectors are
linearly independent since neither of them is a scalar multiple of the other (Theorem 4.3.2(c)). We conclude

that v; and v, form a basis for the solution space and that the dimension of the solution space is 2.
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1 1 10
. . 3 2 -2 0
The augmented matrix of the linear system 43 -1 0 has the reduced row echelon form

6 5 10

1 0 -4 0

0 1 50 . _ _ —

0 0 o ol The general solutionis x = 4t, y = —5¢, z = t. In vector form

0 0 0 0

(x,v,z) = (4t,—5t,t) = t(4,—5,1)

therefore the solution space is spanned by the vector v; = (4, —5,1). By Theorem 4.3.2(b), this vector
forms a linearly independent set since it is not the zero vector. We conclude that v, forms a basis for the

solution space and that the dimension of the solution space is 1.

(a) The given subspace can be expressed as span(S) where § = {(1,0,0,0), (0,1,0,0),(0,0,1,0)} is a set of

linearly independent vectors. Therefore S forms a basis for the subspace, so its dimension is 3.

(b) The subspace contains all vectors (a,b,a + b,a — b) = a(1,0,1,1) + b(0,1,1, —1) thus we can express
it as as span(S) where S = {(1,0,1,1), (0,1,1, —1)}. By Theorem 4.3.2(c), S is linearly independent since
neither vector in the set is a scalar multiple of the other. Consequently, S forms a basis for the given

subspace. The dimension of the subspace is 2.

(c) The subspace contains all vectors (a,a,a,a) = a(1,1,1,1) thus we can express it as as span(S) where
S ={(1,1,1,1)}. By Theorem 4.3.2(b), S is linearly independent since it contains a single nonzero vector.

Consequently, S forms a basis for the given subspace. The dimension of the subspace is 1.

The given subspace can be expressed as span(S) where S = {x,x2, x?} is a set of linearly independent

vectors in P;. Therefore S forms a basis for the subspace. The dimension of the subspace is 3.

(a) Either (1,0,0) or (0,1,0) canbe used since neither is in span{v;, v,}
-1 1 1
(e.g., with (1,0,0), linear independence can be easily shown calculating| 2 —2 0| =2 # 0then using
3 -2 0

parts (b) and (g) of Theorem 2.3.8; the set forms a basis by Theorem 4.5.4)

(b) Any of the three standard basis vector for R*® can be used since none of them is in span{v;, v,}

1 3 1
(e.g., with (1,0,0), linear independence can be easily shown calculating |—1 1 0| =2 # 0thenusing
0 -2 0

parts (b) and (g) of Theorem 2.3.8; the set forms a basis by Theorem 4.5.4)
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One of the infinitely many ways to enlarge the given set to a basis for R* is by adding the vectors (1,0,0,0)
and (0,1,0,0) tothe set. Since the resulting set contains dim(R*) = 4 vectors, by Theorem 4.5.4 we only
need to establish the linear independence of the set to be able to conclude that it forms a basis for R*. The

homogeneous equation k,(1,—2,3,—5) + k,(0,—1,2,—3) + k5(1,0,0,0) + k,(0,1,0,0) = (0,0,0,0) can be

1 0 1 0
. . .. -2 -1 0 1 . .
rewritten as a linear system whose coefficient matrix 3 2 0 0 has determinant 1. Using parts (b)
-5 -3 00

and (g) of Theorem 2.3.8, we conclude that there is only the trivial solution, therefore the enlarged set of

four vectors is linearly independent (and, consequently , forms a basis for R*).

In parts (a) and (b), we will use the results of Exercises 18 and 19 by working with coordinate vectors with

respect to the standard basis for P,, S = {1,x,x?}.

(a) Denote v; = —1+x — 2x2, v, =3 + 3x + 6x2, v; = 9.
Then (V‘I)S = (_1;1, _2)1 (VZ)S = (3,3,6), (V3)S = (9)0;0)

Setting k¢ (vq)g + k,(vy)g + k3(v3)s = 0 we obtain a linear system with augmented matrix

-1 3 9 0 1 0 0 O
1 3 0 0] whosereduced row echelonformis |0 1 0 0f. Since there is only the trivial solution,
-2 6 0 O 0 01 0

it follows that the three coordinate vectors are linearly independent, and, by the result of Exercise 18, so are
the vectors v4, V5, and v,. Because the number of these vector matches dim(P,) = 3, from Theorem 4.5.4

the vectors v4, Vv,, and v; form a basis for Ps.

(b) Denote v; =1+x, v; =x%, v3 = =2+ 2x%, v, = —3x.
Then (v1)s = (1,1,0), (v2)s = (0,0,1), (v3)s=(—2,0,2), (v4)s = (0,—3,0).
Setting kq(v{)s + ko, (Vy)s + ka(Va)s + k4(Vy)s = O we obtain a linear system with augmented matrix

100 -3 0
010 3 of

001 20

[10—200
2

1 0 0 -3 Ol whose reduced row echelon form is
0 1 2 0 0

Based on the leading entries in the first three columns, the vector equation

ki(vs + ky(vy)s + k3(v4)s = 0 has only the trivial solution (the corresponding augmented matrix

1 0 -2 0 1 0 0 0
1 0 0 0] hasthereduced row echelonform |0 1 0 0}). Therefore the coordinate vectors
0 1 2 0 0 01 0

(v))s, (vy)g, and (v5)¢ are linearly independent and, by the result of Exercise 18, so are the vectors v, V,,
and v;. Because the number of these vector matches dim(P,) = 3, from Theorem 4.5.4 the vectors v;, V,,

and v, form a basis for P;.
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(c) Clearly, 1 +x —3x% = %(2 +2x — 6x2) = %(3 + 3x — 9x2) therefore from Theorem 4.5.3(b), the

subspace is spanned by 1 + x — 3x°. By Theorem 4.3.2(b), a set containing a single nonzero vector is

linearly independent. We conclude that 1 + x — 3x? forms a basis for this subspace of P,.

4.6 Change of Basis

2. (@) Expressing v as a linear combination of v;, v,, and v3; we obtain
(2,—1,3) = ¢1(1,0,0) + ¢,(2,2,0) + c53(3,3,3)

Equating corresponding components on both sides yields the linear system

Cq + 2C2 + 3C3 = 2
2C2 + 3C3 —_ _1
3C3 = 3

1 0 0 3

whose augmented matrix has the reduced row echelon form [0 1 0 —2]. The solution of the linear
0 0 1 1

systemis ¢; =3, ¢, = —2, ¢3 = 1 therefore the coordinate vectoris (v)s = (3,—-2,1).

(b) Expressing v as a linear combination of v;, v,, and v5 we obtain

(5,-12,3) = ¢;(1,2,3) + ¢,(—4,5,6) + c2(7,—8,9)

Equating corresponding components on both sides yields the linear system

C] - 4‘C2 + 7C3 = 5
2C-1 + 5C2 - 8C3 = —12
3C-1 + 6C2 + 9C3 = 3
1 0 0 -2
whose augmented matrix has the reduced row echelonform [0 1 0 0]. The solution of the linear
0 0 1 1
systemis ¢; = —2, ¢, = 0, ¢3 = 1 therefore the coordinate vectoris (v); = (—2,0,1).

4. We express A as alinear combination of A4, 4,, A3, and A,

L3 sl=al ol orali olval il
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—Cq + Cy (4 + Cy

The right hand side can be rewritten as [
Ca Cy

]; equating the corresponding entries in this

matrix and the matrix A yields the linear system

—Cq + Cy = 2
Cl + C2 = 0
C3 = -1

C4 = 3

whose solution can be easily obtained (add the first equation to the second, then back-substitute) as

¢ =-1,¢;=1, cg= -1, ¢, = 3. Therefore, (4)s=(—1,1,-1,3).

6. (a) Inthis part, B’ isthe old basis and B is the new basis:

[new basis | old basis] = [1 0|2 _3] = [/ | transition from old to new]
0 111 4
. . - . 2 -3
No row operations were necessary to obtain the transition matrix Py, = [1 4].
. . . ' . . .22 =311 0
(b) Inthis part, B is the old basis and B’ is the new basis: [new basis | old basis] = [1 2o 1]
4 3
1 0 i
The reduced row echelon form of this matrixis [/ | transition from old to new] =
12
0 1 EETIET
4 3
1 1
The transition matrixis Pg_ g = L,
1o
4 3 _3
_I 3 . _ N T 3 11
(c) Clearly, [w]p = [_5]. Using Formula (12), [w]g = Pp_ g [Wlg = 12 [_5] 1
1 11 1

(d) Expressing w as a linear combination of uj and u} we obtain

[sl=alil+e[7)

Equating corresponding components on both sides yields the linear system

2C1 - 3C2 = 3
Cq + 4C2

I
I
Ul
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1 0 ——
whose augmented matrix has the reduced row echelon form 1; . The solution of the linear
0 1 -0
_3
systemis ¢; = 1 2= —% , therefore the coordinate vector is [w]g = j; . This matches the
ET]
result obtained in part (c).
(a) Inthis part, B is the old basis and B’ is the new basis:
-6 -2 -=-2|-3 =3 1
[new basis | old basis] =|-6 -6 -3 0 2 6
0 4 71-3 -1 -1
The reduced row echelon form of this matrix is
3 3 1
1 0 O " " P
L _ _3 v _ v
[/ | transition fromold tonew] =[0 1 0 n - = |
2 2
0 0 1] O 3 3
3 2L
4 4 12
The transition matrixis Pg_ 5 = S v A—
4 12 12
0 2 2
3 3
(b) Expressing w as a linear combination of u;, u,, and u; we obtain
-5 -3 -3 1
8|l = 0 + ¢, 2 + ¢4 6
-5 -3 -1 -1
Equating corresponding compaonents on both sides yields the linear system
_3C-l - 3C2 + C3 = _5
2C2 + 6C3 == 8
_3C1 - Cy; — C3 = -5
1 0 0 1
whaose augmented matrix has the reduced row echelonform |0 1 0 1|. The solution of the linear
0 0 1 1

1
systemis ¢; =1, ¢; =1, ¢; = 1 therefore the coordinate vector is [w]g = [1]
1

127
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3 31 1

4 4 12 12

3 17 a7 [} 43

Using Formula (12), [w]gr = Pp_p[W]g = 2 1 ol -0
0 2 2 ! 4

3 3 3

(c) Expressing w as a linear combination of uf, u; and uj we obtain

-5 —6 -2 -2
8| = 1 —6|+ Cy —-6| + Cq -3
-5 0 4. 7

Equating corresponding components on both sides yields the linear system

_6C-l - 2C2 - 2C3 = _5
_6C1 - 6C2 — 3C3 = 8
4‘C2 + 7C3 = _5
100 =
12
whose augmented matrix has the reduced row echelonform |0 1 0 - % . The solution of the linear
o001 2
3
19
12
systemis ¢, = %, cy = —%, C3 =§ therefore the coordinate vectoris [w]g = —% , which matches
4
3
the result we obtained in part (b).
10. (a) We find the two columns of the transitions matrix Pgr_,p, = [[q1]5 | [q2]5]
q: = a1p1 t+ azp; qz = b1p1 + b2p;
2=a1(6+3x) +a,(10+ 2x) 34+ 2x = by(6+3x) + by (10 + 2x)

equate the coefficients corresponding to like powers of x on both sides of each of the two equations

6(11 + 10(12 = 2 6b1 + 10b2 = 3
3a, + 2a, 0 3b, + 2b, = 2

reduced row echelon form of the augmented matrix of each system

1 0 — 1 0

wWlrolNn
[« N NN AN ]

0 1 01 -
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b N
We obtain the transition matrix Pgr_ 5 = [[q41]5 | [q2]5] = [a 1] =| ? 1.
ar bz T _1
3 6
(b) We find the two columns of the transitions matrix P55 = [[p1]5 | [P2]57]
pP1 = a14q; T axq; p2 = b14qq + b2q;
6+ 3x = a;(2) +a,(3+ 2x) 10 4+ 2x = b1(2) + b, (3 + 2x)
equate the coefficients corresponding to like powers of x on both sides of each of the two equations
2a;, + 3a, = 6 2by + 3b, = 10
200 = 3 2b, = 2
reduced row echelon form of the augmented matrix of each system
3 7
1.0 4 1o -
013
> 0 1 1
37
b
We obtain the transition matrix P5_ 5 = [[p1lz | [P2]p] = [al 1] =|* ?
a, b2 E 1
2
(c) Since —4+ x = (6 + 3x) — (10 + 2x), the coordinate vectoris [plz = [_1 )

—

1

Using Formula (12), we obtain [p]lg: = Pg_ g [pls =

N[jw AW

Jua-|

c
d) We are looking for the coordinate vector v = || with ¢; and ¢ satisfying the equality
p B cy 1 2

N | = ,[;l

—4+x=10¢1(2) +c,(3+2x)

for all real values x. Equating the coefficients associated with like powers of x on both sides yields the

linear system

2C1 + 3C2 == _4‘
2C2 = 1
1
. . I 1 —4—3(5) 11
which can easily be solved by back-substitution: ¢, = SO = = We conclude that
o
[plg = , which matches the result obtained in part (c).

N | = ,[;l

129
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12. (a) By Theorem 4.6.2, Pz_,c = [i _3].

14.

4

(b) Inthis part, S isthe old basis and B is the new basis: [new basis | old basis] = [

1
The reduced row echelon form of this matrixis [/ | transition from old to new] =
0
4 32
1 11
The transition matrixis Ps_p = B
B TRET]

4 3

2
11 11

1 4 0 1

(c) Since 111 ﬁhi _i]=[(1) 2] and [2 _3] o =[1 0 it follows that Pg_,s and

Ps_,g areinverses of one another.

(d) Since (5,—3) = (2,1) — (—3,4) the coordinate vectoris [w]z = [_ﬂ

From Formula (12), [w]s = Py s[wlg = [i _3] [_1] = [_5]'

4 1 3
A 3
. . 3 1 11
(e) By inspection, [w]s = [_5]. From Formula (13), [wlg = Psg[w]s = P
EETRRET

(a) Here, B, isthe old basis and B; isthe new basis: [new basis | old basis] = [;

1
The reduced row echelon form of this matrixis [/ | transition from old to new] =
0
I _1
. - 10 2
The transition matrixis Pg,_,p, = X .
-2 0

(b) Here, B, isthe old basisand B, isthe new basis: [new basis | old basis] = [é

1

-]

-1
-1

1

11

2
2

4
-1

|
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5

1 0] 0 —-=
The reduced row echelon form of this matrixis [/ | transition from old to new] = 1; .
0 1]1-2 ——
2
The transition matrixis Pg, 5, = 13
13 1 7 13 1
0w 2| © _g 1 0 0 _g 10 2 1 0
(c) Since 5 =l = [0 1 and 12 y = [0 1], it follows that
—= 01]1-2 - -2 Il 0

Pg,_p, and Pp _p areinverses of one anaother.

(d) Expressing w as a linear combination of u; and u, we obtain

il =all+el ]

Equating corresponding components on both sides yields the linear system

2¢c, + 4¢, = 5
2C1 - C; = —3
10 —=
whose augmented matrix has the reduced row echelon form e | The solution of the linear
0 1 -
5
7
7 8 T 10
systemis ¢; = — o 2= therefore the coordinate vector is [W]B1 = .

5 7
O =2[|7%| [-4
Wle, = Pon e =| S |= ok
2 5
(e) Expressing w as a linear combination of v; and v, we obtain

sl =alsl+e (2]

Equating corresponding components on both sides yields the linear system

C] - C2 = 3
3C1 - € = -5
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1 0 —4

whose augmented matrix has the reduced row echelon form [ l The solution of the linear

01 -7
—4

systemis ¢; = —4, ¢, = —7, therefore the coordinate vector is [W]B2 = .
-7

13

L N _
10 2 10
[W]B1 = Pg, B, [W]BZ = [ l =1l s |
01-7 z

N

5

(a) B istheold basis and B, isthe new basis:

-6 -2 -—-2|-3 -3 1
[new basis | old basis] =|-6 -6 -3 0 2 6
0 4 71-3 -1 -1

The reduced row echelon form of this matrix is

3 3 1
Loo s 3 =
. 3 17 17
[ | transition fromoldtonew] =|0 1 0 "L o
2 2
0 0 1] O 3 3
3 s 1
4 4 12
. L 3 17 17
The transition matrixis Pg _p, = " ' '
2 2
0 = =
3 3

(b) Expressing w as a linear combination of u;, u,, and u; we obtain

=5 -3 =3 1
8|l = 0 + ¢, 2 + ¢4 6
-5 -3 -1 -1

Equating corresponding compaonents on both sides yields the linear system

_3C-l - 3C2 + C3 = _5
2C2 + 6C3 == 8
_3C1 - Cy; — C3 = -5
1 0 0 1
whaose augmented matrix has the reduced row echelonform |0 1 0 1|. The solution of the linear
0 0 1 1

1
systemis ¢ =1, ¢, =1, ¢3 = 1 therefore the coordinate vector is [W]B1 = [1]
1
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—
N oA w

Alw AW

Using Formula (12), [w]p, = Pg g, [Wlg, =|—

(e
—
wiNn N

a1 19

12 12

17 [1l 43

z =72
1

3

(c) Expressing w as a linear combination of v;, v, and v; we obtain

-5 —6 -2 -2
8| = 1 —6|+ Cy —-6| + Cq -3
-5 0 4. 7

Equating corresponding components on both sides yields the linear system

_6C-l - 2C2 - 2C3 = _5
_6C1 - 6C2 — 3C3 = 8
4‘C2 + 7C3 = _5
100 =
12
whose augmented matrix has the reduced row echelonform |0 1 0 - % . The solution of the linear
o0 1 2

. 19 43 4 . . 43
systemis ¢; = —, ¢; = ——, ¢3 =— therefore the coordinate vectoris [w]g, =|——
17 122 2 127 73 7 3 By 12

4

Reflecting e = [(1)] about the line y = x resultsin v; = [2] Likewise for e, = [2] we obtain v, = [3]

(a) From Theorem 4.6.5, Pg ¢ = [g (1) .

0 1
1 0

P = P 1. Furthermore, since P is symmetric, we also have Ps 5 = PT.

(b) Denoting P = [ , it follows from Theorem 4.6.5 that Pg_,z = P~ 1. Inour case, PP = I therefore

7

2 .
4 _1] [v], then it follows

Since for every vector v in R? we have [vlg, = [2 ;] [vlg, and [v]p, = [

_[7 2113 1 31 11 _[31 11
that [v]s, = [4 _1] [5 2] [V, _[7 2][v]B1 sothat Pg _p, = [7 2].
_2 n
5 5
From Theorem 4.6.1, PBR_)B1 is the inverse of this matrix, which can be easily computed as ! ;1 .

15 15
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24. Let the given basis be denoted as B’ = {v;,v,,v3} with v; = (1,1,1), v, = (1,1,0), v3 = (1,0,0) and

denote the unknown basis as B = {u;,u,, uz}.

1 0 0
We have Pp pr = [0 3 2] = [[uq]z| [uzlgr | [uzlgr]. Equating the respective columns yields
0 1 1
"
[u]gr =0 = u;=1v; +0v,+0v; =(1,1,1)
10
o1
[uzlgr =13 = up=0v; +3v, 4+ 2v; =(53,0)
wA
o1
[uzlgr =12 = uz3=0v;+2v;+1v3 =(3,2,0)
[ 1]

Thus the given matrix is the transition matrix from the basis {(1,1,1), (5,3,0), (3,2,0)}.

4.7 Row Space, Column Space, and Null Space

2 @ [ 2 J][]=1 2+ 2f]

4 0 —-111-2 4 0 -1
(b) |3 6 2 31 =—-213]+3| 6|+5]| 2
0 -1 411 5 0 —1 4
-3 6 2], -3 6 2
5 —4 0 _ 5 —4 0
(c) 2 3 1[;]- 1 2+2 3+5 _1
1 8 3 1 8 3

X1 -3 4 X1 -1 -3 4
X2| 1 -1 X2 | 2 1 -1
4. (a) o|=7| 1 +s 0 (b) x| = 4+r 1 +s 0
X4 0 1 X4 -3 0 1
1 0 —16
6. (a) Thereduced row echelonformof A is |0 1 —19|. The reduced row echelon form of the
0 0 0

augmented matrix of the homogeneous system AXx = 0 would have an additional column of zeros
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appended to this matrix. The general solution of the system x; = 16¢, x, = 19¢, x5 = { can be written in
X1 16 16

the vector form [Xz2| = £]19| therefore the vector |19] forms a basis for the null space of A.
X3 1 1

1

1 0 —-
(b) The reduced row echelon form of A is 0 0 ol The reduced row echelon form of the augmented
0 0 0

matrix of the homogeneous system Ax = 0 would have an additional column of zeros appended to this

. . 1 . .
matrix. The general solution of the system x; = > L, x, =8, X3 = [ can be written in the vector form

1

. 1
X1 0 - 0 -
[le =s|1|+¢ (2) therefore the vectors |1] and (2) form a basis for the null space of A.
X'3 0 1 _0 1
1 0 1 —§
(c) Thereducedrow echelonformof Ais |g 1 1 41. The reduced row echelon form of the
7
0 0 O 0

augmented matrix of the homogeneous system Ax = 0 would have an additional column of zeros

. . . 2 4
appended to this matrix. The general solution of the system x; = —s + - t, X =—5— ;t, X3 =25, X4 =1

2

can be written in the vector form

X3 1 1

2
X1 -1 7 -1 Z
Xy -1 4 -1 4
=S + t| 7| therefore the vectors and|~7[forma

%4 0 0 0 0
1 1
basis for the null space of A.
1 01 2 1
.10 1 1 1 2
(d) The reduced row echelon form of A is 000 0 ol The reduced row echelon form of the
0 0 0 0O
augmented matrix of the homogeneous system AX = 0 would have an additional column of zeros
appended to this matrix. The general solution of the system x; = —r —2s —{, x, = —r —s—2{, x3 =7,
X1 -1 -2 -1
X2 -1 -1 -2
x4 = S, X5 = t can be written in the vector form |X3|=17r| 1|+ s| 0|+ ¢| 0] thereforethe vectors
X4 0 1 0
X5 0 0 1

0 1
0 0

0
1

—-17 1—2 -1
1| -1 -2
1], 0], and| 0]form a basis for the null space of A.
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1 0 0 2 2]
3
0100 —¢
(e) The reduced row echelon form of A is 5 | The reduced row echelon form of the
0 01 0 T
LO 0 0 O 0
0 0 0 O 0
augmented matrix of the homogeneous system Ax = 0 would have an additional column of zeros
appended to this matrix. The general solution of the system x; = —2s — i; L, x, = %t, Xg = %t, Xy =S,
[— 4 -4
X4 -2 3 —2 3
X 0 : 0 !
X5 =t can be written in the vector form |X3|=s| 0|+ ¢| 5| thereforethevectors | 0O]and| ¢
X4 1 12 1 12
1- 1-

form a basis for the null space of A.

In each part, we use the reduced row echelon form of the respective matrix A which was already obtained

in our solution of Exercise 6.

1

(@[1 o —16], [0 1 —19] (b) [1 0 _5]

(c)[101—§],[011‘—7‘] @M o 1 2 1,0 1 1 1 2]

@[t o002 2]fo1o00 —2]f0oo 10 -]

In each part, we are employing the procedure developed in Example 9 on p.232.

1 5 7 1 0 2
(a) The reduced row echelon form of AT = [—1 — —6] is [0 1 1] . Since the first two columns of
3 —4 2 0 0 O

the reduced row echelon form contain leading 1's, by Theorems 4.7.5 and 4.7.6(b) the first two columns of
AT form a basis for the column space of AT. Consequently, the firsttworows of 4, [1 —1 3] and
[ —4 —4],form a basis for the row space of A.
4 0 1 2 0
0 0]is |0 0 O] .Sinceonlythe first column of
-2 0 0 0 0

the reduced row echelon form contains a leading 1, by Theorems 4.7.5 and 4.7.6(b) the first column of AT

2
(b) The reduced row echelon form of AT = [ 0
-1

forms a basis for the column space of AT. Consequently, the firstrow of A, [2 0 —1], forms a basis for

the row space of A.
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1 2 -1 1 0

r_|4 1 3 0 1

(c) The reduced row echelon form of A 5 3 2 0 0
0

-1
0

1

. Since the first two columns of

the reduced row echelon form contain leading 1's, by Theorems 4.7.5 and 4.7.6(b) the first two columns of

AT form a basis for the column space of AT. Consequently, the firsttworows of 4, [1 4 5 2] and

[2 1 3 0], form abasis for the row space of A.

1 3 —1 2

4 -2 0 3
(d) The reduced row echelon form of AT =5 1 -1 5]is

6 4 =2 7

9 -1 -1 8

SO O O =

[ I o
|
O OuINIRr

0

o

o or|ni|i

o

. Since the first two

columns of the reduced row echelon form contain leading 1's, by Theorems 4.7.5 and 4.7.6(b) the first two

columns of AT form a basis for the column space of AT. Consequently, the first two rows of A,

[T 4 5 6 9]land[3 —2 1 4 —1],form abasisforthe row space of A.

1 0 2 3

— 3 —3 -6
(e) The reduced row echelon form of AT =| 2 6 0
2 0 4 6

1 -3

9
2

|

OO O

0

OO RO

0

O = O O

0

O = O -

0

-2
1
0
0
0

. Since the

first three columns of the reduced row echelon form contain leading 1's, by Theorems 4.7.5 and 4.7.6(b) the

first three columns of A7 form a basis for the column space of A”. Consequently, the first three rows of A4,

[T -3 2 2 1,0 3 6 0 —3],and [2 —3 —2 4 4], form abasis for the row space of A.

12. (a) Construct a matrix whose column vectors are the given vectors v;, V,, V3, and v,:

1 -3 -1 -5
0 3 3 3
1 7 9 5
1 1 3 -1

A= . Since its reduced row echelon form

1 0o 2 =2
0 1 1 1
0 0 o 0
0 0 o 0
T T T T

W W; W3 W,

contains leading 1's in the first two columns, then by Theorems 4.7.5 and 4.7.6(b), the vectors v; and v,

form a basis for the column space of 4, and for span{v,,v,, V3, v,}.
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By inspection, the columns of the reduced row echelon form matrix satisfy w3 = 2w, +w, and
w, = —2wW, + W,. Because elementary row operations preserve dependence relations between column

vectors, we conclude that v; = 2v; + Vv, and v, = —2v; + V,.

(b) Construct a matrix whose column vectors are the given vectors vy, V,, Va3, and Vu:

1 2 -1 0

A= _(2) _g ; _; . Since its reduced row echelon form
3 6 0 3

1 2 0 1

0 0 1 1

0 0 0 0

0 0 0 0

T T T T

W, W, Wi w,

contains leading 1's in columns 1 and 3, then by Theorems 4.7.5 and 4.7.6(b), the vectors v, and v5; form a

basis for the column space of A, and for span{vy, vy, v3,v,}.

By inspection, the columns of the reduced row echelon form matrix satisfy w, = 2w, and w, = w; + wj.
Because elementary row operations preserve dependence relations between column vectors, we conclude

that Vy = 2V-1 and Vi = Vq + V3.

(c) Construct a matrix whose column vectors are the given vectors v;, V,, Vi, V4, and Vs

1 -2 4 0 =7
A= -1 3 =5 418 . Since its reduced row echelon form

5 1 9 2 2
2 0 4 -3 -8

1 0 2 0 -1
0 1 -1 0 3
0 o 0 1 2
0 o 0 0 0
T T T T T

W, W, W3 W, Wg

contains leading 1's in columns 1, 2, and 4, then by Theorems 4.7.5 and 4.7.6(b), the vectors v;, v, and v,

form a basis for the column space of 4, and for span{v,,v,, V3, v,,vs}.
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By inspection, the columns of the reduced row echelon form matrix satisfy w,; = 2w; — w, and

w; = —w,; + 3w, + 2w,. Because elementary row operations preserve dependence relations between
column vectors, we conclude that v; = 2v; — vy and v = —v; + 3v,; + 2v,.
1 2
let B =[v; | vy] = _; _g . We are looking for a matrix A such that AB = (. Taking a transpose on
2 4

both sides results in BTAT = 07. We proceed to solve the homogeneous linear system B"u = 0. The

1 -1 32 0.1 0 -1 2 0

2 0 -2 4 0 is 0 1 -4 0 0]therefore

reduced row echelon form of its augmented matrix [

1 -2 1 =2
. . 4 0 T 4 0
the general solution in the vector form is s 1 + ¢ ol Wecantake A" = 1 0 thus
0 1 0 1
1 4 1 0
A= [—2 0 0 1]'
1 0 0 1 0 0 1 00
(ddeg.,|0 1 O (b) eg, |0 1 0 (c) eg, |0 0O O
0 0 1 0 0 O 0 0 0
null space is the origin null space is the z-axis null space is the yz-plane
The corresponding homogeneous system x; + X, + x3 = 0 has a general solution x; = —s — ¢, x, = 5,

x5 = {. The original nonhomogeneous system has a general solution x;, =1 —s—¢, x, =5, x3 = {, which

can be expressed in vector form as

X1 1l—s—1¢ 1 -1 -1
Xo| = S = 0 + s 11+¢ 0
X3 L Lo 0 1
particular general
solution solution
of the
homogeneous
system

4.8 Rank, Nullity, and the Fundamental Matrix Spaces

In Exercises 6 and 8 of Section 4.7, we found a basis for the null space and a basis for the row space of each
of these five matrices.
The number of vectors in a basis for the row space is the rank of the matrix.

Likewise, the number of vectors in a basis for the null space is the nullity of the matrix.
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(a) rank(4) = 2; nullity(4) = 1; rank(4) + nullity(4) =2+ 1=3=n «

(b) rank(4) = 1; nullity(4) = 2; rank(4) + nullity(4) =1+2=3=n «

(¢) rank(4) = 2; nullity(4) = 2; rank(4) + nullity(4) =2+ 2=4=n «

(d) rank(4) = 2; nullity(A) = 3; rank(4) + nullity(4) =2+3=5=n «

(e) rank(4) = 3; nullity(4) = 2; rank(4) + nullity(4) =3+2=5=n «

number of columns of A

number of columns of A

number of columns of A

number of columns of A

number of columns of A

4. (a) (b) (0) (d) (e) (f) (g)
Size of A: mxn 3x3|3%x3|3%x3|5X9|9%x5|4x4|6x%x2
rank(4) =r 3 2 1 2 2 0 2
dimension of the row space of A =r 3 2 1 2 2 0 2
dimension of the column spaceof A | = r 3 2 1 2 2 0 2
dimension of the null space of A =n—r 0 1 2 7 3 4 0
dimension of the null space of AT =m-r 0 1 2 3 7 4 4

6. The largest possible value for the rank of an m X n matrix A is the smaller of the two dimensions of A:

e n if m = n (when every column of the reduced row echelon form of A contains a leading 1),

e mif m<n (wheneveryrow of the reduced row echelon form of A contains a leading 1).

The smallest possible value for the nullity of an m x n matrix A4 is

e 0 if m =n (when every column of the reduced row echelon form of A contains a leading 1),

e n—m if m <n (when every row of the reduced row echelon form of A contains a leading 1).

8. (a) (b) (c) (d) (e) (f) (g)
Size of A: mxn 3x3[3x3|3%x3|5%x9|9%x5|4x4|6x%x2
rank(4) =r 3 2 1 2 2 0 2
rank[4|b] is not relevant here
nullity of 4 =n—r 1 7 4
number of parameters in =n-—r 1 7 4
the general solution of Ax = 0

12. (a) The determinantof A is

1 1 ¢ 1 1 ¢
1 ¢t 11=] 0 t—1 1-—t <4———— —1 times the first row was added to the
t 1 1 t—1 0 1—t¢ second row and to the third row.
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1 1+t ¢
=| o0 0 1-—¢

t—1 1—¢ 1—¢
1 1+t
=-a t)|t—1 1—¢

=-(1-0-)-A+)¢-1D)

=-(1-0%2+0

‘_

Last column was added to
the second column.

Cofactor expansion along
the second row.
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From parts (g) and (n) of Theorem 4.8.4, rank(4) = 3 when det (4) = 0, i.e. for all ¢ values other than 1 or

so that its rank is 1.

-1

—2.
1 1 1
If t =1, the matrix has the reduced row echelonform [0 0 0
0 0 0
10
If £ = —2,the matrix has the reduced row echelonform |0 1
0 0
(b) The determinant of A is
¢ 3 -1 ¢ 3 -1
3 6 —2(=|3-2t 0 0 G
-1 -3 t -1 -3 t
e 3 -1
=3 25)|_3 t| -

=—(3-20)(3t—3)

=3(2t —3)(t— 1)

—1] so that its rank is 2.

0

—2 times the first row was added
to the second row.

Cofactor expansion along

the second row.

From parts (g) and (n) of Theorem 4.8.4, rank(4) = 3 when det (4) # 0, i.e. for all t values other than 1 or

3
>

If £ =1, the matrix has the reduced row echelon form

If t = %, the matrix has the reduced row echelon form

o o~ O O =

o, o O R O

|
Ol = IOWH—‘OI

so that its rank is 2.

so that its rank is 2.
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1 0 0
(a) eg.,A=]0 1 O -thecolumn spaceisthe xy-planein R®
0 0 0

(b) The general solution of Ax = 0 is X = (0,0, t). The null space is the z-axis.

(c) Therow space of Aisthe xy-planein R®

(a) 3; reduced row echelon form of A can contain at most 3 leading 1's when each of its rows is nonzero;
(b) 5; if A the zero matrix, then the general solution of AX = 0 has five parameters;

(¢) 3;reduced row echelon form of AT can contain at most 3 leading 1's when each of its columns has a

leading 1;

(d) 3;if A the zero matrix, then the general solution of ATX = 0 has three parameters;
4.9 Matrix Transformations from R" to Rm

(a) domain: R°; codomain: R* (b) domain: R*; codomain: RS
(c) domain: R*; codomain: R* (d) domain: R'; codomain: R?
R3; R?%; (=2,2)

(a), (b), and (c) are matrix transformations, but (d) and (e) are not

o
Wil _[2 =3 0 17(%2]. .2 =3 0 1
(a) [w2] = [3 = 0 — ] x; the standard matrix is [3 = 0 _1]
| X4
Wi 7 2 =8][*1] 7 2 -8
(b) [W2]=10 -1 5| [%z]; the standard matrixis [0 —1 5
Wi 4 7 —11lx3l 4 7 -1
W1l [—1 1 X -1 1
(c) |W2(=| 3 -2 [x ],‘ the standard matrixis | 3 —2
wsl | 5 —7177 5 -7
(W1l [1 0 0 O0][* 1 0 0 0
W2l |1 1 0 Of]x2] .. 11 1. 0 0
(d) wal=11 1 1 ollxl the standard matrix is 11 1 0
(Wil 11 1 1 11l1*a 1 1 11
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10. (a) T(xq,x2) = 2;:1_'__;22] = [i _ﬂ [2], the standard matrix is [i _ﬂ

(b) T(xq,x5) = [;C;] = [(1) 2] [i;];the standard matrix is [(1] 2]

X+ 2% +xa] [12 17[* 1 2 1
(€©) T(xq,x5,x3)=| x4+ 5x2 1 5 0][|x2]; the standard matrixis |1 5 0
0 0 1lIx 0 0 1

Axq 40 0
(d) T(xq,x5,x3) =| 7x3| = ; the standard matrixis |0 7 0
| —8x5 0 0 —8 0 0 -8

12. (a) T(x) = [T]x = [; ﬂ [—3] - [_ﬂ

| (5)] [_H - [121

_

(b) TG = [Tx = |

w

—2 1 —2xq + x5 + 4x3
(0 T =[Tlx=| 3 5 7] [le = [3%1 +5x; +7xsl
L 6 0 -1 6x1 — X3
—1 1 —X Tt
(@ 700 =[x = 2 gl ME ggi gj
T T e I [ O R O e W
6. ) [3-[] o [ [ el=L3]
cos30° —sin30° E} —% 3 3%§+2 4.60
18. @ [ 30r  eesor] [a)= o e 503 ~| o6
2

o 143
Y fa] I I I et B
2

N

_\2 72
S 4 1 [ o B

2

143
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@ [Gnooe ~eosooel -l =1 TollLal =[]

0 0
1 0 o 1 VB
20. (a) [0 cos(—60°) —sm( 60°)| = PECY
0 sin(—60°) cos (—60°) o Y3 1
2 2
1 \@
cos(—60°) 0 sin(— 60) > 0 -
(b) [ 0 l 01 0
—sin(—60°) 0 cos( 60°) 3o, 1
2 2
1 V3
cos(—60°) —sin(—60°) 0 3 2 0
(c) [sin(—60°) cos (—60°) Ol = 1
0 0 1 2 2
0 0 1

1 00 0 00 0 00
22, (a) [T1]=[0 0 Ol; [T2]=[0 1 0],‘ [T3]=[0 0 Ol

0 0 0 0 0 0 0 0 1
24. A unit vector in the direction of (1,1,1) is ﬁv = % (1,1,1) soin Formula (15), wetake a =b =c = %
Formula (15) yields the standard matrix
(1—005 )+cos§ %(1—005%)—%sin§ %(1—cos§)+\%sm§ % %—\% %+v1—§
%(1—c05§)+v3sin§ 5(1—cos—)+cos§ %(1—cosg)—%sin2 = %+l3 % %—%
%(1—c05§) v3sm% %(1—cos§)+ﬁsing %(1—c05 )+cos§ i—\% §+\% §

1 1
26. The columns of A are orthonormal since _\Tﬂ . I_ E‘ = (—;) (— %) + (l) (—l) = % —% =0,

1| =

_1
Tl = JCR (= = | 2N = () (=
V2 V2

Also, det(4) = (— \%) (—\%) — (—\%) (vi?) = ; +% = 1. Therefore, the stated conditions are satisfied.

1 1

To find 8, the angle of rotation, we use Formula (13). Setting [COS 4 _sg; ZJ l 12 \/E we obtain
NG

cosf = — % and sing = % The only angle in the interval [0,27) that satisfies these equationsis 6 = %.

(Generally, for any integer k, 68 = 4 2kmisa solution.)
4
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1 4 8
9 ) 9
28. (a) Let us denote the columnsof A as v; = g , V= g ,and v; = % . We have
_4 z 4
9 9 9
o= OO+ (DO=2 =0 = [+ (0 = -
wu= (OO (DO =250 = (- + Q) () = =
7 - e

;
o= (O OO Q@) -0 = [T () -

which shows that the columns of A are orthonormal vectors. Furthermore,

+(

1 _4+ 8
9 9 9 —4 8
g g % = (%) G) G) 4 1 <+——— A common factor ofé from each row
4 7 4 —4 7 4 was taken through the determinant sign.
9 9 9
] 1 —4 8 —8 times the first row was added to the
= (—) 0 36 -—-63 <+—— second row and 4 times the first row was
729 .
0 -9 36 added to the third row.
1 36 —63 . '
=\7x (D 9 36 <4— Cofactor expansion along the first column

= (1) (WIB6)(36) — (—63)(—23)]

729

= () (D[1296 - 567]

= (o) (H(729) =1

We conclude that multiplication by the given matrix A is a rotation.

1
(b) Any nonzero X vector canbe used - e.g., with x = [0] we obtain a vector that defines an axis for the
0

rotation: u = AX + ATX + (1 — tr(A))X = +|- . A unit vector in the

1
+(1—1)[Ol=
0

olds WVl vl
Ol Ol O|=

ols Vlas vIN

. . .1
direction of u is mu =

wing =
Olh Ol VN
win win wl=
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A1 _ 11 0. Onthe interval [0,27) this equation has two solutions: 6 = Zand 0= 3—ﬂ,

(c) cosO = > > > >

however, substituting them into Formula (15) we can verify that 8 = % yields the original matrix A,

whereas 6 = 3777 does not. (Generally, for any integer k, 8 = % + 2km is a solution.)

(a) Expansion of R? in the x-direction with factor 2 and in the y-direction with factor 3.

(b) Rotation through the angle % .

4.10 Properties of Matrix Transformations

40 0 20 19 18 22
38 —18 43 31 —-33 58
4x4 4 0 0
(a) Invectorform, Ty (%1, %5, %3) = |—2x, + x| = |- sothat [T}] =|-2 1 ol
—X1— ?JXZ - —3 0 -1 -3 0
x1 + 2%, 1 2 0 1 2 0
Likewise, To(xy,%2,%3) =| —Xx3 [=[0 0 -1 xz sothat [T,]=]0 0 -—1|.
4xq — X3 4 0 —-111x3 4 0 -1
0 0 [ 0 2 O
(b) [Ty o Th] = [TL1[T1] = 0 0 1 0|l=]1 3 0O
-3 0 117 3 0
2 0 [ 4 8 0
[Ty o T,] = [T1][T%] = 0 —-1|=|-2 —4 -1
— —3 0 0 -1 -1 -2 3

(9] T1(T2 (%4, %2, xs)) = (4x; + 8xp, —2x; — 4% — X3, —X; — 2% + 3%3)
T2 (T-l (x1,x2, X3)) = (2x2, X1 + 3x2, 17x-1 + sz)

(a) We are looking for the standard matrixof T = T3 0 T, o Ty where T; is the rotation of 60°, T, is the
orthogonal projection on the x-axis, and Tj is the reflection about the line y = x. From Tables 5, 1, and 3 in

V3

1
cos 60° —sin60° 2 1 0 0 1
Section 4.9, [T;] = [ <in 60° oS 600] = , [Tl = [ ,and [T3] = ]

V3 0 0 1 0

SR Nl

0
Therefare, [T] = [T3][T-1[Th] = [1 V3|.
2 2




4.10 Properties of Matrix Transformations 147

(b) We are looking for the standard matrixof T = T3 ¢ T, o T; where Tj is the dilation with factor k = 2,

T, is the rotation of 45°, and T; is the reflection about the y-axis. From Tables 7,5, and 1 in Section 4.9,

2. _\2
_[2 O _ [cos45° —sin45°] _ | 2 -1 0
=[5 b =[G “oease] = a | 1= 4l
2 2
7 V2
Therefore, |T] = T2 T5][Tq] = .
[T] = [T51[T11T1] Nl

() We are looking for the standard matrixof T =T; o T, o T; where T is the rotation of 15°, T, is the

rotation of 105° and T; is the rotation of 60°. The net effect of the three rotations is a single rotation of

cos 180° —sin 180°] _ [—1

15° 4 105° 4+ 60° = 180°. From Table 5 in Section 4.9, [T] = [sin180° cos 180°) =

(a) We are looking for the standard matrixof T =T; o T, o T; where T is the rotation of 30° about the x-

axis, T, is the rotation of 30° about the z-axis, and T; is the contraction with factor k = " From Tables 6

1 0 0 N 1 cos30° —sin30° 0
and 8in Section 4.9, [T;] = |0 cos30° —sin30°| =10 - 3} [T2] =|sin30° cos30° 0] =
0 sin30° cos30° 1 N 0 0 1
0 5 3
V3 1 1 V3 V3 !
2 30 2 00 s 16 716
1 B oland [ml=[0 I o] Therefore, [T] = [T:lITolMI=| 1 2 -8
2 > 4 8 16 16
00 - 0 1 NE
0 0 1 4 8 8

(b) We are looking for the standard matrixof T =T; 0T, o T; where T; is the reflection about the xy-

plane, T, is the reflection about the xz-plane, and Tj; is the orthogonal projection on the yz-plane. From

1 0 0 1 0 0 0 0 0
Tables 2and 4 in Section4.9, [T[;]=[0 1 0}, [T,]=]0 -1 Ofand [T3]=]0 1 0.

0 0 -1 0 0 1 0 0 1
0 0 0
Therefore, [T] = [T5][T=][T1] = [0 -1 0 l
0 0 -1

(c) We are looking for the standard matrix of T = T; 0T, o T; where T; is the rotation of 270° about the

x-axis, T, is the rotation of 90° about the y-axis and T3 is the rotation of 180° about the z-axis. From Table

1 0 cos90° 0 sin90°
6in Section4.9,[T;] =10 cos270° — 51n270 , [T,] = 0 1 0 =
0 sin270° cos270° —1 0 —sin90° 0 cos90°
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0 01 cos180° —sin180° 0 -1 00
0 1 0],and [T3] =|sin180° cos180° 0]l=| 0 -1 O]

-1 0 O 0 0 1 0 0 1

0 1 0
Therefare, [T] = [T3][T:][T;] = [ 0 0 -1 l
-1 0 0

k 0 0 cos8 —sing 0
10. (a) From Tables 8 and 6in Section 4.9, [T4] = [0 k Ol and [T,] = [sin@ cosf Ol;
0 0 k 0 0 1
kcos® —ksing O kcos8 —ksingd 0
[Ty o T3] = [TW][T%] = lk sin@ kcos6 Ol; [Ty 0 Th] = [TL][T4] = [k sinf kcos@ Ol.
0 0 k 0 0 k

For these transformations, Ty ¢ T, = T, o Tj.

1 0 0 cosf, —sing, 0
(b) From Table 6in Section 4.9, [T;] =|0 cos@; —sin6;|and [T,] =|sind, cosf, Of;
0 sinf; cosb, 0 0 1

7

cos 6, —sin@, 0
[Ty o T5] = [T11[T,] = |cos 61 sin8, cosf,cosh, —sind, l
| sinf; sinf, sinf;cosf, cosb,

[T, oT4] = [TL][T;] = |sinf, cosBicosf,; —sinbqcosb,
0 sin 8,4 cos 64

[cosf@, —cosf;sinf, sind,sinb, l

For these transformations, Ty ¢ T, # T, o Tj.

[8x, + 4x2] 8 4] [x1

_ . .. [8 47 . 8 4| _, .
| 2%, + %, Xz]’ the standard matrix is [2 1], since |2 1| = 0, it follows from

12. (a) m] = =2 1

parts (g) and (s) of Theorem 4.10.4 that the operator is not one-to-one

(b) [ﬁ;] _ [2x1 — 3x2] = [; _ﬂ [x1]; the standard matrix is [2 ; since |2

- 3 .
| 5%, + %, X, 5 1]' 5 1|_17“t0"t

follows from parts (g) and (s) of Theorem 4.10.4 that the operator is one-to-one

W] __.x1 + 3x2 + 2.x3
(C) [Wzl = 2x1 + 4‘x3
Wa

-1 3 2]1* -1 3 2
=| 2 0 4||X2|;thestandard matrixis| 2 0 4];since
X3 1 3

| xq + 3x2 + 6X3 1 3 6 6
-1 3 2
2 0 4|=0, itfollows from parts (g) and (s) of Theorem 4.10.4 that the operator is not one-to-one
1 3 6
Wq X1+ 2%, + 3%;3 1 2 31[* 1 2 3
(d) |W2| =|2x1 +5x, +3x3] =12 5 3]||*2]; the standard matrixis |2 5 3|;since
w X1 + 8x; 1 0 8llx; 1 0 8
1 2 3
2 5 3|=-—1=0, itfollows from parts (g) and (s) of Theorem 4.10.4 that the operator is one-to-one
1 0 8
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X1 — 2x2 + 2x3 —2 2 1 -2 2
;the standard matrix is |2 1 1};since

2xq + x5 + x4

uf]

X1+ %y 1 1 0
-2 2
2 1 1| = -1+ 0, itfollows from parts (g) and (s) of Theorem 4.10.4 that the operator is one-to-one;
1 1 0
1 -2 2|11 0 0 1 0 0] 1 -2 4
the reduced row echelon form of the matrix |2 1 110 1 0 0 1 0|—-1 2 =3
1 1 010 0 1 0 0 1l-1 3 -5
1 -2
therefore the standard matrix of T~ 1is|—1 2 —3 ;
-1 3 -5
T_1(W1,W2,W3) = (x1 - 2x2 + 4‘x3, —Xq + 2x2 - 3x3, —X1 + 3x2 - 5x3)
Wy x1 — 3%, + 4x3 —3 4 1 -3 4
(b) [W2| =]|—x1+x; +x3 ;thestandard matrixis |—1 1 1};since
w3 —2x, + 5x5 —2 5 0 -2 5
1 -3 4
-1 1 1| =0, itfollows from parts (g) and (s) of Theorem 4.10.4 that the operator is not one-to-one
0 -2 5
Wi X1 +4x; — X3 1 4 —1][* 1 4 -1
(c) [W2]|=|2%1 +7x,+x3| =12 7 1] |*2|; the standard matrixis |2 7 11; since
ws x1 +3x, 1 3 0
2 7 1| = 2 # 0, itfollows from parts (g) and (s) of Theorem 4.10.4 that the operator is one-to-one;
1 3 0
3 3 11
Lo of=3 =3 3
1 4 —-1]1 0 0 ] ] R
the reduced row echelon form of the matrix [2 7 110 1 0O]lis|0 1 O > > T3
1 3 0lo 0 1 ; ; ;
0 0 1173 3 =3
_3 3 1
2 2
. 1 1 1 3
therefore the standard matrix of T " is > > 5
_1 T _1
2 2 2
3 1

3 11 1 3 1 1 1
T Wy, Wo, Wa) = (—2%1 — =Xy +—Xa, =X + =Xy — X3, —=X1+-%, — =X
(W, wy,w3) = ( 2X1 T Xot—Xa, X H DX T Xa, —oX X 23)

wq
) M _
W3
1

1 2
-2 1 4
7 4 -5

X1+ 2x5 + x5
_2x1 + xz + 4‘x3
7x1 + 4‘x2 - 5x3

1 2 1 2 1
=|-2 1 4] |%2|; the standard matrixis |[—2 1 41; since
7 4 =5 7 4 =5

= 0, it follows from parts (g) and (s) of Theorem 4.10.4 that the operator is not one-to-one
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16. (a) We check whether the two properties of Theorem 4.10.2 hold for all real x, x', vy, ¥’, and k:
T((x, v) + (x’,y’)) =Tx+x,y+y)=Qx+x),y+v)=Qx,v)+Qx",y)=T(x,y)+ T, y")
T(k(x,y)) = T(kx, ky) = (2kx, ky) = k(2x,y) = kT(x,y)

Both properties hold, therefore T is a matrix operator.

(b) When x =y = k = 2, property (ii) of Theorem 4.10.2 does not hold: T(Z(Z,Z)) =T(44) = (16,4)
does not equal 2T(2,2) = 2(4,2) = (8,4). T is not a matrix operator.

(c) We check whether the two properties of Theorem 4.10.2 hold for all real x, x', vy, ¥’, and k:
T(( ) + (&, y)) =Tx+x,y+y) = (= +y)x+x) = (=3, 0 + (=¥, x) = T(x,y) + T(x",y")
T(k(x, y)) =T(kx, ky) = (—ky, kx) = k(—y,x) = kT(x,y)

Both properties hold, therefore T is a matrix operator.

(d) We check whether the two properties of Theorem 4.10.2 hold for all real x, x', v, ¥, and k:
T((x, y) + (x’,y’)) =Tx+x,y+y)=E&+x,00=(,0)+(,0) =T, y) + T, y)
T(k(x, y)) = T(kx, ky) = (kx,0) = k(x,0) = kT(x,y)

Both properties hold, therefore T is a matrix operator.

18. (a) We check whether the two properties of Theorem 4.10.2 hold for all real x, x', v, v', z, 2, and k:
T((x,y,z) + (x’,y’,z’)) =Tx+x,y+y,z+z)=+x,x+x +y+y +z+2")
=(x+ty+2D+ @, x+y +2)=T(y,2) +Tx,y',2)

T(k(x, v, z)) =T(kx, ky, kz) = (kx, kx + ky + kz) = k(x,x +y +2) = kT(x,v,2)

Both properties hold, therefore T is a matrix transformation.

(b) T((x, v,z) + («, y’,z’)) =Tx+x,y+y',z+2z") =(11) doesnotequal
T(x,y,z) +T(x', v, z") = (1,1) + (1,1) = (2,2). Since property (i) of Theorem 4.10.2 does not hold, T is

not a matrix transformation.

’

20. (a) Reflection about the y-axis: 4 = [T(1,0)| T(0,1)] = -1 0]

0 1
. . M 01.
Reflection about the x-axis: A = [T(1,0)| T(0,1)] = [0 _1],

Reflection about the line y = x: A = [T(1,0)| T(0,1)] = 0 1]

1 0



(b) Reflection about the xy-plane: A = [T(1,0,0) | T(0,1,0) | T(0,0,1)] =
Reflection about the xz-plane: A = [T(1,0,0) | T(0,1,0) | T(0,0,1)] =

Reflection about the yz-plane: A = [T(1,0,0) | T(0,1,0) | T(0,0,1)] =] 0

(c) Orthogonal projection on the x-axis: A = [T(1,0)| T(0,1)] = [(1) 0];

Orthogonal projection on the y-axis: A = [T(1,0)| T(0,1)] = [8 O]

(d) Orthogonal projection on the xy-plane: 4 = [T(1,0,0) | T(0,1,0) | T(0,0,1)] =
Orthogonal projection on the xz-plane: A = [T(1,0,0) | T(0,1,0) | T(0,0,1)] =

Orthogonal projection on the yz-plane: A = [T(1,0,0) | T(0,1,0) | T(0,0,1)] =
(e) Rotation through anangle 8: A = [T(1,0)| T(0,1)] = [

kK 0 0
(f) Dilation or contraction by a factor of k: A = [T(1,0,0) | T(0,1,0) | T(0,0,1)] = [0 k 0]
0

4.10 Properties of Matrix Transformations 151

o oRr oo M
RPOQ PO o RroOo

O, O OO

o

rPogpProgoog

OO0 OO OOoORr
ORrRrO OO0 o o

cosf —sinf
sin@ cos f

0 k

22. (a) We are looking for the standard matrix of T =T, o T; where T; is the reflection about the xz-plane

1 0 0
and T, is the contraction with factor k = § From Tables 2 and 8 in Section 4.9, [T}] = [0 -1 Ol and

[Tz] =

o o uil=

0
0

o unl= O

U] =

. Therefore, [T] = [T1][T;] =

0 0 1

o O | =
|

S = O

= [ew]

(b) We are looking for the standard matrixof T =T, o T; where T; is the orthogonal projection onto the

xz-plane and T, is the orthogonal projection onto the xy-plane. From Table 4 in Section 4.9,

[T1] =[

1 0 0
0 0 O
0 0 1

l and [Ty] = [

1 0 0
0 1 0
0 0 O

1 0 0
l. Therefore, [T] = [TZ]1[T1] = [0 0 Ol.
0 0 0
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(c) We are looking for the standard matrixof T = T; o T, o T; where T is the reflection about the xy-
plane, T, is the reflection about the xz-plane, and Tj; is the reflection about the yz-plane. From Table 2 in

1 0 0 1 0 0 -1 0 0
Section4.9,[T;]=10 1 0|, [T,]=]10 —1 Of,and [T3]=] 0 1 0.
0 0 -1 0 0 1 0 0 1

-1 0 0
Therefare, [T] = [T3][T:][T;] = [ 0 -1 0 l
0 0 -1

Wy Wy 0

X X1 —
24, (a) Suppose A [x;] = lwzl and A [i;] = [Wzl. Subtracting both equations yields A [x; _ i;] = [Ol
W3 W3 0

therefore the transformation is one-to-one if and only if the nullity of A is 0 since that is equivalent to

V1

stating that A [;C;] =4 [y2

X1 V1 10
] implies [ ] = [ ] The reduced row echelon form of Ais |0 1|, so we
X2 Y2 0 0

conclude that the nullity of A4 is 0, thus T, is one-to-one.

= O
|
| =

1 4
(b) Proceeding as in part (a), we determine the reduced row echelon form of A to be [0 ]

0 -8
Therefore A has nullity 1 and T, is not one-to-one (e.g., A [Ol =A [ 1] = [8])
0 2

(c) Proceeding asin part (a), we determine the reduced row echelon form of A to be

O OO -
SO = O
OO ==

0
0 1 0
Therefore A has nullity 1 and T, is not one-to-one (e.g., A|0| = A|-1| = 0 ).
0 1
0

26. Both properties of Theorem 4.10.2 hold for T(x, y) = (0,0):
(G, + (&, y)) =T +x,y +y) = (0,00 = (0,0) + (0,0) = T(x,y) + T(x',y")
T(k(x,y)) = T(kx, ky) = (0,0) = k(0,0) = kT (x,)

On the other hand, neither property holds in general for T (x,y) = (1,1), e.g.,
T((e,y) + (x',y)) =T(x+x,y+y") = (1,1) does not equal
T(x,y)+T,y) = 11D+ (11 =(22)



