. (a)

3.1 Vectors in 2-Space, 3-Space, and n-Space 77
CHAPTER 3: EUCLIDEAN VECTOR SPACES
3.1Vectors in 2-Space, 3-Space, and n-Space
Az (b) A 7 (c) Az
I I | #(-3.00)
| | | ) | | | y | , | | y | | ) | | y
i g // - =
L i e L L
- | (3.-3.0), - . -
______ _. - -
0,3,-3)
(d) Y- (e) z (f) 2
(3,03) /" F - B
¢l I i
| y y y
| | II | | | > | | | > | | | . >
yan i (0,3,0)
B N - N -
- ®0,0-3) -
(b) (c)
Ay Ay Ay
X ] X
| | | | | > _|_|_9_|_|_> | | | >




78 Chapter 3: Euclidean Vector Spaces

(d) Az (e) Az (f) Az
n ) ____/7}
n A
y Y | Pl Y
| | | | > ! ! ! ! ! ! > | Ly 1y | | | >
| | 7
LT Vol
X v x i X B
6. (@) P,P,=(-3—-(-5),0-1)=(1D
(b) P1P,=(3—-0,4-0)=(3,4)
() P,P,=(0—-(-1),-1-0,0—-2)=(1,—-1,-2)
(d) P,P,=(0—-2,0-2, 0-2) =(-2,—2,-2)
lllustration for part (a): Illustration for part (b): Illustration for part (c): Illustration for part (d):
Ay Ay Az Az
I | n n
n n [ n
| Y Y
- - | | /! | | »
| =
- - | |1 L
X Lox e
| | » | | >» x _}7_

8. (a) PP, =(—4—(-6),-1-2)=(2,-3)
(b) P,P,=(-1—-0, 6-0, 1—0) =(-1,6,1)

10. (a) Denote the initial point by A(ay, a,). Since the vector AB = (2 — ay,0 — a,) = (2 — aq, —a,) is to be

equivalent to the vector u = (1, 2), the coordinates of A must satisfy the equations
2—a1=1 and _a2:2

therefore a; = 1 and a, = —2. The initial point is A(1, —2).
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(b) Denote the terminal point by B(b4, by, bs). Since the vector AB = (b; — 0,b, — 2, b3 — 0) =
(b1, b, — 2, b3) is to be equivalent to the vector u = (1, 1, 3), the coordinates of B must satisfy the

equations
b1:1, b2_2:1, and b3:3
therefore by =1, b, =3, and b3 = 3. The terminal pointis B(1, 3, 3).

(a) Forany positive real number k, the vector u = kv has the same direction as v. For example, letting
k =1, we have u = (6,7,—3). If theinitial pointis P(—1,3,—5) then the terminal point has coordinates
(-1+6,3+7,-5-13),i.e,(510,—8).

(b) For any negative real number k, the vector u = kv is oppositely directed to v. For example, letting
k = —1, we have u = (—6,—7, 3). If the initial pointis P(—1,3,—5) then the terminal point has
coordinates (-1 —-6,3—7,-543),i.e, (—=7,—4,-2).

(@ v-w=(4-60-(-1),-8—(-4) =(-2,1,-4)

(b) 6u +2v = (—18,6,12) + (8,0,—16) = (~10,6,—4)

() —v+u=(-40,8)+(-31,2) = (-7,1,10)

(d) 5(v —4u) = 5[(4,0,—-8) — (—12,4,8)] = 5(16, —4,—16) = (80,20, —80)

(e) —3(v—8w) = —3[(4,0,—8) — (48,—8,—32)] = —3(—44,8,24) = (132,—24,-72)

() 2u—7w) —(Bv+u) =[(—6,2,4) — (42,—7,—28)] — [(32,0,—64) + (—3,1,2)]
= (—48, 9,32) — (29,1, —-62) = (=77,8,94)

(an alternate method to evaluate this expression is to simplify the original expression to u — 7w — 8v prior

to substituting the vectors in)

Solve the vector equation using the properties listed in Theorems 3.1.1 and 3.1.2:

5X + (—2)v=2(w + (=5)x) [Part (c) of Theorem 3.1.2 and part (g) of Theorem 3.1.1]
(—2)v+5x = 2w + 2((—5)x) [Parts (a) and (e) of Theorem 3.1.1]

(—2)v+5x =2w + (—10)x [Part (g) of Theorem 3.1.1]
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((—2)v +5x) + 10x = (2w + (—10)x) + 10x  [Add 10X to both sides]

(=2)v+ (5x+10x) = 2w + ((—10)x+ 10x)  [Part (b) of Theorem 3.1.1]

(-2)v+ (B +10)x=2w+ (-10+ 10)x [Part (f) of Theorem 3.1.1]

2v+ ((—Z)V + 15X) =2v+2w [Add 2v to both sides and use part (a) of Theorem 3.1.2]
(2—-2)v+15x = 2v + 2w [Parts (b) and (f) of Theorem 3.1.1]

15x = 2v + 2w [Part (a) of Theorem 3.1.2]

% (15%) = % (2v + 2w) [Multiply both sides by %]

X = %(ZV +2w) [Parts (g) and (h) of Theorem 3.1.1]

Therefore x = —[(8,14,—6,4) + (10,-4,16,2)] = £ ,5,3,2).

@ v+w=(0+74+1-1-41-22+3)=(75-5-1,5)

(b) 3(2u —v) = 3[(2,4,—6,10,0) — (0,4, —1,1,2)] = 3(2,0,—5,9,—2) = (6,0, —15, 27, —6)
() Bu—v)—(_2u+4w)

=[(3,6,—-9,15,0) - (0,4,-1,1,2)] - [(2,4,—-6,10,0) + (28,4, -16,-8,12)]
= (3,2,-8,14,—2) — (30,8,—22,2,12) = (—27,-6,14,12,—14)

Solve the vector equation using the properties listed in Theorems 3.1.1 and 3.1.2:

3u+v+(—2)w =3x+ 2w [Part (c) of Theorem 3.1.2 and part (g) of Theorem 3.1.1]
Bu+v)+(—4)w =3x + 0w [Add —2w to both sides, use parts (b) and (d) of Th. 3.1.1]
Bu+v)+(—4)w =3x [Use part (a) of Theorem 3.1.2]

% [Bu +V) + (—D)w] = %(3x) [Multiply both sides by g]

%[(311 +v) + (—dHw] =x [Parts (g) and (h) of Theorem 3.1.1]

Therefore X = % [(3, 10, —10, 16, 2) + (_28, _4‘, 16, 8, _12)] = (— %; 2; 2; 8; - ?).

Vectors u and v are parallel (collinear) if one of them is a scalar multiple of the other one, i.e. either u = av
for some scalar a or v = bu for some scalar b or both (the two conditions are not equivalent if one of the

vectors is a zero vector, but the other one is not.)



(a) Letv = (8t,—2).

3.1 Vectors in 2-Space, 3-Space, and n-Space

u=av & 4=8at and —1=—-2a s

Vv =bhu S 8t=4b and —2=-b S

1
a=-
2

and t=1

b=2 and t=1

Therefore the vector (8t, —2) is parallel to (4, —1) ifand onlyif £ = 1.

(b) Let v = (8¢, 2t).

u=av & 4 =8at and —1 = 2at S

v =bhu S 8t =4b and 2t =-b S

1 =2at and

b=0 and t=0

Therefore the vector (8¢, 2t) is parallel to (4,—1) ifand only if £t = 0.

(c) Letv=(1,t%).

u=av & 4=gq and —1=at?® - contradiction

v=hbu & 1=4b and t?=—-b - contradiction

Therefore the vector (1,t%) is not parallel to (4, —1) for any real value ¢.

24. The vector equation a(2,1,0,1,—1) + b(—2,3,1,0,2) = (—8,8,3,—1,7) is equivalent to the linear

system
2a —
la +
0a +
la +
—la +
2 -2 8
1 3 8
whose augmented matrix | 0 1
1 0 -1
-1 2 7

Therefore, the unique solutionis a = —1 and b = 3.

2b
3b
1b
0b
2b

3| has the reduced row echelon form

OO OO

SO OO

— 1 = 2at - contradiction

OO O WLk

81
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26. The vector equation ¢;(1,2,0) + ¢;(2,1,1) + ¢3(0,3,1) = (0,0, 0) is equivalent to the linear system

le;, + 2¢; + 0cg = 0

2¢¢ + 1l¢g + 3¢; = 0

Ocqy + 1¢g + 1¢z = 0
1 2 0 0 1 0 0 0
whose augmented matrix [2 1 3 0] has the reduced row echelon form [0 1 0 0].
0110 0 010

Therefore, the unique solutionis ¢; = ¢, = ¢3 = 0.

28. The vector equation ¢;(—1,0,2) +¢,(2,2,—2) + ¢3(1,—2,1) = (—6,12, 4) is equivalent to the linear

system
_1C1 + 2C2 + 1C3 = —6
0C1 + 2C2 - 2C3 = 12
2C1 - 2C2 + 1C3 = 4
-1 2 1 -6 1 0 0 6
whose augmented matrix | 0 2 —2 12| hasthereduced row echelonform |0 1 0 2|
2 -2 1 4 0 01 —4
Therefore, the unique solutionis ¢; = 6, ¢, = 2, and ¢3 = —4.
30. Equating the second components on both sides yields a contradictory equation 0 = —2.

32. When the vector u = 0P + %(OPZ - 0P1) is positioned so its initial point is at the origin, its terminal point

is the midpoint of the line segment connecting the points P;(xq,y1) and P,(x5,V,) since

X1tX2 y1 +}’2>

1
u=(xl,y1)+i(x2—x1,y2—y1)=< 2 2

34. The midpoint of the line segment connecting the points P(x, y1,21) and Q(x,, y,,23) is

(x1 tX y1tY2: z1 +Zz>
2 ' 2 7 2

Therefore we have

(1+XZ 3+y2 7+Zz
2 72 "2

) — (4,0,—6).

This vector equation is equivalent to a system of three linear equations in three unknowns that is easy to

solve:
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1+ X2 PN X, =7

2 2
3+

20 o y,=-3

2
7+ Zy

2 =—6 & z=-19

We conclude that the point Q is (7,—3,—19).

3.2 Norm, Dot Product, and Distance in R"

(@) llvll =+ (=5)% +122 =169 = 13;

_1 _ 5 12y 1
iV 5 (7312) = (-5 5) vl

— 1 —(> _12
lIvll V= 13( 5’12)_(13’ 13)

(b) IVl =12+ (—1)2 + 22 =6;

1 1 2

1 — — —_——
Vo' ve T Ve

YT =01 = (% ~% 2 - ”v” = —=1,-12) = (-

(© vl =J(=2)2 +32+32 + (-1)2 =/23;

1

v Y ( 233, —1) = _v_— v_— v_—’__
! = -3 3 1
m \/7_3(_2)3)3)_1) - (m; m; m;m)

(@ u+v+w=(613); [lu+tv+w|=v62+12+32 =46

(b) u—v=(11-1); [lu—-vll=y12+12+ (-2 =+3

(c) 3v=(3,-9,12); |I3v]l —3|lv]l =+/32 4+ (=9)2 + 122 —3,/12 + (-3)2 + 42 =234 —3v26 =0

(d) llull = llvll = 22 + (=2)2 + 32 — /12 + (-3)2 + 42 = V17 — V26

@) llull = 2{[vIl = 3{lwl

= (=2)2 4+ (—1)2 + 42 + 52 — 2\/32 + 12 4+ (=5)2 + 72 = 3,/(—6)2 + 22 + 12 + 12
= V46 — 2v84 — 3V42 = V46 — 421 - 3V42

83
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(b) —2v=(-6,—-2,10,—14), —3w =(18,-6,—3,-3)
lull + [I=2v| + [|-3wll

= (=2)2+ (=1)2 + 42 + 52 +/(—6)2 + (=2)2 + 102 + (—14)2 + /182 + (—6)% + (—3)% + (-3)?
= V46 + /336 + V378 = V46 + 4V21 + 3V42

() u—v=(-5-29-2), lu—v|l=(-5)2+(-2)2+92 + (-2)2 = V114

lu—v|lw = (—6V114,2V114,V114,V114);

lu — v|lw|| = V4788 = 6V133

8. kvl = Vk2 + k% + (k)2 + (—3Kk)? + k2 = V16k2 = 4Vk?; this quantity equals 4 if k=1 or k= —1

10. (a) u-v= DD+ DO + (2D(G) + (3)(1) = -8

u-u=DD+OD+EDED+BIB) =15
v-v=(=DED +0)0) + GG + (DQA) =27

(b) u-v=2 ML+ D)+ D@ +0)(2)+ (=2)(D) =0
u-u=(2)2)+ EDED + M@ +0)(0) + (-2)(=2) =10
vov=DOMD+ @2+ @)@+ @@+ WD) =14

12. (@) d(u,v) = lu—v| = J(1 —5)2+(2-12+(-3-2)2+(0- (—2))2 =46

(b)d(u,v) =llu—v| =

J(z (D) H (1= D) H (4 - 02+ (1=3)3+ (0—7)2 + (6 - 2)2 + (-3 — (-5))" + (1 — 1)2

=+v105

(© d(u,v) =|lu—v| =\/(0—2)2 +(A-D2+(1-0)2+(1- (—1))2+ (2-3)2=+10

_uv _ OEH@QMHEI@HOCD) 1 : ince u-
14. (@) cos6 =y = Tz ecar ot s imrCa? | Viever) e angleisacutesince u-v >0
(b) cosd = Y = @EDHCDEDHAOHOEHODHO@HCDDIWW 28

ulllvll ~ \/22+(-1)2+(=4)2 +12+02 +62 +(—3)2 +12,/(—2)2+(—1)2+ 02 +32+ 72+ 22+ (-5)2+12  2v17v93’

the angle is acute since u-v >0
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wv__ _O@+W+HWO+OCDHDE  _ 6. the angle is acute since u-v >0

c) cos@ = = =
(c) lulllvll  voZ+1Z+1Z+12+22,/22+12+02+(-1)2+32  V7V15'

a - b = 0 since the angle between the two vectors is 90°

(a) |[ul| - |lvll does not make sense: |lu]| and ||v|| are scalars, whereas the dot product is only defined for

vectors
(b) (u-v) —w does not make sense: U - Vis a scalar so the vector w cannot be subtracted from it
(c) (u-v)—k makes sense (the result is a scalar)

(d) k- u does not make sense: k is a scalar, whereas the dot product is only defined for vectors

1 1 __1 _ A2z 5
@) — v =~ Tener 127 (71275 = (53

ly=—-—— 1 3 3_3y)=—-1(33_-3)=(-L 1L L
b) — 5 = ~ Ao 0 3 Y O3 N=CF.5 R

1 y= -1 — (3 _%
(c) _m“‘ V(= 6)2+82( 8) = 10( 6.8) (5’ 5)

1 -1 _(3 _1 _¥& _3
(d)_IuII J ( 3J1;\/6J3)_ 5( 3J1;\/6J3)_(5J 5; 5 ’ 5)
(-3)2+12+(V6)* +32

Let us assume both vectors v and w have the same number of components (otherwise v —w would be

undefined).

From Theorem 3.2.5(a), we obtain two inequalities:

Ilv—wl <lvil+l-wl=Ilvi+lwl=5. Ay

The norm ||[v — w|| can actually attain this upper bound if -
w= —%V (so that the two vectors have opposite y—w

directions):

oo (21

| =5

{II
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Applying Theorem 3.2.5(a)to —w = (v—w) + (—V) Ay
yields

I=will<llv-wl+-vl

thus L 3
W=7V
lv=wi=lwl=Ilvl=1. A, 2
The norm ||v — w/|| attains this lower bound if w =2v ’ ! —
2 V—W
(so that the two vectors have the same direction): i
O e B N I E T
R 1 (WEDHEDEN _ L —1
24. (a) 0 = cos (nunnvu) cos ( Tullivi ) cos0=7
 4f u 1 (_@@+@)(=3) ) ()3
(b) & = cos (uuuuvn (v_02+22\/32+( nz) = F (-%) =3
. DO+ OQED+HO@® (1) _ 2%
(@ 0 =cos™ (i) <J D2+ 2 102,07 1 (- 1)2+12> = cos™t (=) =3
__1f wv —1{_O@O+ED(©@+(0)(0) )_ -1(1\_r~
(d) 6 = cos (|| ||||v|| <\/12+( DiroeviZrorrar) 00 (\/5) 4

26. () u-v|=|DOD+ DR +MD®)| =09; llullllvll = V42 + 12 + 12V12 + 22 + 32 = /1814
Since |u-v| =9 =+/81 <252 =+18V14 = |lu||||v]|, the Cauchy-Schwarz inequality holds.

(b) u-v|=|DO)+ @D+ DD+ @O+ (=D =7

lullllvll = V12 + 22 + 12 + 22 +32,/02 + 12 + 12 + 52 + (—2)2 = V1931
Since |u-v| =7 =+49 <+/589 =+/19v31 = |lu||||v]|, the Cauchy-Schwarz inequality holds.

(€) u-v|=]DO)+ B2 +EG®D+ @D+ OB) + (DE) =33

lullllvl]l = V12 + 32 + 52 + 22 + 02 + 1202 + 22 + 42 + 12 4+ 32 + 52 = /40+/55

Since |u-v| =33 =+/1089 < v2200 = v40v55 = ||ul|||v||, the Cauchy-Schwarz inequality holds.
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3V3 3

28. (b) u = (3c0s30°,35in30°) = (—~,7); V= (2c0s135° 25in135°) = (—V2,v/2)

4u —5v = (6v3,6) — (—5vV2,5v2) = (6V3 +5V2,6 — 5v2)
3.3 Orthogonality

2. (@) u-v=(2)(5)+ (3)(=7) = —11 # 0 therefore u and v are not orthogonal vectors
(b) u-v=_(-6)(4)+ (-2)(0) = —24 # 0 therefore u and v are not orthogonal vectors
() u-v=(1)3)+(-=5)(3) + (4)(3) = 0 therefore u and v are orthogonal vectors
(d) u-v=(-2)1) + (2)(7) + (3)(—4) = 0 therefore u and v are orthogonal vectors
4. (a) v;-vy, =(2)(—3) + (3)(2) = 0 therefore the vectors form an orthogonal set
(b) v - v, = (1)(—2) + (—2)(1) = —4 # 0 therefore the vectors do not form an orthogonal set

(€} vi-vy=(1(1)+ (0)(1)+ (1)) = 2 # 0 therefore the vectors do not form an orthogonal set (even

though Vi:V3 =V:V3 = 0)

(d) vi-v,=(2)2) + (—2)(D) + (D(-2) =0,
vi-vs = (2)(D + (—2)(2) + (1)(2) = 0,and
vy vy = (2)(1) 4+ (1)(2) + (=2)(2) = 0 therefore the vectors form an orthogonal set

6. (a) v-w = (a)(—b) + (b)(a) = 0 therefore v and w are orthogonal vectors

(b) (3,2) and (=3,-2)

1

1
© Fome

4 3

(43) = (5,3) and —

8. AB=(4-3,3-0,0—2)=(1,3,-2), AC=(8-3,1-0,—-1—-2) = (5,1,-3),
BC=(8-41-3,-1-0)=(4-2-1)
AB-BC=(D@®)+@D)+(-2)(-1)=0

therefore the points A, B, and C form the vertices of a right triangle

10. x—14+9(y—-1)+8z—-4)=0
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x+2y+3z=0

The plane x — 4y — 3z — 2 = 0 has a normal vector (1, —4,—3).
The plane 3x — 12y — 9z — 7 = 0 has a normal vector (3,—12,—9).

The two normal vectors are parallel: (3,—12,—9) = 3(1, —4, —3) therefore the planes are parallel as well.

The normal vectors of the two planes are parallel: (8, —2,—4) = —2(—4,1,2) therefore the planes are

parallel as well.
The normal vectors of the two planes are orthogonal:
(1,-23)- (=254 =D+ (B + )@ =0
therefore the given planes are perpendicular.
(a) From Formula (12) on p.148,

u-al _[®@+OCEDI_ 4

rojul|l = =

(b) From Formula (12) on p.148,

loroi.ull = u-al _ [GO@O+EED@+ O] 43 43
PO Ta NSy an: V5@ 3v6

u-a=(=1D=2)+(2)B) =4, llall? = (-2)? +3? = 13,
i in="2a=-_t(23)=(2 12
the vector component of u along a is proj,u = a8 = 13( 2,3) = (13, 13)'

8 12 21 14
E’_E) =3 3)

the vector component of u orthogonal to a is u — proj,u = (—1,—-2) — (
u-a= D@+ G +0)(8) =4 llall> =42 +32+82 =89,

) . ua 4 16 12 32
the vector component of u along a is proj,u = Rz = 5 (4,3,8) = (89,89,89 ),

16 12 32 73 12 32

the vector component of u orthogonal to a is u — proj,u = (1,0,0) — (5,5,5) - (5, -2, _5)
u-a= Q)W)+ 0@ +WE) =5, llallz =12 +22+32 =14,

is proiu= 2= 5 _(551s
the vector component of u along a is proj,u = AT T (1,2,3) = (14, = ),

5 5 15)_ 23 5 1
14’7’ 14

the vector component of u orthogonal to a is u — proj,u = (2,0,1) — ( =( 7" )
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u-a=0B)R)+OD+EIED+DED) =6, flall? =22 +12 4+ (-D*+(-1D? =7,

12 6

6 6
7;;;_;;

—2)

the vector component of u along a is proj,u = ﬁa = 3(2,1, —-1,-1) =(

the vector component of u orthogonal to a is

12 6

. 6 6 23 6 15 55
U — pProjau = (5,0, _3;7) - (7;;;_;;_;) = (7,_;,_7,7)

DD+ 2] _ 11

NaTenn V1o

From Theorem 3.3.4(a) the distance between the point and the lineis D =

BW+W@®)-5| _ 6
V2 Vio

(the equation of the line had to be rewritten in the form ax + by +c¢=0 as 3x+y—5=0)

From Theorem 3.3.4(a) the distance between the point and the lineis D =

From Theorem 3.3.4(b) the distance between the point and the plane is

1)DHGI D +H(-6)(2)—4] _ 23

D= JZEreiiCer N (the equation of the plane had to be rewritten in the form

ax+by+cz+d=0as 2x+5y—6z—4=0)

From Theorem 3.3.4(b) the distance between the point and the plane is

p = WO+CHE+CDNE2)-3] 4
1Z+(-1)2+(-1)2 V3

(the equation of the plane had to be rewritten in the form ax + by +cz+d=0as x—y—z—3 =10)

First, select an arbitrary point in the plane 3x — 4y + z = 1 bysetting x = y = 0; we obtain Py(0,0,1).

From Theorem 3.3.4(b) the distance between Py andthe plane 6x — 8y +2z—3 =0 is

D:|(6)(0)+(—8)(0)+(2)(1)—3|: 1o _ 1
/62+(-8)2+22 V104  2v26

. First, select an arbitrary point in the plane 2x —y +z = 1 bysetting x = y = 0; we obtain P4(0,0,1).

From Theorem 3.3.4(b) the distance between Py andtheplane 2x —y+z+1=10 is

@)@+ D@O+WD(D+1] _ 2

b= o 7

Align the edges of the box with the coordinate axes so that the diagonal becomes the vector v =

(10,15,25).

(\/%_8,\/%_8,\/%_8) so that the approximate values of the angles

formed by the diagonal with the edges (and the axes) are

Then (10,15,25) =

1 v= 1
[lvll V102 +152+252

cos™1 (—) ~ 71°, cos™ 1 (\/%_8) ~ 61°, and cos™! (\/%_8) ~ 36°.

89
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3.4 The Geometry of Linear Systems

The vector equation in Formula (5) on p.153 can be expressed as (x,y) = (2,—1) + t(—4,—-2).
This yields the parametric equations x = 2 —4¢, y = —1 — 2¢.

The vector equation in Formula (5) on p.153 can be expressed as (x,y,z) = (—9,3,4) + t(—1,6,0).
This yields the parametric equations x =-9—¢, y=3 +6t, z = 4.

A point on the line: (0,7,4); avector parallel to the line: (4,0,3).
A point on the line: (0,—=5,1); a vector parallel to the line: (0,5, —1).

The vector equation in Formula (6) on p.154 can be expressed as
(x,v,2z) =(0,6,-2) + t1(0,9,—1) + t,(0,—3,0).
This yields the parametric equations x =0, y=6+9t; —3¢,, z=—-2—t;.

The vector equation in Formula (6) on p.154 can be expressed as
(x,y,2) =(0,5,—4) + t,(0,0,—5) + t,(1,—-3,—-2).
This yields the parametric equations x =t,, y=05—3¢,, z=—4— 5f; — 2¢,.

We find a nonzero vector orthogonal to v, e.g., (4,1). The vector equation of the line passing through (0,0)

and parallel to (4,1) can be expressed as (x,y) = t(4,1). Parametric equations are x = 4t and y = t.

We find two nonparallel nonzero vectors orthogonal to v, e.g., (—1,3,0) and (0,6,1). The vector equation
of the plane that contains the origin and these two vectors can be expressed as

(x,y,2) =t1(—1,3,0) + t,(0,6,1). Parametric equations are x = —t;, y = 3t; + 6t,,and z = ¢,.

The augmented matrix of the linear system B 2 :g 8] has the reduced row echelon form
[1 3 =4 0 I soluti £th . — 3544 _ _ di
0 0 0 0]. A general solution of the systemis x; = —3s +4t, x, =5, X3 =t expressed in vector

formas X = (—3s + 4,5, £) is orthogonal to the rows of the coefficient matrix of the original system

r; = (1,3,—4) and r, = (2,6, —8) since

ri-Xx=(1(3s+4) +B)()+ (—4)(t) =0 and 1 - x = (2)(=35 + 4¢t) + (6)(s) + (=8)(t) = 0.
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The augmented matrix of the linear system E 3 _g 8] has the reduced row echelon form
v 7o | solution of th is x, = —17t, X, = 7t, X3 = di
0 1 —7 0]. A general solution of the systemis x; = —17t, x, =7t, x3 =t expressed in vector

form as x = (—17¢,7¢,t) is orthogonal to the rows of the coefficient matrix of the original system

r; = (1,3,—4) and r, = (1,2,3) since
r-x=QOF170+ BT+ (-4 =0and rp, - x=(1(-17) + 2Q)(7) + 3)() = 0.

(a) Associated homogeneous system x +y = 0 has a general solution x = —¢, y = (.
The original nonhomogeneous system has a general solution x = 1 —t, y = t, which can be expressed in

vector form as

xy)=0A-t0)= (1,0) + (L)

N’ Ny—r’

particular general
solution solution

of the of the

nonhomogeneous  homogeneous
system system
(b) Ay
<+

(a) Theorem 3.4.3 yields the following homogeneous linear system that satisfies our requirements:
-3x + 2y — z =0
- 2y = 2z =0

(b) A straight line passing through the origin — this line is parallel to any vector that is orthogonal to both a
and b.

(c) The augmented matrix of the system obtained in part (a) has the reduced row echelon form

[1010
0110

vector form as u = (x,y, z) = (—t, —t, t). To confirm that Theorem 3.4.3 holds, we verify that u is

]. A general solution of the system is x = —¢t, y = —t, z = t. It can also be expressed in

orthogonal to both a and b:

u-a=(=)ED+HEED@D+OED =0, u-b= (D0 + (-0D(=2) + (O(=2) =0.
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26. (a) The augmented matrix of the homogeneous system has the reduced row echelon form

11

1 0 — 0

5
0 1 _% o |- Ageneral solution of the system is x; = —1—51t, X, = %t, X3 =L,
0 0 0 0

1 -2 311 2
(b) Multiplying [2 1 4] [1] yields [ 7] therefore x; = x, = x3 = 1 is a solution of the
1 =7 5111 -1

nonhomogeneous system.

(c) The vector form of a general solution of the nonhomogeneous system is

11, 2
(rpxx3) = (LLD +(=56560)
~—
particular general
solution solution
of the of the
nonhomogeneous homogeneous
system system

(d) The augmented matrix of the homogeneous system has the reduced row echelon form

11 16
1 0 — —
5 5 . . 16 11 3,2
0 1 _2 3 |. Ageneral solution of the systemis x; = S TS X = E+ES, X3 = S.
5 5
0 0 0 0

If we let s =1 + ¢t then this agrees with the solution we obtained in part (c).

9 -3 5 6 4
28. The augmented matrix of the nonhomogeneous system [6 -2 3 1 5] has the reduced row
3 -1 3 14 -8

1 =1 o 218 B
echelon form | 8 1 39 _?77 . A general solution of this system
0 0 0 0 0
x1=§ + %s + ?t, Xy =85, X3=—7-—9t, x4=1¢

can be expressed in vector form as

(%1, %5, %3,%4) = (?, 0, —7,0) + (gs + ? t,s,—9¢,t)

particular general
solution solution
of the of the
nonhomogeneous associated
system homogeneous

system
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3.5 Cross Product

@ wev=(I; Sl-fp Sl 2D=ce00

e SR R D-cuoacs
@xvxwxw=(_2 -5 55 _o|)=176-269)
(b) v —2w = (0,2,-3) — (4,12,14) = (—4,—10,—17)
uxew-2w=(_2 -2 |0 _gf)=ms5-22)
3 Shelo S =90

(uxv)—2w = (—4,9,6) — (4,12,14) = (-8,—3,—8)

(© uxv=(

uxv= ( _1 _§|,— B _§|, B _1|) = (0,—6,—3) is orthogonal to both u and v.
uxv= ( i %|,— |3 ;|, |3 iD = (2,—6,12) is orthogonal to both u and v.
wev=(33 8- 4R )=coon

The area of the parallelogram determined by both u and v is |ju X v|| = V02 + 0% 4+ 02 = 0.

wxv=(l _gl=l; Shl; 2D=c78-0

The area of the parallelogram determined by both u and v is [[lu x v|]| = {/(=7)2 + 82 + (—1)%2 = V114.

PP, = (2,2) = P,P;, P1P, = (4,0) = P;P;
Viewing these as vectors in 3-space, we obtain

P1P2 X P1P4, = (2,2,0) X (4‘,0,0)

=g ol [z ol li h=co-9 4 ’, ,.
7,
The area of the parallelogram is i /
i P Py
|P1P; % P1Py|| = /0% + 02 + (—8)% = 8. I .
| | | | | | | | | »
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We have A8 = (1,1) and AC = (2,—4). Viewing these as vectors in 3-space, we obtain

a8 xAC =110 x2-40=(|_; ol.-|; ol; _il)=w©o-6).

The area of the triangle is %”ﬁ x AC|| = %\/02 +0% + (—=6)% = 3.

P—Q) = (_1J4J2)I ﬁé = (5,2,6)

o= () 2L AL 2= eos

The area of the triangle is %”ﬁj X ﬁ?’” = %JZOZ + 162 + (—22)2 = V/285.

31 2
From Theorem 3.5.4(b), the volume of the parallelepiped is equal to |det [4 5 1] = 45,
1 2 4
5 =2 1
4 —1 1| = 0therefore by Theorem 3.5.5 these vectors lie in the same plane when they have the same
1 -1 0
initial point.
-1 2 4
From Formula(7) onp.165, u-(vxw)=| 3 4 -=2|=-10.
-1 2 5
3 -1 6
From Formula (7) onp.165, u-(vxw)=12 4 3|=-110.
5 -1 2

Uy V2 V3
Uy Uz Uz
wy Wz W3

Uy Uz Uz
V1 V2 V3
wy Wz W3

(a) v-(uxw) = can be obtained fromu - (vx w) = by interchanging the

first row and the second row. This reverses the sign of the determinant, therefore v- (u x w) = -3,

(b) (uxw)-v=v-(uxw)= -3 asshownin part (a) above

vy V2 V3
wy Wz W3
wy Wz W3

(c) v.-(wxw) = = 0 since this determinant has two equal rows (this follows from

Theorem 2.2.5)

uxv= (|§ _2|,— |§ _2|» |§ g ) = (36,~24,0); llux V]| = /367 + (~24)% + 02 = 1213

lull =22 +32+ (=62 = 7; |Ivl = V22 +32 + 67 = 7

fluxv|| _ 12
[lullllvl 49

From Formula (6) on p.164, sinf =
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Rewrite u = (3,-5,1), v=(—2,0,2),and w = (0,—1,4).

(@) 3v—2u=(-6,0,6) — (6,—10,2) = (-12,10,4)

b) u+v+w=(1,-67); lut+tv+wl=y12+(-6)%+72=+86

() —3u—(v+5w) =(—9,15,-3) — ((-2,0,2) + (0,—5,20)) = (7,20, —25)

d(=3u,v+5w) = [|—3u— (v+5w)|| = /(=7)% + 202 + (=25)% = V1074

(d) u-w=0EB)O+EEED+DM@W =9 Iwll? =02+ (=1)? + 42 =17,

S uw _9(0 14) = (0 36
projwtt = g W =170, =14) = (0, =77, 37)
3 =5 1
(e) From Formula(7)onp.165, u-(vxw)=|-2 0 2|=-32
0 -1 4

() —5v+w = (10,0,—10) + (0,—1,4) = (10,—1,—6)
(u-v)w =[(3)(—2) + (-5)(0) + (D(2)]w = —4w = (0,4,—16)

(—5v+W)><((U'V)W):(|_zlL —_12|’_|18 16

—16 }|18 _}LD = (40,160,40)

(@) 3v—2u=(3,-3,18,—6,0) — (0,10,0,—2,—4) = (3,—13,18,-4,4)

(b) u+v+w=(-3310,-3,0); llu+v+w|=.(=3)2+3%+10%+ (-3)2 + 0% = V127

(c) —3u—(v+5w) =(0,—15,03,6) — ((1,—1,6,—2,0) + (—20,-5,20,0,10)) = (19,—9,—26,5,—4)

d(—3u,v+5w) = [|-3u— (v+ 5w)|| = /192 + (—9)2 + (—26)% + 52 + (—4)% = V1159
(d) u-w=(0)(-4)+G)-D+O® + DO+ (-=2)(2) = -9;
Iwll? = (—4)% + (—1)? + 4% + 02 + 22 = 37

36 9 36 0 18
37°37" 37" 37)

] u-w -9
projyu = WW = ﬁ(—‘l-, —1,4,0,2) = (
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6. (-201-(112) =)W+ OM+M@) =0
(=20D-(1,-52) =2 M+ O+ M@) =0
(1,1,2)- (L, -5 =D+ DE+@@) =0

therefore the given vectors form an orthogonal set;

An orthonormal set is formed by the vectors

SN S— — (-2 oL
e 20D = (5 05)

—1 — (L L 2

V12+12+22 (1’1’2) - (/—6,\/6, \/E)

1 L5 2
om0 = (G~ )

R CRGICHCICR
= &+ O+ 6 =1 = [ @+ (-

therefore v; and v, are orthonormal vectors.

Using the cross product, we can create a vector orthogonal to both v; and v,

2

V1XV2:

Wl Wl
Wl W=
Il
I
Nel o)
Nel o)
O w
S’

Il
|
w| N
w| N
[SSEIE
S

3
2 J
3

. . . 221
Since this cross product has magnitude 1, we can let v; = (—5,5,5).

10. False: e.g., take u = (1,0), v=(1,0),and w = (—1,1).

12. Denoting S(a, b, 6,¢) we have RS = (a+4,b—1,2,c). For this vector to be parallel to H)’ = (3,4,1,-8)
there must exist a scalar k suchthat RS = k P—Q’ . The equality of the third components immediately leads

to k = 2. Equating the remaining pairs of components yields the equations:
a+4=(2)(3), b—1=2)4), c=2)(-8)
therefore a = 2, b =9, and ¢ = —16. We conclude that the point S has coordinates (2,9,6, —16).

14. PQ = (3,4,1,—8); PR = (-1,0,4,—6)

PG-PR DD+ @DO+O@+(=8)(=6) 49 49
IPOII|IPR|| /32 + 42 + 12 + (-8)%/(-1)2 + 02 + 42 + (—6)2 V90V53 3530

cosf =
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The planes are parallel since their normal vectors, (3,—1,6) and (—6,2,—12), are parallel:
(—6,2,—12) = —2(3,—1,6). We select an arbitrary point in the plane 3x —y + 6z = 7 by setting
x =z = 0toobtain Py(0,—7,0).

From Theorem 3.3.4(b) the distance between P, andthe plane —6x + 2y —12z—1 =0 is

p - COO+@DEND+1DO -1 _ 15 15

J(=6)2 + 22 + (—12)2 Vi84  2v46

Since the line is to be orthogonal to the plane 4x — z = 5, it must be parallel to a normal vector to the
plane (4,0,—1).
The vector equation in Formula (5) on p.153 can be expressed as (x,y,z) = (—1,6,0) + t(4,0, —1).

This yields the parametric equations x =—-1+4¢, y=6, z=—t.

Since the plane is to be parallel to the plane —8x + 6y — z = 4, it must be orthogonal to a normal vector
to the given plane (—8,6,—1). To find a vector form and parametric form of the plane equation, we
construct two nonzero nonparallel vectors orthogonal to (—8,6,—1), e.g., (1,0,—8) and (0,1,6).

The vector equation of the plane that contains P(—2,1,0) and these two vectors can be expressed as
(x,y,2z) = (—2,1,0) + ¢t;(1,0,—8) + £,(0,1,6).

Parametric equationsare x = =2 +¢;, y =1+ t;,and z = —8¢; + 6¢,;.

To find a vector form and parametric form of the plane equation, we construct two nonzero nonparallel
vectors orthogonal to the plane's normal vector (2,—6,3), e.g., (—3,0,2) and (3,1,0).

We also need a point on the plane 2x — 6y +3z =05, e.g., (1,0,1) - note that any one of the infinitely
many solutions can be used here.

The vector equation of the plane that contains the point (1,0,1) and the vectors (—3,0,2) and (3,1,0) can
be expressed as (x,y,z) = (1,0,1) + t,(—3,0,2) + ¢,(3,1,0).

Parametric equationsare x = 1 —3¢; +3&;, y =t;,and z =1 + 2¢4.

Since the plane is to be orthogonal to the line x = 3 — 5¢, y = 2¢, z = 7, we can use the vector (—5,2,0)

as a normal vector for the plane. This yields the point-normal equation —5(x +5) +2(y —1) = 0.



