ol P wlawlnn P R ool =

R O Ok 0O KL MUl

1.5 Elementary Matrices and a Method for Finding A™

inverted operations (g):

<«——— The third row was added to the first row and

g times the third row was added to the second row.

inverted operation (f):

The third row was multiplied by —%.

inverted operation (e):

—3 times the second row was added to the third row.
inverted operation (d):

The second row was multiplied by 9.

inverted operations (c):

<4—— 6 times the first row was added to the third row and

—5 times the first row was added to the second row.

inverted operation (b):
The first row was multiplied by —1.

inverted operation (a):
The first and third rows were interchanged.

1.6 More on Linear Systems and Invertible Matrices

2. We begin by inverting the coefficient matrix [4

[

2
0

—3|1 0
=510 1
2 =510 1
4 =311 0
—510 1
P

5 1
111 _2

7 7

-3
2 =5

<4—— The identity matrix was adjoined to the coefficient matrix.
<4—— Thefirst and second rows were interchanged.

<4—— —2 times the first row was added to the second row.

<« Thefirst row was multiplied by %and

the second row was multiplied by %

33
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5 3
1ol = 5
] 5 «— times the second row was added to the first row.
0 117 =3
s _3
. . - R R T 14
Since the inverse of the coefficient matrix is ; NE Theorem 1.6.2 states that the system has exactly
77

3

S _3
one solution: [2] = l? 12 [_Z] = [:2], i.e., Xy =%, = —3.
7

7

5 3 2
4. We begin by inverting the coefficient matrix [3 3 2]

0 1 1
5 3 2|1 0 0]
3 3 2|10 1 0 <4——— The identity matrix was adjoined to the coefficient matrix.
0 1 110 0 1.
2 0 0]1 -1 07
3 3 210 1 0 <4—— —1 times the second row was added to the first row.
0 1 110 0 1.
100 |5 —> 0]
2 2 ;
3 3 2 0 1 0 <«— The first row was multiplied by >
0 1 1 0 0 11
1 1 .
1 0 O 5 T3 0
0 3 2 _3 5 0 <+—— —3 timesthe first row was added to the second row.
2 2
0 1 1 0 0 1
1 1 .
1 0 0 5 T3 0
0 1 1 0 0 1 <4——— The second and third rows were interchanged.
3 5
0 3 2 -3 5 0 |
1 1 .
1 0 0 5 T3 0
0 1 0 0 <4——— —3 times the second row was added to the third row.
3 5
0 0 -1 -3 5 =3 |
1 1
1 0 O 5 T3 0
01 1160 0 1 <«——— The third row was multiplied by —1.
3 5
0 0 1 5 T3 3
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1 1
1 00 > T3 0
01 0|2 2 -2 —
001l 2 -2 3
2 2
11
2 2
Since the inverse of the coefficient matrix is —; ;
3 s
2 2
11
X1 2 2 4
exactly one solution: [le = —; % -2 [2] = [_1
X
3 3 s 3 5 1
2 2 .

—1 times the third row was added to the second row.

0
—2|, Theorem 1.6.2 states that the system has
3

1
1l, ie,x; =1,x,=—11,and x; = 16.
6

[ 0 -1 -2 -3
6. We begin by inverting the coefficient matrix 1 ; § ;L
-1 -2 —4 -6
0 -1 -2 =31 0 0 0]
1 1 4 410 1 0 O The identity matrix was adjoined to the coefficient
1 3 7 910 0 1 O matrix.
-1 -2 —4 —-610 0 0 1.
1 1 4 410 1 0 0]
0 -1 -2 -3|1 0 0 O . .
1 3 - 9lo o 1 o <4— The first and second rows were interchanged.
-1 -2 —4 —-6I10 0 0 1]
[ 1 1 4 410 1 0 0]
0 -1 -2 =311 0 00 <4—— —1 times the first row was added to the third row
0 2 3 510 =110 and the first row was added to the fourth row.
|0 —1 0 =210 1 0 11
[ 1 1 4 4 0 1 0 0]
0 1 2 31—-1 0 0 O -
0 2 3 5 0 —1 1 0 <4—— The second row was multiplied by —1.
0 -1 0 -2 0 1 0 1]
(1 1 4 4 0 1 0 0]
0 1 2 311 0 00 <4—— —2 times the second row was added to the third row
0 0 -1 -1 2 -1.1.0 and the second row was added to the fourth row.
[0 O 2 11-1 1 0 1]
1 1 4 4 0 1 0 0]
8 é i i :; 2 _2 8 <4— The third row was multiplied by —1 .
0 0 2 11-1 1 0 11
1 1 4 4 0 1 0 0]
8 é i i :; (1) _(1) 8 <4—— —2 times the third row was added to the fourth row.
0 0 0 -1 3 -1 2 11
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1 1 4 4 0 1 0 0]
01 2 3]-1 0 0 0 -
00 1 1l-—2 1 -1 0 <4—— The fourth row was multiplied by —1 .
0o 0 0 11-3 1 -2 -1
11 4 0f12 -3 8 4 —1 times the last row was added to the third row,
01 2 0 8 -3 6 3 .
00 1 0 1 0 1 1 <4—— —3 times the last row was added to the second row
and —4 times the last row was added to the first row.
[0 0 0 11-3 1 -2 -1
(1 1 0 O 8 -3 4 0]
0 1 0 0 6 —3 4 1 —2 times the third row was added to the second row
0 01 0 1 0 1 1 and
0 0 0 11-3 1 =2 -1 —4 times the third row was added to the first row.
1 0 0 O 2 0 0 —1]
0 1 0 0 6 —3 4 1 . .
00 10 1 0 1 1 <4+—— —1 timesthe second row was added to the first row
|0 0 0 11-3 1 -2 -1

2 0 0 -1

Since the inverse of the coefficient matrix is i) _g ;L 1 , Theorem 1.6.2 states that the system

-3 1 -2 -1

w 2 0 0 -1110 —6
has exactly one solution: ol = 6 -3 4 17 = 1
Y ly 1 0 1 1|l4]7]10f

0
z 3 1 -2 1116 7
ie,w=-6,x=1,y=10,and z = —7.

1 2 3
8. We begin by inverting the coefficient matrix [2 5 5]

3 5 8
1 2 3|1 0 0]
2 5 5|10 1 0 <4——— The identity matrix was adjoined to the coefficient matrix.
3 5 810 0 11
é i i ; 2 8 —2 times the first row was added to the second row and
T —3 times the first row was added to the third row.
0 -1 —-11-3 0 1.
1 2 3] 1 0 07
0 1 —-1(-2 1 0 <4——— The second row was added to the third row.
0 0 —-21-5 1 11
1 2 3 1 0 01
0 1 —-1|-2 1 0 <4——— The third row was multiplied by —%.
5 1 1
00 1l 3 =3 3
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, Theorem 1.6.2 states that the system has

37

13 3 31
(1 2 oy~ 5 3
0 1 0 1 11 The third row was added to the second row and
2 2 2 —3 times the third row was added to the first row.
5 1 1
[0 0 1l 5 -5 =3
15 1 5 1
(1 0 -5 5 1
0 1 0 % % —% <—— —2 times the second row was added to the first row.
5 1 1
[0 0 1l 5 =5 -3
_s 1 5
2 2 2
Since the inverse of the coefficient matrix is % % —%
s 1 _1
2 2 2
5 5 5 5
_1_ l - _1_b1 +lb2 +—b3
2 2 2 2 2 2
X1 by
. 1 1 1 .
exactly one solution: [le = : 2 [bzl =| by +=by,—=b; |ie,
2 2 2 2 2 2
X3 5 1 1 b3 5 1 1
3 Tz 2 201 = 5b2 =5 bs
15 1 5 1 1 1 5 1 1
xl—_?b1+5b2+5b3, x2—5b1+5b2_5b3, and x3—5b1_5b2_5b3.
-1 4 110] -3 We augmented the coefficient matrix with two columns
10. 1 9 =-2(1 4 <4———  of constants on the right hand sides of the systems
6 4 —-8101 -5 (i) and (ii) — refer to Example 2 on p. 62.
1 —4 —-11]0 3]
1 9 =211 4 <4——  The first row was multiplied by —1.
6 4 —-8101 =51
1 -4 —-110 3]
0 13 —-11]1 1 «— —1 times the first row was added to the second row and
0 28 —2101 =231 —6 times the first row was added to the third row.
1 -4 -11]0 3]
0 1 N = — The second row was multiplied by l.
13 | 13 13 13
0 28 =210 1-=-23]
1 —4 -1 0 37
1 1 1
0 1 - 13 13 13 G —28 times the second row was added to the third row.
0o o 2|_m-|_3=
13 13 13
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1 -4 -1 0 3
o 1 -5 w| w
o o 1| -14|-F
1 -4 0-14-=
0o 10| -1| -
0o o 1l-141-2%
10 0f-18 -]
010 -1| -2
00 1l-141-2]

The third row was multiplied by 12—3

11—3 times the third row was added to the second row
and the third row was added to the first row.

4 times the second row was added to the first row.

We conclude that the solutions of the two systems are:

(i) X1 = _18, Xy = _1, X3 = —14

1 3 5] 1]0]-1]
12, -1 =2 0| 0]1]-1
2 5 41-111 0l

1 3 5 0 |—1]
0 1 51 1]1]-2
0 -1 —6I- 1 2]
1 3 51 1]0 |—1]

0 1 51 1]1]-2

0 0 —-11-212 0l

1 3 5]1 0 |—1]

0 1 5|1 1]1-2

0 0 1121-=2 0

1 3 0]-9]10]-1
0 1 0]-9{11(-2
0 0 1 21-=-2 0
1 0 0] 18| —23 5
01 0]-9 11 [-2
0 0 1 2 -2 0

421 X 25 X 327
P 2 = K 3 — 2

We augmented the coefficient matrix with three columns
of constants on the right hand sides of the systems
(i), (ii) and (iii) — refer to Example 2 on p. 62.

The first row was added to the second row and
—2 times the first row was added to the third row.

The second row was added to the third row.
The third row was multiplied by —1.
—5 times the third row was added to the first row

and to the second row.

—3 times the second row was added to the first row.

We conclude that the solutions of the three systems are:

(i) X1 = 18, Xy = _9, Xq = 2
(ii) x1 = _23, xz =11 ’ x3 =-2

(iii) X1 = 5, Xq = _2, Xq = 0
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6 —4 1 b,
[ 3 2 b1 — The augmented matrix for the system.
- N
1 =2 1p]
3 1 «— The first row was multiplied by %
3 _2 bz_
2 L9 1
-z — 9

3 1 6 — —3 times the first row was added to the second row.

0 _Eb-l + bz

The system is consistent if and only if —%b1 +b,=0,i.e. by =2b,.

16.

0 0
1 -2
0 1
0 0

1 =2 -1 b1
—4 5 2|b
—4 7 4| by
1 -2 -1 b,
0 —3 —2|4b,+b,
0 -1 0| 4by+bs
-2 -1 b,
—1 0| 4by + b,
3 —2| 4b, +b, |
-2 -1 b,
1 0|—4b,— b,
-3 —2| 4b,+b, |
—1 b,

0 —4b, — b,
—2| —8b, + b, —3bs |
~1 b, 1

o| —4b,—b,

1| 4by —>by +2b; |

<«—— The augmented matrix for the system.

<4—— 4 times the first row was added to the second row

and to the third row.

<4—— The second and third rows were interchanged.

<«—— The second row was multiplied by —1.

<«+—— 3 times the second row was added to the third row.

<4—— The third row was multiplied by —%.

The system is consistent for all values of b;, b, ,and bs.

18. (a) The equation AX = X can be rewritten as AX = Ix, which yields AXx—Ix=0 and (A—1x=0.

39

This is a matrix form of a homogeneous linear system - to solve it, we reduce its augmented matrix to a row

echelon form.
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1 1 2107
[2 1 =210 <«— The augmented matrix for the homogeneous system
3 1 0101 A-Dx=0.
1 1 2107
0 -1 —-6|0 <«—— —2 times the first row was added to the second row
0 —2 —-6101 and —3 times the first row was added to the third row.
1 1 2107
0 1 610 <«—— The second row was multiplied by —1.
0 -2 —-6101
1 1 2107
0 1 6|0 <4—— 2 times the second row was added to the third row.
0 0 6101
1 1 2107
0 1 610 <4—— The third row was multiplied by %
0 0 1101

Using back-substitution, we obtain the unique solution: x; = x, = x3 = 0.

(b) Aswas done in part (a), the equation AX = 4X can be rewritten as (4 — 41)X = 0. We solve the latter

system by Gauss-Jordan elimination

[—2 1 2107
2 =2 =210 <4—— The augmented matrix for the homogeneous system
1 =310 (A—4Dx=0.
—2 —=210]7
-2 1 210 <4—— The first and second rows were interchanged.
3 1 =310/
1 -1 —-1]0] !
-2 1 210 <«——— The first row was multiplied by >
| 3 1 =310
1 —1 —-1]0]7
0 -1 010 <4—— 2 times the first row was added to the second row and
0 4 010 —3 times the first row was added to the third row.
1 —1 —-1]0]7
0 1 010 <4——— The second row was multiplied by —1.
0 4 010
1 0 —=1]0]
0 1 00 <—— —4 times the second row was added to the third row
0 0 oloJ and the second row was added to the first row.

If we assigh x5 an arbitrary value £, the general solution is given by the formulas
x1=1¢, x,=0, and x5 = ¢.

-2 0 11'4 3 2 1 -2 0o 11t
0 -1 -1 6 7 8 9]|. Letusfind|] 0 —1 -1 :

1 1 -4 1 379 1 1 —4

20. X =




0
-1
1
1
-1
0
1

—_——
I |

2

COR OOR COR NOR R ON

o o =
o R -

-2
0

Using [
1

-1
—4
—4
-1

-4
-1
-7
-4
1
=7
—4

|
Nely o

111 0 0]
0 1 0
0 0 11
0 0 1]
01 0

111 0 Ol
0 0 1]
0 1 0
1 0 2]
0 0 1]
0 -1 0
1 0 21
0 0 1]
0 -1 0
1 2 2]

0 0 1

0 -1 0

1 2 2

9 "9 ol

4 8 17

9 "9 9

1 7 2

9 "9 9

1 2 2

9 9 ol

5 1 1 7

5 9 o

1 7 2

5 9 9

1 2 2

s 9 ol

5

7 | e

1
HE
—4 1
)

5 1
9 o
yo| 1 _7
9 9
1 2
9 o

|
o IlR

wlin vl

1.6 More on Linear Systems and Invertible Matrices

<4——— The identity matrix was adjoined to the matrix.
<+——— The first and third rows were interchanged.
<—— 2 times the first row was added to the third row.
<4—— The second row was multiplied by —1 .
<4—— —2 timesthe second row was added to the third row.
<—— The third row was multiplied by —%.
<4—— —1 times the third row was added to the second row and
4 times the third row was added to the first row.
<4——— —1 timesthe second row was added to the first row.
_1
9
2 .
5| we obtain
_2
9
1 25 25 23
_ -3 2 _22 _=22
9 9 9 9
2 43 21 40 40 44
;6789=—4‘—?—?—?
1 3 7 9
2 L, B 32 ¥
9 9 9 9

41
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1.7 Diagonal, Triangular, and Symmetric Matrices

2. Adiagonal matrix is invertible if and only if its diagonal entries are all nonzero. Since this is a diagonal matrix

with a 0 on its diagonal, this matrix is not invertible.

4. Adiagonal matrixis invertible if and only if its diagonal entries are all nonzero. All four diagonal entries of

this diagonal matrix are nonzero, therefore the matrix is invertible.

S

o9

_[DOEH S @G (—5)(2)]=[—4 6 —10
o LEDEH DB O@ 12 -3 0

O O

0
3
0

2 0 0|4 -1 31[-3 0 © QM3 DOEDHG) OGH@
8. [o -1 OH 1 2 0 [ 0 5 ol= EDWE3) EDG) D0)X(2)
0 o0 4l-5 1 -2l o o0 2 W53 WG WE2D)@)
-24 —-10 12
=[ 3 —10 ol
60 20 -16
~ 0 0 B
36 0 0 36 -6 o 0
10.A2=[0 9 ol,A‘Z—O § 0], AF = o 37k 0
0 0 25 0 o 21_5 0 0 5k
10 0 0
4 0 0 0 3 "o o -27% 0 0 0
, |0 16 0 0 5 Te “x 0 (—4)7* 0 0
12"4_0090"4_00%0"‘_ 0 0 (=3F 0
0 0 0 4 -
o 0 0 % 0 0 0 27k

14. Not symmetric (aq, # ayq)

16. Symmetric

18. Symmetric

20. From part (c) of Theorem 1.7.1, a triangular matrix is invertible if and only if its diagonal entries are all

nonzero. Since this upper triangular matrix has all three diagonal entries nonzero, it is invertible.
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22. From part (c) of Theorem 1.7.1, a triangular matrix is invertible if and only if its diagonal entries are all

nonzero. Since this lower triangular matrix has a 0 on its diagonal, it is not invertible.

24. The matrix is symmetric if and only if the following equations must be satisfied

a — 2b + 2¢ = 3
20 + b + ¢ = 0
a + ¢ = =2
We solve this system by Gauss-Jordan elimination
1 =2 2] 3]
2 1 1| 0 <4—— The augmented matrix for the system.
1 0 11-21
1 0 1]-2]7
2 1 1] 0 <4——— The first and third rows were interchanged.
1 -2 21 31
1 0 1]1—27
0 1 -1 4 <«—— —2 times the first row was added to the second row
0 -2 1 5 and —1 times the first row was added to the third row.
1 0 1]-2]
0 1 -1 4 <4—— 2 times the second row was added to the third row.
0 0 —-11131
1 0 1] —27
01 -1 4 <4———— The third row was multiplied by —1.
0 0 11-13]
1 0 0] 117
0 1 0| -9 <4——— The third row was added to the second row
0 0 11—-13] and —1 times the third row was added to the first row.
In order for A to be symmetric, we musthave a =11, b = -9, and ¢ = —13.

26. From part (c) of Theorem 1.7.1, a triangular matrix is invertible if and only if its diagonal entries are all

. . . . 1
nonzero. Therefore, the given lower triangular matrix is invertible for any real number x such that x # 5

1 1
xqtg, and x = —-.

4
100 -~ 00 [ o o
28. Forexample A =1, 1 (there are seven other possible answers, e.g., o X ol-lo =X ol
2 2 2
0 0 0 0 1 0 0 -1
etc.)
-1 2 5|1 0 O
30. 0 1 30 1 O <4———— The identity matrix was adjoined to the matrix A.
0 0 —410 0 1
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1 -2 -5|-1 0 0]
0 1 3 0 1 0 <«—— Thefirst row was multiplied by —11and
0 0 1 0 0 — % | the third row was multiplied by -
5 -
1 -2 0|-1 0 2
0 1 0] 0 1 % <4——— —3 times the third row was added to the second row and
0 0 1 1 5 times the third row was added to the first row.
0 0 7
1 -
1 0 o|-1 2 z
0 1 0l 0 1 Z <4——— 2 times the second row was added to the first row.
00 1l 0o o =2
4 |,
2 -8 0|1 0 O
0 2 110 1 0 <4——— The identity matrix was adjoined to the matrix B.
0 0 310 0 1
- 1
1 -4 0y 0 O ] o ;
2 The first row was multiplied by Y
0 1 % 0 % 0 <«—— the second row was multiplied by %, and
1 the third row was multiplied by % .
o o0 110 0 -]
1
1 -4 0= O 0
2
0 1 0]0 L — <«——  —1 timesthe third row was added to the second row.
2 6 2
1
0 0o 110 0O 3
1 21
1 0 0 5 2 -3
01 0160 % —% <4—— 4 timesthe second row was added to the first row.
oo 1lo o 2
3 4
1 2
-1 2 1 2 2 73
Sinceboth A™1=| 0 1 % and B~1 =|0 % —% are upper triangular, we have verified
1
00 =4 00 1

Theorem 1.7.1(d).
32. (a) Theorem 1.4.8(e) states that (AB)" = BT AT (if the multiplication can be performed). Therefore,

(AZ)T = (AA)T — ATAT = (AT)Z A=.S AZ
i
symmetric



which shows that A? is symmetric.
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(b) (242 =34+ DT = 2A4DT—3AT+1" = 2(4T)2—3AT+IT = 242-3A+1
h. Th. Aand7
1.4.8 1.4.8 are
(b-d) Q) symmetric
which shows that 242 — 34 + ] is symmetric.
a 0 0
34. All 3 x 3 diagonal matrices haveaform [0 b 0].
0 0 ¢
a 0 O]fa 0 O a 0 0 1 0 0
A>—=34—4I1=|0 b 0 0 b 0 30 b 0|—4]0 1 0
0 0 ¢ c c 0 0 1
[a?2 0 3a 4 0 0
=10 b? 0 4 0
L0 O 3C 0 0 4
[a? — 3a — 0
= 0 b? — 3b 4 0
] 0 0 c?—3c—4
[(a — 4)(a+1) 0 0
= 0 Bb-DHhb+1D 0
0 0 (c—d(c+1D)

This is a zero matrix whenever the value of a, b, and c is either 4 or —1. We conclude that the following

are all 3 x 3 diagonal matrices that satisfy the equation:

4 0 O
0
0

: :

4
R
0 0 -1
0 0 4
38.[ 0 0 1]
—4 -1 0

40. The condition AT =

2a
3a
5a

—A is equivalent to the linear system

0 01 [4 1 0 0
4 0],[0 -1 0][0 4 Ol,
0 -1 0 0 4
-1 0 1
TEEEIEEE
-1 0 -1
- 3 + ¢ 2
— 5b + 5¢ = 3
— 8 + 6c = 5
d = 0
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2 -3 1 0 2
. -5 5 0 3
The augmented matrix has the reduced row echelon form
5 -8 6 0 5
0 0 01 0

Chapter 1: Systems of Linear Equations and Matrices

OO O

If we assign ¢ the arbitrary value (, the general solution is given by the formulas

42. (a)

(b)

a=14+10¢, b=7t, ¢c=¢, d =0.

1 0 0] 1
Step1.Solve [—2 3 0] |Y2| =]-2
2 4 11lys 0

The first equationis y; = 1.
The second equation (—2)(1) + 3y, = —2 yields y, = 0.
The third equation (2)(1) + (4)(0) + 1y; = 0 yields y; = —

2 -1 31>
Step 2. Solve |0 1 2||*2| =| 0] using back-substitution:
0 0 4

The third equation 4x5 = —2 vyields xq3 = —-
: 1 .
The second equation 1x, + (2) (— 5) = (0 yields x; = 1.

The first equation 2x; + (—1)(1) + (3) (— %) =1 yields x; = :Z

SRSERE R

The first equation 2y, = 4 yields y; = 2.
The second equation (4)(2) + 1y, = —5 yields y, = —13.

The third equation (—3)(2) + (—2)(—13) + 3y; = 2 vields y; = —

3 —5 2
Step 2. Solve using back-substitution:

The third equation 2x3 = —6 vyields x5 =

The second equation 4x, + (1)(—3) = —13 vyields x, = _g_

The first equation 3x; + (—=5) (— ;) +(2)(=3) = 2 yields x; = _z_

[l -]

O R OO

O O O



