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Abstract

A generalized die is a list (x1,...,2,) of integers. For integers
n > 1, a < band s let D(n,a,b,s) be the set of all dice with a <
1 < ... <zp, <band Zacl = s. Two dice X and Y are tied if the
number of pairs (i,7) with z; < y; equals the number of pairs (4, j)
with z; > y;. We prove the following: with one exception (unique
up to isomorphism), if X #Y € D(n,a,b, s) are tied dice neither of
which ties all other elements of D(n,a,b, s) then there is a third die
Z € D(n,a,b,s) which ties neither X nor Y.

1. Introduction

If a,b,n, s are integers with a < b and n > 0 then we denote by D(n, a, b, s)
the set of all integer lists X = (z1,...,2,) with @ < 21 < 23 < ... <
Zn < band Y x; = s. D(n,a,b,s) is the dice family containing all n-
sided generalized dice with integer labels which are bounded by a and b
and whose mean is s/n. If X|Y € D(n,a,b,s) we say X is stronger than
Y if it happens that among the n? choices of an z; and a y;, there are
more with z; > y; than with z; < y;. The fact that stronger can be non-
transitive was noted by Gardner [2] and has also been studied by other
authors [3, 4]. It has become a popular example of counterintuitive or
“paradoxical” behavior of simple mathematical objects, and is mentioned
in many textbooks on elementary mathematics and probability; one such
book [1] even comes with several generalized dice as accessories.

If neither of X,Y € D(n,a,b,s) is stronger than the other then we say
X and Y are tied, and if X is tied with every element of D(n, a, b, s) then we
say X is balanced. Several recent results indicate that the non-transitivity of
the stronger relation is not the only counterintuitive property of generalized
dice; in addition, ties are rarer than one might expect, considering that
every element of D(n,a,b, s) has the same mean label value. Balanced dice
are particularly rare; for instance there are only three balanced dice among



the 458 elements of the dice families D(6,1,6,s) with 8 < s < 34 [5]. In
the present paper we are concerned with ties involving non-balanced dice.
Such ties are certainly not uncommon; for instance, the 31 non-balanced
elements of D(6, 1, 6,21) include 94 tied pairs. Nevertheless such ties cannot
be considered “typical.”

The Tied Dice Theorem. Suppose X #Y € D(n,a,b,s) are tied,
non-balanced dice. Unless X and Y are the dice (a,a+4,a+ 8) and (a +
2,a+4,a+6) in D(3,a,a+ 8,3a + 12), there is a Z € D(n,a,b, s) which
ties neither X nor Y.

If ¢ is an integer then there is a stronger-preserving isomorphism be-
tween D(n,a,b,s) and D(n,a + ¢,b + ¢, s + nc) under which (z1,...,2,)
corresponds to (z1 +¢, ..., x, + ¢). Taking these isomorphisms into account,
the Tied Dice Theorem tells us that there is essentially only one example
of a pair of tied, non-balanced dice X,Y € D(n,a,b,s) such that every
element of D(n,a,b,s) ties at least one of X, Y.

It is natural to represent dice families using graphs. A dice graph
G(n,a,b, s) has a vertex for each die in D(n,a,b, s); non-tied dice are rep-
resented by adjacent vertices. The Tied Dice Theorem implies that up to
isomorphism, G(3,1,9,15) is the only dice graph with a component of di-
ameter greater than 2. (The weaker statement diam(G(n,a,b,s)) < 6 was
proven in [6].) G(3,1,9,15) is pictured below, with dice assigned vertices
lexicographically: a represents (1,5,9), b represents (1, 6,8), and so on.

Figure 1: the unique (up to isomorphism) dice family containing two tied,
non-balanced dice which do not share a non-tying “neighbor”



In the rest of the paper we outline a proof of the Tied Dice Theorem.
The proof is fairly direct for n < 3 and n > 7, but requires the consideration
of many special cases when 4 < n < 6. We present some of these special
cases here, and we would be delighted to share the rest with the interested
reader.

Before proceeding we should observe that there are many open questions
regarding dice families. What can be said about the asymptotic proportion
of tied pairs of dice? Is it possible to characterize the dice families which
contain elements that are not weaker than any others, or not stronger than
any others, or tied with most others? How common are failures of transi-
tivity? We hope an interested reader will find the answers to some of these
questions.

2. Generalities

Several notational conventions will be convenient. If a,b,n,s are integers
with @ < b and n > 0 then we let p = p(n,a,b,s) = min{zy | (x1,...,2,) €
D(n,a,b,s)} and ¢ = q(n,a,b,s) = max{z, | (z1,...,2) € D(n,a,b,)};
then D(n,a,b,s) = D(n,p,q, s) and both p and ¢ appear on some element of
D(n,a,b,s). A die X = (x1,...,2,) € D(n,a,b,s) is completely described
by its characteristic vector vX = (v;\,...,v)), with v¥ = |{j | z; = }|.
As was observed in [5], X is balanced if and only if v¥ is of the form
(v,w, v, w,...); for instance (2, 2,4,4) is balanced in D(4,1,5,12), where its
characteristic vector is (0,2,0,2,0), but it is not balanced in D(4, 1,6, 12),
where its characteristic vector is (0,2,0,2,0,0).

If X € D(n,a,b,s) and p < k < ¢q then we denote by fx (k) the win-loss
difference of a roll of k against X:

fx(k) =2 vl =3 v
i<k i>k

For Y = (y1,...,yn) € D(n,a,b,s) let fx(Y) =1, fx(y:). Then fx(Y)
is positive, negative or 0 according to whether X is weaker than Y, stronger
than Y, or tied with Y.

If v, v) > 0 then Y(i — i+1,j — j — 1) denotes the die obtained
from Y by replacing a single label ¢ with an ¢ + 1 and a single label j with
a j — 1. Observe that for any die X, fx(Y(i — i+ 1,7 — j—1)) =

fx(Y) + 0¥ + oy vy —of

Lemma 2.1. Suppose X € D(n,a,b,s) is not balanced. Then there are
i,j € {p,...,q — 1} such that i +j € {p+q—1,p+ ¢} and vX +vﬁ1 #*
X X
v+



Proof. Suppose not. Then vff + U;ﬁ-l = 115(_1 + vf = ”z))(—&-l + 115,&2 =
vg(_Q + 115(_1 = 'U;:_Q + UZ))(+3 and so on; hence v;¥ 4+ v¥; = UJX + UJXH for all
1,7 €{p,...,q — 1}. This is a contradiction, for it implies X is balanced. B

Lemma 2.2. Suppose X € D(n,a,b,s) is not balanced. Then there are
i,j €{p,....,q— 1} such that i+j € {p+q—1,p+q—2} and v¥ —|—vfi1 #*
X X
v} + Vit

X X _ X 1 X _ X X _.X X
Proof..If not then vz’ | +vg = vy +v,0 = vglo + V1 = Vpiq + U540
etc., so X is balanced. W

Proposition 2.3. Suppose ¢—p > 2, 2qg+ (n—2)p < s < 2p+(n—2)q,
and n>5. If XY € D(n,a,b,s) are tied, non-balanced dice then there is
a Z € D(n,a,b,s) which ties neither X nor Y.

Proof. Suppose there are i, j,u,w € {p,...,q — 1} such that 1 + j =
utw =p+qg—1, v +v¥, # vf—&—vﬁ_l and v) +v} | # vl o). . Wemay
choose them so that either u = ¢ and w = j or else vy +v\,; = vjy + v, ;.
Then (n—4)p < s— (i+j+14+utw+1)=s-2p+q) < (n—4)gq,
so there is a die Z € D(n,a,b,s) for which there are four different indices
a,B,7,0 € {1,...,n} such that z, =4, 23 =j + 1, 2y =u and zs = w+ 1.
(If i = w and j = w then v7 > 2 and v7, | > 2.) If Z ties neither X nor Y,
the proposition is satisfied. Suppose Z ties X, that is, fx(Z) = 0. Then
Z'=Z(iri+1,j+1 j) has fx(Z') = fx(Z)+v —I—Ul-)il—vjx—vﬁl =
0+v;* +v%, —v¥ =0}, # 0,50 Z" does not tie X. If Z’ does not tie Y, the
proposition is satisfied. If Z’ does tie Y, Z"”" = Z'(u — u+1,w+1 — w) has
I (Z") = fy(Z") +oy +oii =y —vig = 0+vy +oi g —vy —vg g #0
and fx(Z") = [x(Z') + vy +vpyy — ve — vy = 0 + 0%, — o —
v Uy + gy — v — vy # 0; hence Z” ties neither X nor Y and the

proposition is satisfied. If Z ties Y then a similar argument applies.

Suppose there are i,j € {p,...,q — 1} such that i+ j = p+ ¢ — 1 and
v 0ty A o ok, but o) 4ol = o) +oy ., forallu,w € {p,...,q—1}
with u + w = p+ ¢ — 1. Suppose for the moment that 2¢ + (n — 2)p < s.
Lemma 2.1 implies that there are u,w € {p,...,q¢ — 1} withu+w=p+g¢q
and v} +ovY,  #vd 4ol . Then (n—4)p<s—(i+j+1+utw+1)=
s—=2(p+q)—1 < (n—4)g—1, so thereis adie Z = (21, ..., 25) € D(n,a,b,s)
for which there are four different indices «, 8,7,d € {1,...,n} such that
Zo =14, 28 =7+1,2,=uand zs =w+1. (If i or j +1 coincides with u or
w + 1 then viZ > 2 or ijJrl > 2.) If Z ties neither X nor Y the proposition
is satisfied, and if Z ties X but not Y then Z(i — i+ 1,5+ 1 — j)
ties neither X nor Y. If Z ties Y then Z' = Z(u — v+ 1,w + 1 — w)
and 7" = Z(i—i+1,j+1~ j,u — u+1l,w+1+— w) do not. As



Ix(Z") = fx(Z") + v +v%, —’UJX —Uj)ﬂrl % fx(Z"), at least one of Z', Z"
does not tie X and consequently satisfies the proposition.

A similar argument applies when 2¢ + (n — 2)p = s; use Lemma 2.2
rather than Lemma 2.1 to find u,w € {p,...,q — 1} withu+w=p+q—2
and v} +o), | #vd +ob .

The preceding arguments verify the proposition if there are ¢, 5 € {p, ...,
q— 1} such that i+j =p+¢—1 and v —1—1)5)5_1 # vj( +vﬁ_1; similarly, the
proposition holds if there are 4,5 € {p,...,q—1} such that i+ j =p+¢g—1
and v} + v}, # 11]’-/ + UJYH. It remains to consider the possibility that
v + o, = v +o¥ and o)+l =0} o)y, forallije {p,..,q—1}
such that i +j=p+q— 1.

Suppose for the moment that s > (n —2)p+ 2¢ + 2. Lemma 2.1 implies
that there are 4, j,u,w € {p,...,q — 1} such that i + j = v+ w = p + g,
X + o, # UJX + 'UJXH and v +oY, | # v} +v) . 1; we may choose them
so that either v = ¢ and w = j or else v;X + vffﬂ =vX + vjfﬂ. Then
mn—4p<s—(i+j+1)—(u+w+1)=s—-2p+q) —2< (n—4)q
so there is a die Z € D(n,a,b, s) for which there are four different indices
a,B,7,8 € {1,...,n} such that z, =4, 25 =7+ 1, 2y =vand z; = w+ 1.
The argument of the first paragraph of the proof applies in this case.

A similar argument applies when s < 2¢ 4+ (n — 2)p + 2; use Lemma 2.2
rather than Lemma 2.1 to find ¢, j,u,w € {p,...,q— 1} withi+j =u+w =
pH+aq—2,v% +ofy #of +of and oy oy #F oy +og. B

Proposition 2.4. Suppose ¢ —p > 2, s < 2¢+ (n — 2)p or s >
4+ (n—2)q, andn>7. If X #Y € D(n,a,b,s) are tied, non-balanced
dice then there is a Z € D(n,a,b, s) which ties neither X nor Y.

Proof. Suppose first that s < 2g + (n — 2)p. Let C = (¢q,...,¢n), D =
(d1,....,dn) € D(n,a,b,s) have ¢,_o = p < dp_2. Then every pair (i, j)
with ¢ <n —2and j > n —2 has ¢; < d;, and every pair (i,7) with ¢; > d;
has i > n — 2. Consequently there are at least 3(n — 2) pairs (¢,7) with
¢; < d; and at most 2n pairs (4,7) with ¢; > dj; as n > 7, C is weaker
than D. The proposition follows because every element of D(n,a,b,s) is
of type C or type D, and D(n,a,b,s) contains both dice of both types. If
$ > 2p+ (n — 2)q a similar argument applies. l

Theorem 2.5. Suppose q —p<2orn<2o0rn>7 If X £Y €
D(n,a,b,s) are tied, non-balanced dice then there is a Z € D(n,a,b,s)
which ties neither X nor Y.



Proof. If ¢ —p = 1 then D(n,a,b, s) only contains one die, which must
be balanced as it certainly ties itself. If ¢ — p = 2 then D(n,a,b, s) has one
of two structures: either all its elements are tied or else it is linearly ordered
by the stronger relation [6, 7]. In the first case all its elements are balanced,
and in the second case none are tied. If n = 1 then D(n,a,b, s) has only
one element. If n = 2 then any two distinct elements of D(n,a,b,s) are
(c1,¢2) and (dyi,ds) with ¢1 < di < ds < co; clearly then all elements of
D(n,a,b,s) are tied, and hence all are also balanced.

In sum, if ¢ — p < 2 or n < 2 then there are no distinct, tied, non-
balanced dice in D(n,a,b,s). If n > 7, on the other hand, then one of the
two preceding propositions applies. B

3.n=6

If n = 6 then Proposition 2.3 and Theorem 2.5 show that the Tied Dice
Theorem is satisfied if g—p < 2 or dp+2¢q < s < 2p+4q. We may ignore the
possibility that s > 2p+4q because in this case X — — X defines a stronger-
reversing bijection between D(n,a, b, s) and D(n, —b, —a, —s). Moreover, if
s = 5p + ¢ then the Tied Dice Theorem holds because (p,p,p,p,p,q) is
weaker than every other element of D(n,a,b,s). Consequently we may
proceed assuming that ¢—p > 2 and 4p+2q > s > 5p+q. We partition the
dice in D(n, a,b, s) into three types: dice of type C are C = (p,p, p, p, c5, ¢o)
with ¢; > p; dice of type D are D = (p,p,p,ds,ds,ds) with dy > p; and
dice of type F are F = (e, €2, €3, €4, €5, ¢6) with e3 > p. As s > 5p+ ¢ and
q > p + 2, there are dice of all three types. Observe that a die of type C
cannot tie any die of type E, and a die of type C ties a die of type D if and
only if c5 > dg.

Suppose X and Y are distinct, tied, non-balanced elements of D(n,a, b,
s). If both are of type C (resp. E) then the Tied Dice Theorem is satisfied
by any die Z of type E (resp. C); hence we may as well suppose that X is
of type D. As s >5p+q>6p+2, 26 >p+2.

If Y is of type C then Z =Y (p— p+1,ys — yg — 1) does not tie Y,
because v;,/ +v§+1 >4 > v;; +v;/6_1. If Z does not tie X then the theorem
is satisfied. If Z ties X then it must be that v[)f + ”;(4-1 = vég + vji_l. As
v;( =3 and ys > y5 > xg > p + 1, this can only happen if y4 — 1 = x4
and U;g_l = 3. Then s = 3p+3(ys — 1) = 4p + 2yg, s0 ys6 = p+ 3. As
s =06p+6 < 4p+2q, q > p+4; then (p,p,p,p+ 1,p+ 1,p+4) is an
element of D(n,a,b,s) which ties neither X = (p,p,p,p + 2,0+ 2,p + 2)
nor Y = (p,p,p,p,p+3,p +3).



Suppose X and Y are distinct dice of type D; rename them if necessary
so that x¢ < yg. If s < 6p + 4 then it is not possible for X and Y to be
distinct, and if s = 6p+5 then it must be that X = (p,p,p,p+1,p+2,p+2)
and Y = (p,p,p,p+ 1,p+ 1,p+ 3); but these are not tied. Hence it must
be that s > 6p+6. If s = 6p+ 6 then X = (p,p,p,p + 2,p + 2,p + 2),
Y = (p,p,p,p + 1,p + 2,p + 3), and neither ties (p,p,p,p,p + 2,0 + 4);
note that ¢ > p 4+ 4 because ¢ < p + 3 would imply X is balanced. If
$>6p+6then ys > 26 > p+3. If a6 >p+3thenlet Z = (p+1,p+1,p+
1,24, 25,26 — 3); Z should be renamed (p+ 1,p+ 1,p+ 1, 24,26 — 3, 5)
or (p+1,p+ 1,p+ 1,26 — 3,24,25) if necessary. As x¢ < yg, T5 < Ya
is impossible; hence Z ties neither X nor Y. Suppose s > 6p + 6 and
26 =p+3;thenxs >p+2. Let Z=(p+1,p+1,p+1,p+1,24,25 — 1);
Z should be renamed (p+ 1,p+ 1,p+ 1,p+ 1,25 — 1,24) if necessary. Z
does not tie X, and Z ties Y if and only if y4 > x4 and y4 > x5 — 1. As
s> 6p+6 and xg = p+ 3, x5 — 1 and x4 cannot both be as small as p+ 1;
hence if y, is bigger than both then y4 > p + 3 = zg. This cannot occur if
X and Y are distinct, so Z ties neither X nor Y.

Finally, suppose X is of type D and Y is of type E. Z = (p,p,p,p, s —
4p — q,q) does not tie Y; if Z does not tie X then the Tied Dice Theorem
is satisfied. If Z does tie X then s —4p — ¢ > xg; as zg > p + 2, it follows
that s—4p—q > p+3. Then s > 5p+q+3, so s < 4p+ 2q implies ¢ > p+4
and consequently s > 5p+q+3 >6p+7. Ass <3zg+3p, s>6p+7
implies that z¢ > p + 3; then s — 4p — ¢ > x4 implies s > 5p + g + 3, so
s < 4p + 2q implies ¢ > p + 4, and then s > 5p + ¢ + 3 implies s > 6p + 9.

Choose the smallest r with 'U;/ +v;/+1 #vY +vY, ;. Then 2p < p+r+4 <
p+q+3,s04p+2q > s> 5p+q+3implies 2p+2g > s— (p+r+3) > 4p;
consequently there is a Z’ € D(n,a,b, s) with vf' > 2 and either vﬂ_Q >2
(ifr=p+1)or 115_{_2 #0# U,.Z_;_l (if r >p+1). If Z’ ties neither X nor
Y then the Tied Dice Theorem is satisfied. If Z’ ties Y then Z" = Z'(p —
p+1,74+1 — r) does not; if Z” does not tie X then the theorem is satisfied.
If Z" does tie X then Z" = Z"(p4+2 — p+1,p — p+1) does not, because
x6 > p+ 3 implies vX + v, | > v | + v, 5. Moreover Z” does not tie Y,
for fy (Z") = fy(Z')+2(v) +vps1) = (vp 1 +0p a0y +0)0) = 040y +
U;};rl_(U1¥+1+U;¥+2)+U;¥+U§+1_('UX‘HJX+1) = 5(”;/"’”;;1_”2/_”2;1) # 0,
where § is 2 or 1 according to whether r = p+1orr > p+ 1. If Z’ ties
X and does not tie Y then W = Z'(p— p+ 1,p+ 2 — p+ 1) does not
tie X, because v\ + vy, > v, + i, and hence fx (W) > fx(Z') =
0. If W does not tie Y, the theorem is satisfied. If W does tie Y then
W'=W(p~ p+ 1,741 7) does not, because v} +vY,, # v} +v)Y;
moreover W’ does not tie X because vz)f + 1}521 > X + vfj_l for all ¢ and
hence fx(W') > fx(W) > 0.



4. n=25

If n = 5 then Proposition 2.3 and Theorem 2.5 show that the Tied Dice
Theorem is satisfied if g—p < 2 or 3p+2¢ < s < 2p+3q. We may ignore the
possibility that s > 2p 4+ 3¢ because X — —X defines a stronger-reversing
bijection between D(n,a,b, s) and D(n,—b, —a,—s).

If s = 4p + q then the Tied Dice Theorem holds because (p,p,p,p, q) is
weaker than every other element of D(n,a,b,s). Otherwise s > 4p + g >
5p+2 and hence s > 5p+4. If s = 5p+4 then (p,p+1,p+1,p+1,p+1)is
stronger than every other element of D(n, a,b, s), so the Tied Dice Theorem
is satisfied. If s = 5p+ 5 and ¢ = p + 3 then (p,p,p,p + 2,p + 3) is weaker
than every other element of D(n,a,b,s). If s =5p+ 5 and ¢ = p + 4 then
(p,p,p,p+ 1,p+4) and (p,p,p,p + 2,p + 3) are tied, and each is weaker
than every other element of D(n,a,b,s). In any case, if s = 5p + 5 the
theorem is satisfied. Consequently we may proceed assuming that ¢g—p > 2,
3p+29>s>4p+qands>5p+5.

We partition the dice in D(n,a,b, s) into three types: dice of type C
are C'= (p,p,p, ca,¢5) with ¢4 > p; dice of type D are D = (p,p,ds,ds, ds)
with d3 > p; and dice of type E are E = (e, €2, €3, €4, €5) with eg > p. As
s> 4p+ q and q > p + 2, there are dice of all three types. Observe that a
die of type C' cannot tie any die of type F, and a die of type C' ties a die
of type D if and only if c5 > ¢4 = d5 > d4.

Suppose X and Y are distinct, tied, non-balanced elements of D(n, a, b, s);
we may as well suppose that X is of type D. As s > 5p+5, x5 > p+ 2.

If Y is of type C then y5 > ys = x5 > 24, S0 Y = (p,p,p, ya,ys) and
X = (p,p,x3,T4,ys) With v,}/; =1= 1152. As y5 > x5 and y4 > x4, it must
be that x3 > p+ 1; then (p,p+ 1,23 — 1,24,y4) ties neither X nor Y.

Suppose X and Y are distinct dice of type D. They are tied, so there
must be an odd number of pairs (4, j) with ¢,j > 3 and x; = y;. If this
number is more than 3 then X = Y. If this number is precisely 3 then
changing names if necessary, we may presume y3 < T3 = T4 = T5 = Ys < Y5
and ys—y3 = ys—ya. Hys—ys > 1 then (p,p+1,ys3,ya—1,ys5) ties neither X
nor Y. If ys—ys =1 and y3 > p+1 then (p,p+1,y3 — 1, v4,y5) ties neither
XnorY. Ifys —ys=1and y3 =p+ 1 then X = (p,p,p+2,p+2,p+2)
and Y = (p,p,p+ 1,p + 2,p + 3); neither ties (p, p,p,p +3,p + 3).

Suppose the number of pairs (i,7) with 4,5 > 3 and z; = y; is 1. If
73 = y3 then we may presume X = (p,p, z3,74,25) and Y = (p,p, 23, Y4,Ys)
with x4 < y4 < y5 < x5 and y4 — x4 = x5 — ys5; then (p,p+ 1,23, 24,25 — 1)



ties neither X nor Y. If 24 = y, then we may presume X = (p, p, x3, T4, Ts5)
and Y = (p,p, 3, v4,ys) With 23 < ys <74 =ys < ys < 25 and y3 — v3 =
x5 — ys; then (p,p+ 1,23, x4, x5 — 1) ties neither X nor Y. If x5 = y5 then
we may presume X = (p,p, $3a$47$5) and Y = (p,p, T3, Y4, Ys5) With x5 <
ys < ya < w4 < x5 = ys5 and y3 —x3 = x4 — y4; then (p,p+ 1, 23,24 — 1, 75)
ties neither X nor Y.

Suppose X is of type D and Y is of type E. Y ties no die of type C. As
observed above the only type C die which might tie X is (p,p, p, x5, s — x5 —
3p), so the theorem is satisfied unless this is the unique die of type C and it
ties X. We proceed assuming this uniqueness, which implies s — x5 —3p = ¢
and x5 = ¢ — 1, and assuming C = (p,p,p,q — 1, q) ties X, which implies
p<az<wz4=p+qg—x3<uz5=¢q-—L

Suppose for the moment that x4 = ¢—2; then X = (p, p, p+2,9—2,¢—1).
Ifgq—p=3thens=3p+2¢q—1=5p+5;but s>5p+5,s0q—p=>4.
If g=p+4then X = (p,p,p+2,p+2,p+3). X does not tie X(p+ 3 —
p+4p+2—p+1)or X(p+3—p+2,p— p+ 1), so the theorem
is satisfied unless both of these dice tie Y'; consequently we may presume
U;/Jrg +v;/+4 = U;/H —i—v;/ﬂ and v;/+3 —I—U;/H = 1}2,/ +U;/+1. As Y is not
balanced, it must be that U;/H + v;/H # v;/+3 + ”;/+2 = v;/ + U;/H; then
neither X nor Y ties X(p—p+1,p—p+1L,p+3—p+1). lfg=p+5
then X = (p,p,p+2,p+3,p+4). X does not tie X(p +— p+1,p+2— p+1)
or X(p+3—p+4p+2—p+1l)or X(p+4—p+5p+3—p+2),s0
the theorem is satisfied unless Y ties all three of these dice; consequently
we may presuime 1);/ —|—v;/+1 = vgfﬁ +vgf+1 = v;;rg —&—U;/H and v;/+4 +v;/+5 =
U§+2+1};+3. AsY is not balanced, it must be that v;/ —HJ;/H = v;/+2+1};/+1 #
UZ+2+U;/+3; then neither X nor Y ties X (p — p+1,p — p+1,p+3 — p+1).
Ifg>p+5then X = (p,p,p+2,g—2,g—1) and p+2 < ¢ — 3. X does
not tie X(p — p+1,g — 2 — g — 3), so the theorem is satisfied unless Y’
does; hence we may presume v;/ + ’U;/_,'_l = vé’_g + vé’_? By Lemma 2.2
there are 4,5 € {p,....,q — 1} such that it +j € {p+¢— 1,p+ ¢ — 2} and
v+l # v +vfyy Thens —(i+j+1+p+q—2)=3p+2¢—1-
(i+j+p+qg—1)=2p+q—(i+j) € {p+1,p+ 2}, so there is a die
Z € D(n,a,b,s) with one label equal to 4, another label equal to j + 1,
another label equal to p, another label equal to ¢ — 2, and the fifth label
equal to p+ 1 or p+ 2. If Z ties neither X nor Y, the theorem is satisfied.
If Z ties X but not Y then Z(p — p+ 1,q — 2 — ¢q — 3) ties neither, for
vif + vfﬂ # v;z)ig + vgig and v;/ + vgfﬂ = véig + 11;:2. If Z ties Y then
Z'=Z(G+1—ji—i+1)doesn’t; 2/ =Z(p—p+1,qg—2— q¢—3)
has fx(Z") # fx(Z') and fy(Z") = fy(Z'), so at least one of Z', Z" ties
neither X nor Y.



Suppose now that x4 < ¢ — 2; recall X = (p,p,z3,p+q — 3,9 — 1). If
vy +ory # vy o4 then X(p— p+1,g—1+— q—2) ties neither
X nor Y; hence we may presume v},’ + U;/H = v{_z + v;/_l. By Lemma
2.2 there are i,j € {p,....,q — 1} such that i +j € {p+qg—1,p+q — 2}
and v} —‘rUZH #v}/—l—v};l. Then s —(i+j+14+p+qg—1)=3p+29—
1—(+j+p+q) =2p+q—1—(i+7) € {p+ 1,p}, so there is a die
Z € D(n,a,b,s) with one label equal to 4, another label equal to j + 1,
another label equal to p, another label equal to ¢ — 2, and the fifth label
equal to p+ 1 or p. As in the closing sentences of the preceding paragraph,
at least one of Z, Z(p—p+1,q—1—q—2), Z(j+1+— j,i — i+ 1),
Z(j+1—ji—i+1,p—p+1,g—1+ g—2) ties neither X nor Y.

5. n=4

Our proof of The Tied Dice Theorem for 4-sided dice is much longer than
the arguments above. Notice that the proof of Proposition 2.3 involves
manipulating four labels (one each of , j,u and w) to produce an element
Z € D(n,a,b,s) which ties neither X nor Y. The other n — 4 labels of Z
are important only in that they give >z = s. When n = 4, however, we
cannot freely choose four labels on Z — the fourth label is determined by
s and the first three. For this reason we have not found anything better
than an extremely ungainly argument when n = 4 and ¢ — p > 2; our proof
is simply an exhaustive list of the various ways X and Y may be related,
with verification that an appropriate Z exists in every case. We would be
glad to provide an interested reader with a full account.

6. n=3
Let X and Y be distinct, tied, non-balanced elements of D(3,a,b,s).

Suppose that s = 3k + 1, where k € Z, and let A = (a1,a2,a3) €
D(3,a,b,s). It A ties (k,k,k+ 1) there must be an odd number of indices i
with a; = k+ 1. This odd number cannot be 3, as s # 3k + 3; consequently
A= (k—a,k+1,k+a) for some a. If a # 0 then (k —a,k+ 1,k +a) does
not tie (k,k,k + 1), so we conclude that the only element of D(3,a,b,s)
which ties (k,k, k + 1) is (k, k, k + 1) itself. Consequently neither X nor Y
is (k,k,k + 1), and the theorem is satisfied by Z = (k,k,k + 1). A similar
argument applies if s = 3k — 1.

Suppose now that s = 3k. If p > k — 1 and ¢ < k4 1 then D(3,a,b,s)

actually contains no non-balanced dice. If p = k —1 and ¢ > k£ + 1 then
g=k+2and (k— 1,k — 1,k + 2) doesn’t tie either of the other elements
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of D(3,a,b,s); similarly, if g = k+ 1 and p < k — 1 then p = k — 2 and
(k—2,k+1,k+ 1) doesn’t tie any other element of D(3,a,b,s).

Suppose p < k—2 and ¢ > k+ 2. If (k,k, k) ties neither X nor Y
the theorem is satisfied, so we may presume that at least one of XY ties
(k, k,k); necessarily then k appears as a label on at least one of X,Y.
Similarly, we may presume that at least one of X,Y ties (k—1,k—1,k+2)
and hence has k + 2 as one of its labels, and at least one of X,Y ties
(k—2,k+1,k+ 1) and hence has k — 2 as one of its labels. Consequently
each of Kk — 2 k,k + 2 appears on at least one of X,Y, so at least one of
X, Y must involve two of these labels and hence must equal (k—2, k, k+2);
say X = (k—2,k,k+2). As X is not balanced, p < k—4 or ¢ > k + 4.

In order to tie, X and Y must share an odd number of labels. They
cannot share all three labels of X because X # Y, so they share precisely
one label of X; suppose the one label they share is k — 2. If Y = (k —
2k—1,k+3)or Y =(k—2,k+1,k+1)then Z=(k—2,k—2,k+4) or
7Z = (k—4,k+2, k+2) satisfies the theorem. The other dice on which k—2
appears exactly once are of the form (k —a, k— 2,k + a+2) for some a > 2;
Y cannot be of this form because X does not tie such a die. Similarly, if
k + 2 is the one label shared by X and Y then Y = (k—3,k+ 1,k +2) or
Y = (k—1,k—1,k+2), and the theorem is satisfied by Z = (k—4, k+2, k+2)
or Z=(k—2k—2k+4).

Suppose the one label of X shared by Y is k; then Y = (k —a, k, k + a)
for some a > 0, a # 2. If p < k — 4 then the theorem is satisfied by
Z = (k—4,k + 2,k + 2) unless Y ties this die. In order to tie it, ¥
would have to share exactly one of its labels; hence k — 4 would have to
appear on Y. Similarly, if ¢ > k + 4 then the theorem is satisfied by
Z = (k—2,k—2k+4) unless Y ties this die, and in order to tie it, ¥
would have to share exactly one of its labels; hence k + 4 would have to
appear on Y. We conclude that if the theorem is not satisfied then k& — 4
or k + 4 must appear on Y; as the label k is shared by X and Y, it follows
in either case that Y = (k —4,k,k +4). As both (k— 3,k —2,k+5) and
(k—5,k+2,k+3) tie neither X = (k—2,k,k+2) nor Y = (k—4,k, k+4),
it follows that if there is no Z € D(3,a,b,s) which ties neither X nor Y
then p=k—4and ¢ =k + 4.
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