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Abstract

We present a very tedious proof of the n = 4 case of the Tied Dice Theorem.

Suppose X = (21, %9, %3,24),Y = (y1,Y2,Y3,y4) € D(4,a,b,s) are distinct, tied, non-balanced dice. Let
7 denote the number of pairs (4,j) with z; = y;; as X and Y are tied, there must be (16 — 7)/2 pairs
(xi,y;) with ; > y;, and (16 — 7)/2 pairs (z;,y;) with 2; < y;. For each value of 7 we list the various
possible arrangements of the labels of X and Y by considering the winning configuration cicacszcy of X,
where ¢; = |{j | ; > y;}|; the winning configuration is a nondecreasing sequence of non-negative integers
whose sum is (16 — 7)/2.

We hope that the layout of the addendum is clear, with sub-cases underlined and sub-sub-cases underlined
and indented. In each case we provide an example of a Z € D(4,a,b,s) which ties neither X nor Y, and
we briefly explain the nonzero values of fx(Z) and fy(Z). For instance the first sub-case considered below
includes the statement “Z = (z2,y2+ 1, y3,ya +y1 — 22 — 1) ties neither X nor Y (fx(Z)— fx(Y)=0— (1 or
2) and fy(Z) — fy (Y) = (at least 2) — 1).” Recalling that fx(X) = fx(Y) =0= fy(X) = fy(Y) because
X and Y are tied, the quoted statement indicates that if we think of Z as having been obtained from Y
by reducing y; to xo, increasing y» to y» + 1 and increasing y4 to y4 + y1 — 22 — 1, then we can see that
fx(Z) #0+# fy(Z) because reducing y; contributes —1 or —2 to fx(Z) and contributes —1 to fy (Z), while
increasing yo and y, contributes at least 2 to fy(Z) and does not affect fx (7).

1.7=0

Suppose 7 = 0; we may presume that x4 > y4. Then there are only four possible arrangements of the x;
and y;: z1 <22 <y1 < Yo <y3 < s < x3 < x4 with winning configuration 0044, 1 < y1 < 22 < y2 <
Yz < w3 < Y4 < x4 with winning configuration 0134, 1 < y1 < Yo < 22 < 23 < y3 < y4 < x4 with winning
configuration 0224, and y; < x1 < T2 < Yo < 3 < Y3 < y4 < x4 with winning configuration 1124.

11, 2y <z <y1 Sy <ys <ys < w3 < T4

2<y;—wo<aw3—ys f2<y; —xo <3 —yy and y; < yo then Z = (zo,y2 + 1,y3, 91 + y1 — x2 — 1) ties
neither X nor Y (fx(Z2)—fx(Y)=0—(lor2)and fy(Z)—fy(Y) = (atleast 2)—1). If 2 < y; —x2 < w3—ys
and y; = yo then again Z = (z2,y2 + 1,y3,ys + y1 — 2 — 1) ties neither X nor Y (fx(Z) — fx(Y)=0—-(1
or 2) and fy(Z) — fy(Y) = (at least m + 1) — m, where m = |{i|y; = y1}|)-

2 < x3 —y4 < y1 — x2 The preceding paragraph may be applied to —X = (—x4, —x3, —T2, —21) and —Y =
(—y4, —Yy3, —Y2,—y1) to find a Z € D(4, —b, —a, —s) which ties neither —X nor —Y. Then —Z satisfies the
theorem.

1=y —xo <ax3—ys Ifx1 <9 then Z = (20— 1,y2+1,y3+1,y4) ties neither X nor Y (fx(Z2)— fx(Y) =
0—(2or3)and fy(Z)— fy(Y) = (at least m 4+ 1) — m, where m = [{i|y; = y1 }|). f 21 = 22 and y1 = yo
then Z = (y1,v1,%3 — 2,24) does not tie X or Y (fx(Z) — fx(X) =4— (1 or 2), fy(Z) — fyr(X) = (at
least 4) — (at most 2) if yo < y4 and fy(Z) — fy(X) =8 —4if yo = y4). If 1 = 29 and y3 < x3 — 2 then
again Z = (y1,y1, 23 — 2,24) does not tie X or Y (fx(Z) — fx(X) =4—1 and fy(Z) — fy(X) = (at least
2) — (at most 1)). If x1 = x9, y1 < y2 and y3 = y4 = x3 — 2 then Z = (z1,y2,ys3,y4 + 1) does not tie X or YV
(Fx(Z) — fx(Y) = 0= 2 and fy(Z) — fy(Y) = (at least 2) — 1).




1 =23 — y4 < y1 — x2 Apply the preceding paragraph to —X and —Y.

yn—xo=1=x3—ys, x1 <agand zg=x4 If 7 < 29 — 2 then Z = (z1 + 1,29,y4,x4) ties neither X
nor Y (fx(Z) — fx(X) = 1-2and fy(Z) — fy(X) = 0— (at least 1)). If xy = o — 1 then either
Y1 = Y2 < y3 < yg4 is true, in which case Z = (z1, 22+ 1, y4, z4) ties neither X nor Y (fx(Z)— fx(X)=1-2
and fy(Z) — fy(X)=2—-1), or y1 = y2 < y3 < ya is false, in which case Z = (z2,22 + 1, y4, y4) ties neither
XnorY (fx(Z) = fx(X) =3 -4 and fy(Z) — fy(X) = [{i|yi =y }| = 2- {ilyi = ya})).

Y1 — o =1 = w3 — Y4, 1 = 2 and z3 < x4 Apply the preceding paragraph to —X and —Y.

1 —xo=1=m3 —ys, x1 <29 and x3 < x4 If 1 < o — 2 then Z = (z1 + 2, 29,23 — 1,24 — 1) ties neither
X norY (fx(Z2) — fx(X) =1— (at least 2) and fy(Z) — fy(X) =0 — (at least 1)). If z; = 29 — 1 then
Z = (z1+ 1,22, 23 — 1, 24) ties neither X nor Y (fx(Z)— fx(X)=2-1and fy(Z)— fy(X) = 0— (at least
1)). Ifzy > x3+2then Z = (x1+ 1,22+ 1,23, 24 —2) ties neither X nor Y (fx(Z)— fx(X) = (at least 2) —1
and fy(Z) — fy(X) = (at least 1) — 0). If x4 = 23+ 1 then Z = (z1, 22 + 1,23, 24 — 1) ties neither X nor YV
(fx(Z2)—fx(X)=1-2and fy(Z)— fy(X) = (at least 1) —0). If x1 = 22 —2 and 4 = x3+2 > x2+4 then
Z = (x1,22 + 2,x3,24 — 2) ties neither X nor Y (fx(Z) — fx(X)=1-2and fy(Z) — fy(X) = (at least
2)—0). fa; =29—2, 24 =x3+2=29+4and p < 21 —1 then Z = (21 — 2,22+ 2, 23, x4) ties neither X nor
Y (fx(Z)—fx(X)=2—-1and fy(Z)— fy(X)=8—-0). Ifx; =ax2—2, x4y =2x3+2=a3+4and ¢ > x4+ 1
then Z = (21,29, x3 — 2,24 + 2) ties neither X nor Y (fx(Z) — fx(X)=1—2and fy(Z) — fy(X) =0-28).
X is not balanced, so it cannot be that x1 =292 — 2, x4y =x3+2=22+4,p>x1 — 1 and ¢ < x4 + 1.

Y1 — T2 =1=2x3 —y4, x1 = 22 and 23 = 74

y1 <y2 <ysIfys >ys—1then 7 = (2141, 20+1,25—2, 24) ties neither X nor Y (fx(Z)—fx(X) =4-2
and fy(Z) — fy(X) =2 — (at least 3)). If y3 < y4 — 2 then Z = (x1 + 1,29 + 2,25 — 3, 14) ties neither X
nor Y (fx(Z)— fx(X)=4—-2and fy(Z) — fy(X) = (at least 3) — 2). If y3 = y4 — 2 and y; < y2 — 2 then
Z = (x1,22+ 3,23 — 2,4 — 1) ties neither X nor Y (fx(Z) — fx(X)=2—-4 and fy(Z) — fyr(X) =2-3).
Ifys =ys—2and y1 =y2 — 1 then Z = (y1 — 1,y1, ya, ya) ties neither X nor ¥V (fx(Z) — fx(¥Y) =0—2 and
Iv(Z)=fy(Y)=2=-3). fys=ys—2,y1 =y2 — 2 and y2 < y3 — 2 then Z = (y1 — 1,42 + 2,y3,y4 — 1) ties
neither X nor Y (fx(Z2)—fx(Y)=0-2and fy(Z)—fy (V) =1-2). Ifys = y4—2,y1 = y2—2 and y2 = y3—1
then Z = (y1,y2,y3 — 1,ys + 1) ties neither X nor Y (fx(Z) — fx(Y)=2—-0and fy(Z)— fy(Y)=1-2).
Hys=ys— 2, y1 =y2— 2, y2 = y3 — 2 and ¢ > y4 + 1 then Z = (y1,y2 — 2,y3,y4 + 2) ties neither X nor YV
(fx(Z)—fx(Y)=4-0and fy(Z)— fy(Y)=1-2). fys=ya—2, pn =92 -2, y2 =ys —2and p < y; — 1
then Z = (y1 — 2,y2,ys + 2, ya) ties neither X nor Y (fx(Z) — fx(Y)=0—4 and fy(Z)— fy(Y)=2-1).
It cannot be that ys =ys —2, 11 =y2—2, Y2 =ys—2, ¢ <ys+1 and p > y; — 1, because Y is not balanced.

y1 <yo2 =y3 If y3 < yg then Z = (y1 — 1,y2,y5 + 1,y4) satisfies the theorem (fx(Z) — fx(Y)=0-2
and fy(Z)— fy(Y)=(2o0r 3)—1). If y3 = y4 then Z = (x1 + 1,25 + 1,23 — 2, 24) satisfies the theorem
(fx(Z2) — fx(X)=4—-2and fy(Z) — fy(X)=2—(60rT7)).

11 =Yy2 <ys lfys =ya+1then Z = (y1 — 1,y2+ 1, ys, ya) ties neither X nor Y (fx(Z)— fx(Y)=0-2
and fy(Z) — fy(Y) = 3or4)—2). If y3 > yo +2 then Z = (y1 — L,y2 + 2,y3 — 1,y4) ties neither
X norY (fx(Z2) — fx(Y) =0-2and fy(2) — fy(Y) =2 — (at least 3)). If y3 = y2 +2 < y4 then
Z = (y1—1,y2— 1,y3 +2,y4) ties neither X nor Y (fx(Z)— fx(Y)=(0or2)—4 and fy(Z)— fy(Y) = (at
most 3) — 4); note that if y3 = y4 — 1 then Z is actually (y; — 1,y2 — L,ys,y3 +2). Iffys = yo +2 = 44
and ¢ > ys + 1 then Z = (y1 — 1,y2,ys — 1,y4 + 2) ties neither X nor Y (fx(Z) — fx(Y) = 4 — 2 and
()= fy(Y)=2-4). fys=y2+2=yg and p < y; — 1 then Z = (y1 —2,y2+ 1,ys3,ys + 1) ties neither X
nor Y (fx(Z)— fx(Y)=2—4and fy(Z)— fy(Y) =4—2). It cannot be that y3 =yo+2 =94, p > 11 — 1
and ¢ < y4 + 1, because Y is not balanced.

n=ys<ys Z = (y1 — Lya — 1,y3 + 1,y4 + 1) satisfies the theorem (fx(Z) — fx(Y) = 2 — 4 and
fy(Z) = fy(Y)=4-6).

1 =ys If ¢ > x4+ 1 then Z = (21,292,253 — 2,24 + 2) satisfies the theorem (fx(Z) — fx(X) =2—-14
and fy(Z) — fy(X) = 0-28). If p < 21 — 1 then Z = (x1 — 2,22 + 2,23,24) ties neither X nor YV
(fx(Z)— fx(X)=4—-2and fy(Z)— fy(X)=8—-0). As X is not balanced, it cannot be that p > z; — 1
and ¢ < x4 + 1.

12. 21 <y1 <22 <y2 Sys < w3z <ys <4

N —x1>2x4—yYs>2 1 ys > w9+ 1 then Z = (y1 — (x4 — ya) + 1,y2,ys — 1,24) ties neither X nor YV
(Ix(Z)—fxY)=1—-0and fy(Z)— fy(Y)=1—(2o0r 3)). If y3 = 22 + 1 then necessarily y» = y3, and




Z = (Y1, %2, %2, ys + 2) ties neither X nor Y (fx(Z) — fx(Y)=0or 1) —2and fy(Z) — fy(Y)=1-4).
Ty —Yq > y1 — 1 > 2 Apply the preceding paragraph to —X and —Y.

T4 —yYs >y —x1 = 1l xg—ys > 2then Z = (y1—1,y2—1,ys3, ya+2) ties neither X nor Y (fx(Z2)—fx(Y) =
0—(lor2)and fy(Z2)—fy(Y) =1—(atleast 2)). If z4y—y4 = 2 and z3—y; = 1 then Z = (2142, 22, T3, T4—2)
ties neither X nor Y (fx(Z)— fx(X)=2—-1and fy(Z)— fy(X)=2-1), and if 24 —ys = 2 < 29 — 1 then
Z = (x1+2,29 — 1,23,24 — 1) ties neither X nor Y (fx(Z) — fx(X)=1-2and fy(Z) — fyr(X) =2-0).
y1 —x1 > x4 — Y4 = 1 The preceding paragraph may be applied to —X and —Y.
Ty—ys=y1—21=1and ys — 23 # 23 —ys fys—x3 > 23—y3 then Z = (y1,y2— 1, 23+1, ys— (v3—y3)) ties
neither X nor Y (fx(Z)—fx(Y)=2—(0or 1) and fy(Z)—fy(Y) = 6—(143), where § = 2 or 1 according to
whether or not ya = y3). If y4 —x5 < x3—y3 and y3 > yo then Z = (y1 —1,y2,y3 +ya —x3+ 1, x3) ties neither
XnorY (fx(Z)—fx(Y)=(0or1l)—2and fy(Z)— fy(Y)=1-2), and if y4 — 23 < 23 — y3 and y3 = yo
then Z = (y1,Y2, Y3+ ya — 3, x3) ties neither X nor Y (fx(Z)— fx(Y)=0—-1and fy(Z2)— fy(Y)=2-1).
Ty —ys=1,y1 —x1 =1 and yo — x5 # x5 — y1 Apply the same arguments to —X and —Y.
Ta—yYa=y1—o1 =1, ys—w3=x3—ysand yo — T2 = T2 — Y1

Note that x1 + x4 = y1 + Y4, S0 To + T3 = Y2 + Y3, SO T3 — Y3 = Y2 — X2.

T3 —Ys=Ya— T2 >2 7 = (y1,y2 — 2,y3 + 1,y4 + 1) ties neither X nor Y (fx(Z) — fx(Y)=1-0 and
fv(Z)—fy(Y)=(1+0)— 0, where § = 2 or 1 according to whether or not yo = y3).

3 —Ys=Ys— a0 =22 = (x1+2,29 — 1,23 — 1,24) ties neither X nor Y (fx(Z) — fx(X)=1—2 and
F(Z) = fr(X)=2-0).

T3—ys=yo—22=1X = (y2 = 3,92 — Liys+ Liys +3) and ¥ = (y2 — 2,52,93,y3 + 2). [fyo = y3
then the fact that X is not balanced implies that either p < yo —4 or ¢ > y3 + 4; if p < yo — 4 then
Z = (y2 — 5,Y2,y3 + 2,y3 + 3) ties neither X nor Y (fx(Z) — fx(Y)=3—-2and fy(Z2) — fy(Y)=4-1),
and if ¢ > y3 +4 then Z = (y2 — 3,92 — 2,y3,y3 + 5) ties neither X nor YV (fx(Z) — fx(Y) =2 -3
and fy(Z) — fy(Y) = 1—4). If yo = y3 — 1 then Z = (y1,92 + 1,y3,ys — 1) ties neither X nor YV
(fx(Z2)—fx(Y)=0—-1and fy(Z) — fy(Y)=2—1). If yo = y3 — 2 then the fact that Y is not balanced
implies that either p < yo —3 or ¢ > y3 +3; if p < y2 — 3 then Z = (y2 — 4,y3,¥3,y3 + 2) ties neither X nor
Y (fx(Z2) = fx(Y) =0=2and fy(Z) = fy(Y) =2—1), and if ¢ > y3 + 3 then Z = (y2 — 2,y2,72,y3 + 4)
ties neither X nor YV (fx(Z) — fx(Y) =2 -0 and fy(Z) — fy(Y) =1 —2). Finally, if y» < y3 — 2 then
Z = (Y2 — 3,y2 + 2,y3,y3 + 1) ties neither X nor ¥ (fx(Z) — fx(Y)=0—-2and fy(Z)— fy(Y)=1-2).

13. 21 <y1 Syo <2 <3 <Yz <ys <4

ys —x3 > 2and o —yp > 2

y1— 21221 290 —ys > y1 — 1 then Z = (y1,22 — (y1 — 21) + 1,25 — 1,24) ties neither X nor Y
(fx(Z) = fx(X) =1 — (at least 2) and fy(Z) — fy(X) = (L or 2) = 0). If ys — @1 = 22 —y2 > y3 — w3
then Z = (z1 + 22 — y2 — 1,y2, 3 + 1, x4) ties neither X nor Y (fx(Z) — fx(X) = (1+9) — J, where 6 =2
or 1 according to whether or not z9 = z3, and fy(Z) — fy(X) =0— (1 or 2)). If x5 — y2 < y3 — x3 and
Xo—ys < y1—xy then Z = (2141, 92, 23— ya+ 22— 1, 24) ties neither X nor Y (fx(Z2)— fx(X) = (1+46)—4,
where § = 2 or 1 according to whether or not x2 = z3, and fy(Z) — fy(X) =0— (1 or 2)).

x4 — Y4 > 2 Apply the preceding paragraph to —X and —Y.

T4 —yYys=1=1y1 —x1 and y3 —x3 > 22 —yo If both y; = yo and y3 < y4 — 1 are true then Z =
(x1,Y2,y3 + 1,ya) ties neither X nor ¥V (fx(Z) — fx(Y) =0—1 and fy(Z2) — fyr(Y) = 1 —2). Oth-
erwise Z = (y1,22,y3 — (T2 — y2) + 1,y4 — 1) ties neither X nor Y (fx(Z) — fx(Y) = (1 or 2) — 0,
y(Z)—fy(Y) =1—(at least 2) if y1 < y2, and fy (Z)— fy(Y) = 2—(at least 3) if y; = y2 and y3 > ys —1).

Ty —ys=1=19y; —x1 and y3 — 3 < x2 — yo Apply the preceding paragraph to —X and —Y.

Ty —y2=1<ys—u3

T4 —ys>ys—a3 If g1 = yo and y3 = y4 then Z = (y1,y2 + 2,y3 — 1,y4 — 1) ties neither X nor
Y (fx(Z2) — fx(Y) = (at least 2) — 0 and fy(Z) — fy(Y) = 2 —4). If y1 < yy and y3 = y4 then
Z = (y1,y2 + 1,y3 — 1,y4) ties neither X nor Y (fx(Z) — fx(Y) = (at least 1) — 0 and fy(Z) — fy(Y) =
1 — 2); the same Z satisfies the theorem if y3 = yo and y3 < ys (fx(Z) — fx(Y) = (at least 1) — 0 and
fv(2)—frY)=2-1). If y1 < y2 and y3 +1 = yy then Z = (y1,22,y3,ys — 1) ties neither X nor
Y (fx(Z) — fx(Y) = (at least 1) — 0 and fy(Z2) — fy(Y) =1-2). If 2 < y4 —y3 < yo — y1 then
Z = (y1+ysa—ys — Lya + 2,y3 — 1,y3) ties neither X nor YV (fx(Z) — fx(Y) = (at least 2) — 0 and




)= fy(Y)=2-3). Ifys —y3s > y2 —y1 > 0 then Z = (y2,x2,y3,y4 — (y2 — y1) — 1) ties neither X nor
Y (fx(Z) — fx(Y) = (at least 1) — 0 and fy(Z) — fy(Y) =3 — (1 or 2)).

Ta—Ys <Yz — T3 Z = (Y1,%2, Y3 — (x4 —ya) — 1, z4) ties neither X nor Y (fx(Z)—fx¥)=(+1)—(0
or §), where § = 2 or 1 according to whether or not x5 = z3, and fy(Z) — fy(Y) = (at least e + 1) —
where € = 2 or 1 according to whether or not y3 = y4).

To — Yo > 1 = y3 — x3 Apply the preceding arguments to —X and —Y.

—yo=1=ys—zgandy; —x; > 2 y; —x1 > 2 then Z = (x1 + 2,22 — 1,25 — 1, x4) ties neither X nor
Y (fx(Z)— fx(X) =1—(at least 2) and fy(Z) — fy(X) =0—(at least 1)). If y; —21 = 2 and y3 < y4 then
Z = (x1+1,29—2,23+1,24) ties neither X nor Y (fx(Z)— fx(X) = (1+6)—4, where § = 2 or 1 according
to whether or not o = z3, and fy(Z) — fy(X) = (at most 1) — (at least 2)). If y; —x1 = 2 and y; = yo
then again Z = (z1 + 1,29 — 2,25 + 1, 24) ties neither X nor YV (fx(Z) — fx(X) = (1+40) — §, where 6 =2

or 1 according to whether or not x5 = z3, and fy(Z) — fy(X) = (at most 2) — (at least 4)) If y1 —x =2,
ys =ys and y1 < yo then Z = (1,22 — 1,23+ 2,24 — 1) ties neither X nor YV’ (fX( )= fx(X)=0—(1+9),
where § = 2 or 1 according to whether or not xo = z3, and fy(Z) — fy (X) =4 — (1 or 3)).

—ys=1=1y3 —x3 and x4 — y4 > 2 Apply the preceding paragraph to —X and -Y.

—yp=l=ys—zzandy —m1=1=m4 — 34

T3 — T3 >2 7 =(x1+ 1,20+ 1,25 — 2,24) ties neither X nor Y (fx(Z) — fx(X)=2-1and fy(Z) —
Fr(X) = (Tor 2) - 0).

x3—xa =21 23 < xy —2, Z = (21,22 + 2,23, 24 — 2) ties neither X nor Y (fx(Z) — fx(X)=2-1
and fy(Z) — fy(X) =0 — (at least 2)). If o > 21 +2, Z = (21 + 2,22,23 — 2,24) ties neither X nor YV
(fx(Z)—fx(X)=1-2and fy(Z2)— fy(X) = (at least 2)—0). If 23 = £4—2, 21 = za—2 and p < x1 —1 then
Z = (x1— 2,29+ 1,23+ 1,24) ties neither X nor Y (fx(Z) — fx(X)=2—-1and fy(Z) — fyr(X) =2-0).
Ifog =24—2, 21 =29 —2and ¢ > x4+ 1 then Z = (21,22 — 1,23 — 1,24 + 2) ties neither X nor YV
(fx(Z) = fx(X) = 1—2 and fy (Z)— fy (X) = 0—2). g =2 —2, 21 = 25— 2, p > 21— 1 and ¢ < a4 + 1
then X is balanced, contrary to hypothesis.

23— 23 =17 = (x1,x2+1,23,24—1) ties neither X nor Y (fx(Z)— fx(X) =2—1and fy(Z)—fy(X) =
0—(1or2)).

x3=2x9 and yo —y1 € {0,2} If y1 < yo — 2, then Z = (y1 + 2,y2,y3 — 1,y4 — 1) ties neither X nor YV
(fx(Z) — fx(Y) =0— (at least 2) and fy(Z) — fy(Y) =1 — (at least 2)). If y; = y2 — 1 and y3 < y4 then
Z = (y1 + 1,y2,y3 — 1,y4) ties neither X nor Y (fx(Z) — fx(Y)=0—-2and fy(Z)— fy(Y)=2-1). If
y1 =y2—land y3 = ys then Z = (y1+1,y2+ 1,93 — 1,ys — 1) ties neither X nor Y (fx(Z)— fx(Y)=1-4
and fy(Z) — fy(Y) =3 —4).

x3 =z and y4 — y3 & {0,2} Apply the preceding paragraph to —X and —Y.

T3 =29, Ys —ys € {0,2} and yo —y; = 2 If y3 = y4 then Z = (y1 + 1, y2,y3 — 1, y4) ties neither X nor YV
(fx(2)—fx(Y)=0-2and fy(Z2)- fy(Y)=1-2). lfy3 =ys—2and p <y then Z = (z1—1, 22,23+ 1,24)
ties neither X nor Y (fx(Z) — fx(X)=2-1) and fy(Z) — fy(X) =1-0); if y3 = y4 — 2 and ¢ > x4 then
7Z = (x1,22 — 1,x3,24 + 1) ties neither X nor Y (fx(Z) — fx(X)=1—2and fy(Z) — fy(X)=0—-1). As
Y is not balanced, it cannot be that y3 =y, — 2, p > 1 and ¢ < 4.

T3 = Z9, Y2 — y1 € {0,2} and y4 — y3 = 2 Apply the preceding paragraph to —X and —Y.

T3 = X2, Y2 = y1 and y4 = y3 The fact that Y is not balanced implies that p < z1 or ¢ > x4. If p < 21 then
Z = (x1—1,z2,23+1,x4) ties neither X nor Y (fx(Z)—fx(X)=2—1and fy(Z2)—fy(X) =2-0). If ¢ > x4
then Z = (21,29 — 1, 23,24 + 1) ties neither X nor Y (fx(Z) — fx(X)=1—-2and fy(Z)— fy(X) =0-2).

14, y1 <21 <22 <y <3 <ys < ys <2y

T4 — Ygq > 2

ys —xg =1 1If x3 —ys = 1 then Z = (y1,y2,¥2,ys + 2) ties neither X nor Y (fx(Z) — fx(Y) = (at
most 1) — 2 and fy(Z) — fy(Y) = 6 — (1 + 6), where § = 2 or 1 according to whether or not ys = y3).
If &3 —yo > 1 then Z = (y1,y2 + 1,23 — 1,y4 + 1) ties neither X nor YV (fx(Z) — fx(Y) = 0—2 and
fy(Z)— fy(Y)=(1+9)— 9, where 6 =2 or 1 according to whether or not y4 = y3).

2<ys—wg<wy—ys If &3 —ys > 1 then Z = (y1,y2 + 1,23,y4 + y3 — x3 — 1) ties neither X nor ¥
(fx(Z)— fx(Y)=0—-1and fy(Z2) — fy(Y) = (14+0) — 4, where § = 2 or 1 according to whether or
not y4 = y3). U aos —ys =1 and ys —ys < 2 then Z = (y1,y2 + 2,ys3,y4 — 2) ties neither X nor YV




(fx(Z2)— fx(Y)=2—(at most 1) and fy(Z)— fy(Y) = 1—(at least 2)). If z3 —y2 = 1 and y4 —y5 > 2 then
Z = (y1,y2 + 1,ys + 1,ys — 2) ties neither X nor Y (fx(Z) — fx(Y)=1—-0and fy(Z)— fy(Y)=2-1).

ys —x3 =14+ x4 —ys f x3—yo = 1 then Z = (y1, x5, 23, 24) ties neither X nor Y (fx(Z)—fx(Y)=2-1
and fy(Z) — fy (Y) = (1+§) — 9§, where 6 = 2 or 1 according to whether or not y4 = y3). If 3 —y2 = 2 then
Z = (y1,y2 +2,y5 — 1,ys — 1) ties neither X nor Y (fx(Z) — fx(Y)=1—-0and fy(Z) — fy(Y)=1— (at
least 2)). If 3 — yo > 2 then Z = (y1,y2 + 2, 23,24 — 1) ties neither X nor Y (fx(Z) — fx(Y)=0—-1 and
fy(Z2)— fy(Y)=(1+9)— 9, where § =2 or 1 according to whether or not y, = y3).

ys—ax3> 1+ x4 —ys Z = (y1+1,y2,ys — (x4 — ya) — 1, 24) ties neither X nor Y (fx(Z) — fx(Y) = (at
least 1) — 0 and fy(Z) — fy(Y) = (14 6) — 0, where § = 2 or 1 according to whether or not ys = ys3).
x1 — Y1 > 2 Apply the preceding argument to —Y in place of X and —X in place of Y.
T1—y1=1=24 —ya

0# w9 — a1 #2If 29 = 21 + 1 then Z = (29, x2,x3,y4) ties neither X nor Y (fx(Z) — fx(X)=2-1
and fy(Z) — fy(X) =0 — (at least 1)). If xzo > 21 + 2 then Z = (21 + 2, 22,23 — 1,24 — 1) ties neither X
nor Y (fx(Z) — fx(X)=1-2and fy(Z) — fy(X) =0 — (at least 1)).

0 # y4 — y3 # 2 Apply the preceding paragraph to —Y in place of X and —X in place of Y.

O=a20—21=ys—Yys Z = (1,22 + 1,23,24 — 1) ties neither X nor Y (fx(Z) — fx(X) =2—-1 and
fy(Z) — fy(X) = (at most 1) — 2).

2=wx9—x1=ys—ys Z = (xa2,x2,23,24 — 2) ties neither X nor ¥V (fx(Z) — fx(X) = 2 -1 and
W2 = (X)=0-2).

O=a29—xyand 2=yy —y3 If yo > x5 + 1 then Z = (21,22 + 1,23, y4) ties neither X nor Y (fx(Z) —
fx(X)=2-1and fy(Z)— fy(X)=0-1). fys > 23+ 1 then Z = (y1, 2,23+ 1, 24) ties neither X nor Y’
(fx(Z)—fx(X) =1-2and fy(Z)—fy(X) = 0—1) Ifyo =22+1 < x3—1then Z = ($1,$2+1,$3—1,$4)
ties neither X nor YV (fx(Z) — fx(X)=2—-1and fy(Z)— fy(X)=1-0). fys =22+ 1 =25 —1 and
y3 = x3 + 1 then the fact that Y is not balanced implies that p < y;1 —1 or ¢ > z4. If p < y; — 1 then
Z = (1 —2,y2 + 1,ys3,ys + 1) ties neither X nor Y (fx(Z) — fx(Y)=2-0and fy(Z)— fr(Y)=2-1),
and if ¢ > x4 then Z = (z1 — 1,22,23,24 + 1) ties neither X nor ¥V (fx(Z) — fx(X) = 1 -2 and
fy(Z2) = fr(X)=0-1).

2 =19 — 21 and 0 = y4 — y3 Apply the preceding paragraph to —Y in place of X and —X in place of Y.

2. 7=2

Suppose 7 = 2. We may presume that x4 > ya, that x4 = y4 = x5 > y3, and that ((v4 = ya) A (23 = y3)) =
T9 > yo. The possible winning configurations for X are then 0034, 0124, 1114, 0133, 0223 and 1123. The
last one is incompatible with the presumption ((x4 = y4) A (x5 = y3)) = x2 > ya, i.e., if one of a pair of tied
dice has winning configuration 1123 then that die must be Y.

21. 21 S <y1 Sy Sy3 <3 Sya < 14

If the winning configuration of X is 0034, then the labels of X and Y must be arranged as z1 < zo < 31 <
Yo < ys < x3 < Yy < x4, with equalities among the inequalities to produce 7 = 2. It turns out that there
are three different sets of such equalities.

21 1. 21 =220=y1 <yY2 < ys < w3 < ys < 24
Apply the argument of 2.4.3 below to —X and —Y.

212. 21 <zo=y1 =Y2 < Y3 < T3 < Yg < T4
Apply the argument of 2.2.4 below to —X and —Y.

213. 21 <2a=y1 <Y2 L Y3 <3 =9Y4 < T4

To— 21> 27 = (x1+2,20—1,x3—1,24) ties neither X nor Y (fx(Z)—fx(X)=1-2and fy(Z2)— fy(X) =
0 — (at least 2)).



Ty —Ys > 27 = (x1,22+1,25+1,24—2) ties neither X nor Y (fx(Z2)—fx(X)=2-1and fy(2)— fy(X) =
(at least 2) — 0).

To —x1 # x4 — Ys  wo—x1 > x4—y4 then Z = (x1+24—y4, T2, T3, x3) ties neither X nor Y (fx (Z2)—fx(X) =
1—2and fy(Z)— fy(X)=0—-1). fzy — 21 < x4 — ys then 7 = (z9, 22, x3, 24 — (2 — 1)) ties neither X
nor Y (fx(Z) - fx(X) =2—1and fy(Z) - fy(Y) - fy(X) =1- 0)

To— 21 =2=2x4—ys Ifx3—ys > 1 then Z = (x1,y2+1,y3+1, y4) ties neither X nor Y (fx(Z2)—fx(Y) = (0
or 1) —2and fy(Z) — fy(Y) = (at least 2) — 1). If z3 —ya = 1 < yo —y1 then Z = (y1 + 1,y2 — 1, y3,v4)
ties neither X nor Y (fx(Z) — fx(Y)=1—-0and fy(Z) — fy(Y)=1-2). If 23 —ya = 1 = yo — y; then
X = (z1,21 4+ 2,21 + 4,21 + 6) and the fact that X is not balanced implies that either p < 7 — 1 (in which
case Z = (x1—2,22+1,x3+1, x4) ties neither X nor Y (fx(Z2)— fx(X) =2—-1and fy(Z)— fy(X) =4-0))
or ¢ > x4 + 1 (in which case Z = (21,22 — 1,25 — 1,24 + 2) ties neither X nor Y (fx(Z) — fx(X)=1-2
and fy(Z) — fy(X) = 0 4))

xo—x1=1=24—ysand ys Zys + 2l y3 > yo+2 then Z = (y1 — 1, y2+2,y3,y4 — 1) ties neither X nor YV’
(fx(Z2)=fx(Y) = 0=3and fy(Z)—fy(Y) = 1—(at least 2)). If y3 = yo+1 then Z = (y1—1,y2+1, y3,ya) ties
neither X nor Y (fx(Z2)—fx(Y)=0-2and fy(Z)—fy(Y) =2-1). If y3 = yo then Z = (y1—1, y2,y3+1,v4)
ties neither X nor Y (fx(Z) — fx(Y) = (at most 1) — 2 and fy(Z) — fy(Y) = (at least 2) — 1).
zo—x1=1l=x4—ysand ys =ys + 2 If yo > y; + 2 then Z = (y1 + 2,y2, Y2, y4) ties neither X nor YV
(fx(Z2)—fx(Y)=1—-0and fy(Z2)— fy(Y)=1-2). If yo = y1 +1 then Z = (y1,y1,¥3,ys + 1) ties neither
XnorY (fx(Z2)—fx(Y)=2—-1and fy(Z2)— fy(Y)=1-2). If y4 > y3+2 then Z = (y1,ys3, y3, ya — 2) ties
neither X nor Y (fx(Z2)—fx(Y)=0-1and fy (Z2)—fy(Y) =2-1). If ys = ys+1then Z = (y1—1, y2, Y4, Y1)
ties neither X nor Y (fx(Z) — fx(Y)=1—-2and fy(Z2)— fy(Y)=2—-1). If yo —y1 = 2 = y4 — y3 then
the fact that Y is not balanced implies that either p < y; — 1 (in which case Z = (y1 — 2,y2 + 2,¥3,v4)
ties neither X nor Y (fx(Z) — fx(Y)=0-3 and fy(Z) — fy(Y) =2—1)) or ¢ > y4 + 1 (in which case
Z = (y1,Y2, Y3 — 2,94 + 2) ties neither X nor Y (fx(Z) — fx(Y)=3—-0and fy(2) — fy(Y)=1-2)).

22. 1 Sy <z Sy <w3 <ys <y < 14

If the winning configuration of X is 0124, then the labels of X and Y must be arranged as z1 < y; < x2 <
Yo < x3 < yz < yy < x4, with equalities among the inequalities to produce 7 = 2. It turns out that there
are four different sets of such equalities.

221. 21 =y1 <To =Y < x3 <Yz < yg < x4

Apply the argument of 2.5 below to —X and —Y.

222. 21 =1 <22 <Y< T3 =Y3 <Ysg < Ty
Apply the argument of 2.4.2 below to —X and —Y.

223. i<y <Tra=y <23 =Y3 <Ys < T4

Observe that > x; = s = Y y; implies that x4 — y4 = y1 — 1.

Tp—Ys=y1 — 21 > 27 = (r1,22+ 1,23+ 1,24 —2) ties neither X nor Y (fx(Z) — fx(X) = (at least 2) — 1
and fy(Z) — fy(X) = (at least 2) — (at most 1)).

Ta—yYsa=y1 —x1=1<wys—ys If ys —ys > 2 then Z = (y1,y2 + 1,y3 + 1,ys — 2) ties neither X nor YV
(fx(Z2)—fx(Y) = (at least 2) =0 and fy(Z) — fy(Y) = (at least 2) —1). If y4 —y3 = 2 and y3 —y2 > 2 then
Z = (y1,y2+1,y3 —2,y4 + 1) ties neither X nor Y (fx(Z2)— fx(Y)=2—-1and fy(Z)— fy(Y)=2-1). If
ys—ys =2 and ys —y2 = 1 then Z = (y1,y2+1,y3,y4 — 1) ties neither X nor Y (fx(Z)— fx(Y)=2—-0and
) —fr¥Y)=2-1). fy,—ys =2 =1y3—y and ys —y1 > 2 then Z = (y1 + 2,2, y3 — 2, y4) ties neither
XnorY (fx(Z)—fx(Y)=0-2and fy(Z)— fy(Y)=1-2). If ys —ys =2 =y3 —y2 and yo —y; = 1 then
Z = (y1 + 1,y2,y3,y4 — 1) ties neither X nor Y (fx(Z) — fx(Y)=1—-0and fy(Z)— fy(Y)=2-1). If
Ya—Ys = 2 = y3 — y2 = y2 — y1 then the fact that Y is not balanced implies that either p < y; — 1 (in which
case Z = (y1 — 2, Y2, Y3 + 2,y4) ties neither X nor Y (fx(Z)— fx(Y)=1—-2and fy(Z2) - fyr(Y)=2-1))
or ¢ > ys + 1 (in which case Z = (y1,y2 — 2, Y3, ya + 2) ties neither X nor YV (fx(Z) — fx(Y) =2—-1 and
o (Z) = fy (V) =1-2)).




Ta—yYs=y1 —x1=1=ys —ys If &3 — 29 > 2 then Z = (y1,y2 + 1,y3 — 2,y4 + 1) ties neither X nor YV
(fx(Z) = fx(Y)=2-1and fy(Z) — fy(Y)=2—1). f 25 — 2 = 1 then Z = (y1,¥2,y3 — 1,ys + 1) ties
neither X nor Y (fx(Z2) — fx(Y)=1-2and fy(Z2) — fy(Y)=1-2). If 23 — 29 = 2 < z9 — y; then
Z = (y1+ 1,y2,¥3,ys — 1) ties neither X nor Y (fx(Z2) — fx(Y)=0—-1and fy(Z2) - fy(Y)=1-2). If
x3—x9 = 2and xo—y; = 1 then X = (z1,21+2,21+4, 21+6) and the fact that X is not balanced implies that
either p < 21 —1 (in which case Z = (21 — 2,22+ 1,23+ 1, 24) ties neither X nor Y (fx(Z) — fx(X)=2-1
and fy(Z) — fy(X)=3-0)) or ¢ > x4+ 1 (in which case Z = (1,22 — 1,25 — 1,24 + 2) ties neither X nor
Y (fx(Z) — fx(X) = 1— 2 and fy(Z) - fy (X) = 0 - 3)).

224. 21 <Y1 <Ta <Y< T3 =Yz =Yg < Ty

Xy —Ys 2 xy—ys >2then Z = (z1,20+ 1,25+ 1,24 — 2) ties neither X nor Y (fx(Z)— fx(X)=2-1
and fy(Z) — fy(X) = (at least 2) — 0). If z4 —y4 = 1 then Z = (1,22 + 1, 23,24 — 1) ties neither X nor YV
(fx(Z) — fx(X) =12 and fy(Z) — fy (X) = (at most 1) — 2).

Ty —Ys=2<wmg— o fxg—ys > 2then Z = (y1,y2+ 1,ys — 1, y4) ties neither X nor Y (fx(Z) — fx(Y) =
0—1and fy(Z)— fy(Y)=1-=2). f yp — 29 > 2 then Z = (y1,y2 — 1,y3,y4 + 1) ties neither X nor Y
(fx(2) = Fx (V) = 10 and fy(Z) — fy (V) =2 1).

Tg—Ys=2=ux3— 22 fxa—y; > 2then Z = (y1+1,y2,y3 — 1,y4) ties neither X nor Y (fx(Z)— fx(Y) =
0—1land fy(Z)— fy(Y) =1—(at least 2)). If y1 —x1 > 2 then Z = (y1 —1,y2,¥s, ya+1) ties neither X nor Y’
(fx(Z)—fx(Y)=1-0and fy(Z2)—fy(Y) =2-1). lfwo—y1 =1 = y1—z1 then X = (z1,21+2,21+4, 21+6)
and the fact that X is not balanced implies that either p < x1 —1 (in which case Z = (x1—2,z2+1,z3+1,24)
ties neither X nor Y (fx(2) — fx(X)=2—-1and fy(Z) — fy(X) =3—-0)) or ¢ > x4 + 1 (in which case
Z = (x1,22 — 1,23 — 1,24 + 2) ties neither X nor Y (fx(Z) — fx(X)=1-2and fy(Z) — fy(X) =0-4)).

23. i<t S <3<y Sys Sy <14

If the winning configuration of X is 1114, then the labels of X and Y must be arranged as y; < x1 < a9 <
T3 < yo < ys < yg < x4, with equalities among the inequalities to produce 7 = 2. It turns out that there
are two different sets of such equalities.

231 1 <z <To=x3 =Y <Y3 <ys <14

T4 —Ys>227Z=(y1,y2 — 1,y3 — 1,ys + 2) ties neither X nor Y (fx(Z) — fx(Y) = (at most 1) — (at least
2) and fy(Z) — fy(Y) = — (at least 6 + 1), where 6 = 2 or 1 according to whether or not y3 = ya).

ys —ys =2 yg —ys3 > 2 then Z = (y1,y2 — 1,y3 + 2, ys — 1) ties neither X nor Y (fx(Z)— fx(Y)=0—(at
least 2) and fy(Z) — fy(Y)=1—-2). If y4 —y3 < 1 then Z = (y1,92 — 1,y3 + 1,y4) ties neither X nor YV
(fx(Z) — fx(Y) = (no more than 1) — (at least 2) and fy(Z) — fy(Y)=2-1).

24—ys=landy, —ys =2 If y3 — yo > 2 then Z = (y1,y2 + 1,y3 — 2,y4 + 1) ties neither X nor YV
(fx(2)—fx(Y)=3-0and fy(Z2)—fy(Y)=2-1). If y3—y2 = 1 then Z = (y1,y2,ys—1, ya+1) ties neither
XnorY (fx(Z)—fxY)=1-2and fy(Z)— fy(Y)=1-2). If yo—y1 > 2 then Z = (y1,¥2 — 2, y3 + 2, y4)
ties neither X nor Y (fx(Z) — fx(Y) =0—(at least 2) and fy (Z)— fy(Y)=2—-1). Hyo—11 =2 =y3s— o
then the fact that Y is not balanced implies that either p < y; — 1 (in which case Z = (y1 — 2,92 + 2, y3,Y4)
ties neither X nor Y (fx(Z) — fx(Y)=2-0and fy(Z) — fy(Y) =2—1)) or ¢ > ys + 1 (in which case
Z = (y1,Y2 — 2,Y3,ys + 2) ties neither X nor Y (fx(Z) — fx(Y)=2—-4 and fy(Z)— fy(Y)=1-2)).

232, 1 <21 <9< x3=Y2 =Y3 < Yg < Ty

Apply the preceding paragraph to —Y in place of X and —X in place of Y.

24. 01 Sy <2< ypp Sy3 <13 <T84 =W

If the winning configuration of X is 0133, then the presumption that x4 > y, implies that the labels of X
and Y must be arranged as 1 < y1 < z3 < ys < y3 < z3 < x4 = Y4, with equalities among the inequalities
to produce T = 2. It turns out that there are three different sets of such equalities.



241. 21 =1 <22 <Y L yY3 <3< Ty =1Y4

g —x3>20rme —w1 >2 If vy — x5 > 2 then Z = (21,20 — 1,253 + 2,24 — 1) ties neither X nor YV
(fx(Z) = fx(X) = 1 — (at least 2) and fy(Z) — fy(X) = 0— (1 or 2)). If 29 — 27 > 2 then Z =
(x1+ 1,29 — 2,23+ 1, 24) ties neither X nor Y (fx(Z) — fx(X) = (at least 2) — 1 and fy (Z) — fy(X) = (at
least 1) — 0).

T4 —x3 # x9 — w1 U 24 — 23 > x9 — 21 then Z = (21,21, 23 + 2 — 1, 24) ties neither X nor Y (fx(Z) —
fx(X)=1—-2and fy(Z2) — fy(X)=0—-1). If x4 — 23 < z2 — x1 then Z = (21,22 — (T4 — T3), T4, T4) ties
neither X nor Y (fx(Z) — fx(X)=2-1and fy(2) — fy(X)=1-0).

x4 — 23 =2=2x9— 21 [fys < ysthen Z = (y1,y2+1,y3+1,ys—2) ties neither X nor Y (fx(Z)—fx(Y) = (at
most 1) —2 and fy(Z) — fy(X) = (at least 2) —1). If yo = y3 and 3 —y3 > 1 then Z = (y1,y2,y3+ 1,94 — 1)
ties neither X nor Y (fx(Z2)—fx(Y)=0-1and fy(Z)—fy(Y)=2-1). fys = ysand z3—y3 = 1 < y2— 22
then Z = (1,22 + 2,23 — 1,24 — 1) ties neither X nor Y (fx(Z) — fx(X)=1—-2and fy(Z) — fy(X) = (0
or 2) —3). If yo = y3 and x3 — y3 = 1 = yo — zo then the fact that X is not balanced implies that either
p < x1 — 1 (in which case Z = (1 — 2,22 + 2,23, 24) ties neither X nor YV (fx(Z) — fx(X) =2 —1 and
fy(Z) = fy(X)=4—-1)) or ¢ > x4+ 1 (in which case Z = (z1,x2,25 — 2,24 + 2) ties neither X nor Y
(fx(Z2) = [x(X)=1-2and fy(2) - fy(X) =1-4)).

x4 —x3=1=129 — a1 ffx3—y3 > 1then Z = (x1+1,29,23—1,24) ties neither X nor Y (fx(Z)— fx(X) =
2—1land fy(Z2) - fy(X)=1-0). If y — 2 > 1 then Z = (21,22 + 1, 3,24 — 1) ties neither X nor Y
(fx(Z) = fx(X) =1-2and fy(Z) — fy(X)=0-1). f a3 —y3s =1=y; — 22 and y3 — y2 > 2 then
Z = (1,y2+2,ys — 1,ys — 1) ties neither X nor Y (fx(Z)— fx(Y)=0—2and fy(Z)— fy(Y)=1-2). If
T3—ys=1=ys— a3 > ys—ys then Z = (y1,y2 + 1,y3,ys — 1) ties neither X nor Y (fx(Z) — fx(Y) = (at
most 1) —2 and fy(Z) — fy(Y)=2-1). If 23— y3 =1 = yo — x2 and y3 — yo = 2 then the fact that Y is
not balanced implies that either p < y; — 1 (in which case Z = (y1 — 2,y2 + 2,y3,y4) ties neither X nor YV
(fx(Z) = fx(Y)=0-1and fy(Z)— fy(Y) =2—1)) or ¢ > ys+1 (in which case Z = (y1,¥2,ys — 2,54 +2)
ties neither X nor Y (fx(Z) — fx(Y)=1—-0and fy(Z) — fy(Y)=1-2)).

242. 21 <Y1 <Toa=Y2 < Y3 < T3 < Ty =1Y4

x4 —x3>27 = (x1,09—1,23+2,24—1) ties neither X nor Y (fx(Z)— fx(X)=1-2and fy(Z2)— fy(X) =
0— (2 or 3)).

x4 —x3=2<uw3— a3 frs—ys > 2then Z = (y1,y2—1,ys+2,y4—1) ties neither X nor Y (fx(Z)—fx(Y) =
(Oor1)—2and fy(Z)—fy(Y)=1—(20r3)). Ifys—x3 > 2 and z3—ys = 1 then Z = (21, 29+2, 25— 1,24 —1)
ties neither X nor Y (fx(Z2) — fx(X)=1—-2and fy(Z)— fy(X)=1-2). fys —as=2and 25 —y; =1
then Z = (21,2 + 2, x3, x4 — 2) ties neither X nor Y (fx(Z) — fx(X)=1—-2and fy(Z)— fyr(X) =2-1).
x4 —x3=2=w3— a3 fxg—y; > 1then Z = (y1+1,y2,y3 — 1, y4) ties neither X nor Y (fx(Z2)— fx(Y) =
O—land fy(Z2)—fy(Y)=1—-2). lf 2o —y1 =1 <y1 — 1 then Z = (y1 — 1,92 + 1, ys3,ys) ties neither X
norY (fx(Z2)—fx(Y)=1-0and fy(Z)— fy(Y)=2-1). If 2o —y; = 1 = y; — 1 then the fact that X is
not balanced implies that either p < z7 — 1 (in which case Z = (x1 — 2,22 + 2, 23, 24) ties neither X nor YV
(fx(Z)—fx(X) =2—1and fy(Z)—fy(X) e 3—0)) orq>ux4+1 (in which case Z = (331,1‘2,133—2,134+2)
ties neither X nor Y (fx(Z) — fx(X)=1—-2and fy(Z) — fy(X)=1-13)).

x4 —x3 =1 and either ys —ys Z2orys —ys #2 If x5 —ys > 1 then Z = (y1,92 — 1,ys + 2,y4 — 1) ties
neither X nor Y (fx(Z) — fx(Y) = (at most 1) —3 and fy(Z) — fy (V) =1— (at least 2)). f 23 —ys =1
and y3 —y2 > 2 then Z = (21,22 + 2,23 — 1,24 — 1) ties neither X nor Y (fx(Z) — fx(X) =1—-3 and
)= fy(X)=1-2). Ifas —ys =1 =ys —ys then Z = (y1,y2 + 1,y3,y4 — 1) ties neither X nor YV
(fx(Z2) = fx(Y)=1-2and fy(Z2) - fy(Y)=2-1).

Ys—ys=2=ys —yo Hys—y1 > 2then Z = (y1+2,y2—1,y3, ya—1) ties neither X nor Y (fx(Z)—fx(Y) =
0-3and fy(Z2)— fy(Y)=1-2). If yo —y; = 1 then Z = (y1 + 1,y2,93,ys — 1) ties neither X nor Y
(fx(Z)—fx(¥Y)=1—-2and fy(Z2)— fyY)=2-1). If y —y1 = 2 > y; — 1 then the fact that Y is
not balanced implies that either p < y; — 1 (in which case Z = (y1 — 2,92 + 2,y3,y4) ties neither X nor YV
(fx(2)—fx(Y)=1-2and fy(Z2)—fy(Y)=2—1)) or ¢ > ys+1 (in which case Z = (y1 —1,92—1, y3,ya+2)
ties neither X nor Y (fx(Z) — fx(Y)=1—-2and fy(Z2)— fy(Y)=1-2)). If y —y1 =2 < y; — 21 then
Z = (x1+1,29,23,x4 — 1) ties neither X nor Y (fx(Z) — fx(X)=1—-2and fy(Z) — fy(X)=0-1).




243. 21 <Y1 <22 <Y2 L Y3 < T3 =T4 =1Y4

ys —y2 # 2 If y3 —yo > 2 then Z = (y1,y2 + 2,y3 — 1,94 — 1) ties neither X nor Y (fx(Z) — fx(Y)=0-2
and fy(Z)— fy(Y)— fyr(X)=1—(20r3)). Ifys —y2 <1 < x3—ys then Z = (y1,y2 + 1,y3,y4 — 1) ties
neither X nor Y (fx(Z) — fx(Y)=0—2and fy(Z2)— fy(Y)=2-1). Ifys —ya <1 = x3 — y3 then
Z = (y1—1,y2,y3 + 1,y4) ties neither X nor Y (fx(Z)— fx(Y) =2—(at most 1) and fy(Z) — fy(Y) = (at
least 2) — 1).

ys —ya =2 If yy —ys # 2 then Z = (y1,y2 + 2, ys3,y4 — 2) ties neither X nor Y (fx(Z)— fx(Y)=0—2 and
v Z)—fyr(Y)=2—(1or3)). Ify, —ys =2 and yo — x5 > 2 then Z = (y1,y2 — 2,y3 + 2, y4) ties neither
XnorY (fx(Z)— fx(Y)=2—(0or1)and fy(Z2)— fyr(Y)=2-1). If y4 —y3 =2 and 25 — y1 > 2 then
Z = (y1+2,y2, Y3,y — 2) ties neither X nor Y (fx(Z) — fx(Y)=(0or1l)—2and fy(Z)— fy(Y)=1-2).
fy,—ys =2,y —x2 =22 —y; =1 and y; —z; < 2 then the fact that Y is not balanced implies that either
p < y1 — 1 (in which case Z = (y1 — 2,y2 + 2,y3,y4) ties neither X nor Y (fx(Z) — fx(Y) =0— (1 or 2)
and fy(Z) — fy(Y)=2—-1)) or ¢ > ys4 + 1 (in which case Z = (y1,y2,y3s — 2,y4 + 2) ties neither X nor YV
(fx(Z2)—fx(Y)=2-0and fy(Z) - fy(Y)=1-2)). fys—ys =2, y2— 22 =22 —y1 = L and y1 — 21 > 2
then Z = (y1 — 2,y2,y3 + 2, ya) ties neither X nor Y (fx(Z) — fx(Y)=2—-0and fy(Z)— fy(Y)=2-1).

25. 21 <y Ky <x2<T3=Y3 < Ty =1Y4

If the winning configuration of X is 0223, then the presumptions x4 > y4 and x4 = y4 = x3 > y3 imply that
the labels of X and Y must be arranged as z1 < y; < 9o < T2 < T3 = y3 < Tg = Y4.

y2—y1>2 7Z = (y1 + 2,y2 — 1,y3,y4 — 1) ties neither X nor Y (fx(Z) — fx(Y) = 0— (1 or 2) and
W)~ Fr(Y) =1 (2 o 3)),

yo —y1 = 2 I yg — y3 # 2 then Z = (y1 + 2,y2,y3, y4 — 2) ties neither X nor Y (fx(Z) — fx(Y)=0— (1 or
3ord)and fy(Z)— fy(Y)=2—-(1or3)). lf ys —ys =2 and y3 — x2 > 2 then Z = (y1 + 2, y2,ys — 2,¥4)
ties neither X nor Y (fx(Z2) — fx(Y) =0— (1 or 2) and fy(Z) — fy(Y) =2—-1). If ys —ys = 2 and
o — Yo > 2 then Z = (y1,y2 + 2,y3,ya — 2) ties neither X nor YV (fx(Z) — fx(Y)) = (0 or 1) — 2 and
(@)= fy(Y)=1-2). fys—y3 =2 and y; —x1 > 2 then Z = (y1 — 2, Y2, Y3 + 2, y4) ties neither X nor Y’
(fx(Z2)—fx(Y)=2—(0orl)and fy(Z2)—fy(Y)=2-1). fys—ys=2and xo—y2s =ys—z2 =y1—21 = 1
then the fact that Y is not balanced implies that either p < y; — 1 (in which case Z = (x1 — 1,22+ 1, 23, 24)
ties neither X nor YV (fx(Z) — fx(X)=2—-1and fy(Z) — fy(X) =1-0)) or ¢ > ys + 1 (in which case
Z = (y1,Y2,Y3 — 2,ya + 2) ties neither X nor Y (fx(Z2) — fx(Y)=1-3 and fy(2) — fyr(Y)=1-2)).
yo—y1 =11 yy —y3 > 1 then Z = (y1 + 1,92,y3,ys — 1) ties neither X nor ¥ (fx(Z) — fx(Y)=0-1
and fy(Z) — fy(Y) =2—-1). My, —ys = 1 then Z = (y1,92 + 1,y3,ys — 1) ties neither X nor YV
(x(Z) — fx(V) = (0 or 1) = 2 and fy(Z) — fy(Y) =1—2).

yo=1uy1 If z3 — 29 = 1 then Z = (y1,y2 + 1,y3 — 1,y4) ties neither X nor Y (fx(Z) — fx(Y) = (0 or
1)—2and fyr(Z2)— fyr(Y)=2—-1). If zg —22 > 2 then Z = (y1 + 1,y2 + 1,y3 — 2,y4) ties neither X
nor Y (fx(Z) — fx(Y) = (0or 2) —1 and fy(Z) — fy(Y) =4—-1). If 23 — 29 = 2 < 29 — yo then
Z = (Y1,y2+2,y3 — 2,y4) ties neither X nor Y (fx(Z)— fx(Y)=(0or1l)—2and fy(Z)— fy(Y)=2-1).
If 23 — 290 =2 < y; —xq then Z = (21 4+ 2,29,23 — 2,24) ties neither X nor Y (fx(Z) — fx(X) =1-2
and fy(Z) — fy(X) = 0Oor 2)—1). Iffag—x9 =2, 91 —x1 = 1 = 29 — yp and x4 — x3 # 2 then
Z = (x1+42, 22, v3,x4—2) ties neither X nor Y (fx(Z)—fx(X) =2—(lor3or4) and fy(Z)—fy(X) = 4—(at
most 3)). If z3 —a9 =2, y1 —x1 =1 = 25 — y2 and x4 — x5 = 2 then the fact that X is not balanced implies
that either p < 21 —1 (in which case Z = (1 — 2, 25+ 2, 3, x4) ties neither X nor Y (fx(Z)— fx(X)=2-1
and fy(Z) — fy(X)=1-0)) or ¢ > x4+ 1 (in which case Z = (21,22 — 2,23, 24 + 2) ties neither X nor Y
(fx(Z2) = [x(X)=1-2and fy(2) - fy(X) =1-4)).

3.7=4

Suppose 7 = 4. We may presume that x4 > yy, that 4 = y4 = x3 > y3, and that ((z4 = ys) A (3 = y3)) =
To > Y. These presumptions are incompatible with the winning configuration 1122, which requires that
the labels of X and Y be arranged as y1 < x1 < 22 < yo < 3 < x4 < y3 < y4; any set of equalities that
satisfies the presumptions will produce 7 > 4. Consequently the possible winning configurations for X are
0024, 0114, 0033, 0123, and 0222.



3L i<z <y1 Syp<r3<ys <y <14

If the winning configuration of X is 0024, then the labels of X and Y must be arranged as z1 < z9 < y; <
Yo < 3 < ys < yg < x4, with equalities among the inequalities to produce 7 = 4. It turns out that there
are three different sets of such equalities.

31 l. 1 =20 =y1 =y2 <23 <ys Jys <4

ya > ys Z = (y1,¥2 + 1,ys — 1,y4) ties neither X nor YV (fx(Z) — fx(Y) = (2 or 3) — (0 or 1) and
F(Z) - fr(Y)=2-1).

ys =ys Ifys —x3 > 1 then Z = (y1 + 1,y2 + 1,y3 — 2,y4) ties neither X nor Y (fx(Z) — fx(Y) = (at least
4)—(0or1)and fy(Z)— fy(Y)=4-1). If z5—ys > 1 then Z = (1,22 + 1,25 — 1, 24) ties neither X nor YV’
(fx(Z)—fx(X) =2—1and fy(Z)—fy(X) = 2—0) Ifxy—y4 > 1then Z = ($1,l‘2+1,$3,$4—1) ties neither
XnorY (fx(Z2)— fx(X) = (at least 2) — 1 and fy(Z) — fy(X)=2-0). fays—ys=ys—ax3=23—y2 =1
then the fact that Y is not balanced implies that either p < y; —1 (in which case Z = (y1 —2,y2+1,y3,y4+1)
ties neither X nor Y (fx(Z) — fx(Y)=4—-2and fy(Z) — fy(Y)=4—2)) or ¢ > ya + 1 (in which case
Z = (Y1,Y2,Y3 — 2,ys + 2) ties neither X nor Y (fx(Z) — fx(Y)=2—-4 and fy(Z) — fy(Y) =2—4)).

312. 21 =20 =y1 <Y< T3 =Yz =Yg < T4

If ¢4 > ys + 1 then Z = (21,29 + 1,25,24 — 1) ties neither X nor Y (fx(Z) — fx(X) = 2 —1 and
fv(Z) = fy(X) =1 or2)—0). If z3 > yo+ 1 then Z = (y1,y2 + 1,y3 — 1,y4) ties neither X nor YV
(fx(Z)—fx(Y)=0-1land fy(Z)— fy(Y) =1-2). Hzy—ys =1 =3y then Z = (y1,92,y3 - 1,94 +1)
ties neither X nor Y (fx(Z) — fx(Y)=2—-1and fy(Z) — fy(Y)=2-13).

313. z1<22o=y1 =12 < T3 =Yz =Ys < T4

g —x3>20rmo —w1 >2 If vy — a3 > 2 then Z = (21,20 + 1,253 + 1,24 — 2) ties neither X nor YV
(fx(Z2) — fx(X) = (at least 2) — 1 and fy(Z) — fy(X) = (at least 4) — 0). If zo — 21 > 2 then Z =
(x142,29—1,23—1,24) ties neither X nor Y (fx(Z)— fx(X) = 1—(at least 2) and fy(Z)— fy(X) = 0—(at
least 4)).

2>wy—ax3F 0 —x1 <2Uxy — 23 =2then Z = (1 + 1,29, 23,24 — 1) ties neither X nor Y (fx(Z) —
fx(X)=2-1and fy(Z2) — fy(X) =2-0). If x4 — 23 = 1 then again Z = (v1 + 1,22, z3,24 — 1) ties
neither X nor Y (fx(Z) — fx(X)=1—-2and fy(Z) — fy(X)=0-2).

x4 —x3=2=x9— 21 faz3—x9 > 2then Z = (y1,y2+2,y3—1,y4—1) ties neither X nor Y (fx(Z2)—fx(Y) =
1-2and fy(Z) — fy(Y)=2—4). If x3 — x5 = 2 then the fact that X is not balanced implies that either
p < z1 — 1 (in which case Z = (1 — 2,22 + 2, 23, x4) ties neither X nor YV (fx(Z) — fx(X) =2—1 and
fyv(Z2) = fy(X) =4-0)) or ¢ > x4+ 1 (in which case Z = (z1,22 — 2,23,24 + 2) ties neither X nor Y
(fx(Z2)—fx(X)=1-2and fy(Z)— fy(X)=0-2)). If 23 — 22 =1 then Z = (21,22 + 1, 23,24 — 1) ties
neither X nor Y (fx(Z) — fx(X)=2—-1and fy(2) — fy(X)=4-0).

x4 —2x3=1=2x9— 21 fag—xy > 2then Z = (y1,y2+2,y3—1,y4—1) ties neither X nor Y (fx(Z2)—fx(Y) =
1—2and fy(Z) — fy(Y)=2—4). If x3 — z2 = 2 then the fact that Y is not balanced implies that either
p < y1 — 1 (in which case Z = (x1 — 1,2z3,23 + 1,24) ties neither X nor ¥V (fx(Z) — fx(X) =2 -1
and fy(Z) — fy(Y) =2—-0)) or ¢ > ys + 1 (in which case Z = (y1,¥y2,ys — 2,ys + 2) ties neither X
nor Y (fx(Z) — fx(Y) =3—-2and fy(Z) — fy(Y) = 2—4)). If x3 — 22 = 1 then the fact that X is
not balanced implies that either p < z1 (in which case Z = (z1 — 1,22 + 1,23, 24) ties neither X nor YV
(fx(Z2)—fx(X)=2—=1and fy(Z)— fy(X)=4-0)) or ¢ > x4 (in which case Z = (21,229,235 — 1,24 + 1)
ties neither X nor Y (fx(Z) — fx(X)=1—-2and fy(Z2) — fy(X) =0 —4)).

32. 01 <y <x2 <3<y Sy3 Sya < 14

If the winning configuration of X is 0114, then the labels of X and Y must be arranged as 1 < y; < 29 <
z3 < yo < y3 < yg < x4, with equalities among the inequalities to produce 7 = 4. It turns out that there
are two different sets of such equalities.
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321. 21 =1 <22 < T3 =Y =Y3 =Yg < T4

Ty —x3>20r T3 — L9 >20r xp —x1 > 2wy —x3 > 2 then Z = (1,20 + 1,23 + 1,24 — 2) ties neither X
nor Y (fx(Z2) — fx(X) = (at least 2) — 1 and fy(Z) — fy(X) = (at least 3) — 0). If x3 — x2 > 2 then Z =
(21,2942, 23 —1,24—1) ties neither X nor Y (fx(Z)— fx(X) = 1—(at least 2) and fy(Z)— fy(X) = 0—(at
least 3)). If zo — a1 > 2 then Z = (21 + 2,29 — 1,23 — 1, z4) ties neither X nor Y (fx(Z) — fx(X) =1—(at
least 2) and fy(Z) — fy(X) =1 — (at least 3)).

2>y —ax3Fxs—x1 <2Uay —x3 =2 then Z = (1 + 1,29, 235,24 — 1) ties neither X nor YV (fx(Z) —
fx(X)=2-1and fy(Z2)— fy(X) =1-0). If 24 — x3 = 1 then again Z = (z1 + 1,22, 23,24 — 1) ties
neither X nor Y (fx(Z) — fx(X)=1—-2and fy(Z)— fy(X)=1-3).

Ty—T3=x9—x1 =22>x3— 23 If 23 — 29 = 1 then Z = (z1,22 + 1,23,24 — 1) ties neither X nor Y
(fx(Z2) — fx(X) =2—-1and fy(Z) — fy(X) = 3—0). If 23 — 23 = 2 then the fact that X is not
balanced implies that either p < x7 — 1 (in which case Z = (x1 — 2,29 + 2,x3,x4) ties neither X nor YV
(fx(2)—fx(X)=2—-1and fy(Z)— fy(X) =3—-1)) or ¢ > z4+1 (in which case Z = (21, z2, x3— 2, x4 +2)
ties neither X nor Y (fx(Z) — fx(X)=1-—2 and fy(Z) - f¥(X)=0-3)).

Ty —T3=x0—21 =1and 2> 23—y If 23 — xg = 2 then Z = (1,22 + 1,23,24 — 1) ties neither X
nor Y (fx(Z) — fx(X) =1—=2and fy(Z) — fy(X) = 0—3). If z3 — x5 = 1 then the fact that X is
not balanced implies that either p < x7 (in which case Z = (21 — 1,29 + 1,23, x4) ties neither X nor YV
(fx(Z) = fx(X) =2—1and fy(Z) — fy(X) =3 —1)) or ¢ > x4 (in which case Z = (21, 22,23 — 1,24 + 1)
ties neither X nor Y (fx(Z) — fx(X)=1—-2and fy(Z) — fy(X)=0-3)).

322. m1 <y1 <Toa=T3=Y2=Y3 < Ys < T4

Z = (1‘1,1‘2,1’34-1,1‘4— 1) ties neither X nor Y (fx(Z) —fx(X) =2—1and fy(Z)—fy(X) = (2 or 3) — (0
or 1)).

33. 21 Sxa<y1 Sy Sy3 <3 <Yy =14

If the winning configuration of X is 0033, then the presumption that x, > y4 implies that the labels of X
and Y must be arranged as 1 < x2 < y1 < ys < y3 < z3 < ys4 = x4, with equalities among the inequalities
to produce 7 = 4. It turns out that there are three different sets of such equalities.

33 1. 21 <xoa=Y1 =Y =Yz < T3 < Yqg = T4

Apply the argument of 3.2.1 above to —X and —Y.

332. 21 <2a=y1 =2 <Ys < T3 =Y4 =24

Apply the argument of 3.1.2 above to —X and —Y.

333. 21 =22=y1 <Y < Y3 < T3 =Yg = T4

ys —y2 > 272 = (y1+1,y2+1,y3—2,y4) ties neither X nor Y (fx(Z2)—fx(Y) =2-0and fy(Z2)—fy(Y) = (2
or 3) — 1).

ys —yo =2 yo—y; > 2 then Z = (y1+2,y2—1,y3— 1, y4) ties neither X nor Y (fx(Z)— fx(Y) =2—-0and
()= fy(Y)=1-2). fyo—y1 = L then Z = (y1+1, y2,y3 — 1, y4) ties neither X nor Y (fx(Z2)— fx(Y) =
2—0and fy(Z)—fy(Y)=2—-1). If yo —y1 =2 and y4 —y3 > 2 then Z = (x1 + 1,22 + 1,23 — 2, 24) ties
neither X nor Y (fx(Z) — fx(X)=4—2and fy(Z)— fyr(X)=2—-1). Ifyo —y; =2 and yy —y3 = 1
then Z = (y1,y2 + 1,ys, ya — 1) ties neither X nor Y (fx(Z2) — fx(Y)=0—-2and fy(Z2) — fy(Y)=1-2).
If yo — y1 = 2 = y4 — y3 then the fact that Y is not balanced implies that either p < y; — 1 (in which case
Z = (y1 — 2,y2 + 2,y3, ya) ties neither X nor Y (fx(Z) — fx(Y)=0—-2and fy(Z) - fy(Y)=2-1)) or
q > ya + 1 (in which case Z = (y1,y2,ys — 2,y4 + 2) ties neither X nor Y (fx(Z) — fx(Y) =2 —0 and
F(Z) = fr(Y) = 1-2)).

ys—yo=1If yo —y; > 1 then Z = (y1 + 1,y2,y5 — 1,y4) ties neither X nor Y (fx(Z) — fx(Y)=2-0
and fy(Z) — fy(Y) =1—-2). If yg —ys > 1 then Z = (y1,92 + 1,y3,y4 — 1) ties neither X nor Y
(fx(Z2)—fxY)=0—-2and fy(Z)— fy(Y)=2-1). If yo —y1 = ya — y3 = 1 then the fact that ¥V
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is not balanced implies that either p < y; (in which case Z = (y; — 1,y2 + 1,y3,y4) ties neither X nor YV
(fx(Z2)—fx(Y)=0-2and fy(Z)— fy(Y)=2-1)) or ¢ > y4 (in which case Z = (y1,¥y2,y3 — 1,y4 + 1)
ties neither X nor Y (fx(Z) — fx(Y)=2—-0and fy(Z2) — fy(Y)=1-2)).

ys—y2=0If yo —y; > 1 then Z = (y1 + 1,y2 — 1,y3,y4) ties neither X nor ¥V (fx(Z) — fx(Y)=2-0
and fy(Z) — fy(Y) =1—-2). If ygs —ys > 1 then Z = (y1,y2,y3 + 1,y4 — 1) ties neither X nor Y
(fx(Z2)—fx(Y)=2—-1and fy(Z)— fy(Y)=2-1). If y5 —y1 = ya — y3 = 1 then the fact that X is
not balanced implies that either p < z; — 1 (in which case Z = (x; — 2, x5 + 2, x3,x4) ties neither X nor YV
(fx(2)—fx(X)=4-2and fy(Z)— fy(X) =6—1)) or ¢ > z4+1 (in which case Z = (21, z2, 23— 2,4 +2)
ties neither X nor Y (fx(Z) — fx(X) =2—-4 and fy(Z2) — fy(X) =1-6)).

34. 01 Sy <z Sy <w3 <ys <y <Yy

If the winning configuration of X is 0123, then the presumptions x4 > y4, T4 = ys = x3 > y3 and
((x4 = ya) A (23 = y3)) = x2 > yo imply that the labels of X and Y must be arranged as z; < y; < z9 <
Yo < x3 < ys3 < x4 < 14, with equalities among the inequalities to produce 7 = 4. It turns out that these
equalities imply X =Y, contrary to the hypothesis that X and Y are distinct.

35. 01 <y1 Sy <z <IT3=T4=Y3=1Y4

If the winning configuration of X is 0222, then the presumptions x4 > y4, T4 = ys = x3 > y3 and
((x4 = ya) A (x3 = y3)) = 22 > yo imply that the labels of X and Y must be arranged as z1 < y1 < ya <
To < T3 = T4 = Y3 = y4. We may apply the argument of 3.1.1 above to —X and —Y.

4. 71=06

Suppose 7 = 6. We presume that x4 > yg4, that x4 = y4s = x5 > y3, and that ((z4 = ya) A (23 = y3)) =
To > yo. The possible winning configurations for X are then 0014, 0023, 0113, and 0122.

If the winning configuration of X is 0014, then the labels of X and Y must be arranged as z1 < xy <
y1 < 23 < yo < y3 < ys4 < x4. There is no set of equalities that yields 7 = 6.

If the winning configuration of X is 0023, then the labels of X and Y must be arranged as z1 < 2
Y1 < yo < x3 < y3 < x4 = y4. The only arrangement of equalities that yields 7 =6 is 1 = x2 = y1 = ¥o
T3 = y3 < T4 = y4; this contradicts the hypothesis that X and Y are distinct.

If the winning configuration of X is 0113, then the labels of X and Y must be arranged as z; < y; <
To <23 <y <y3 < x4 =y4. The only arrangement of equalities that yields 7 =6 is 1 = y1 < 2 = Y2 =
T3 = y3 < T4 = yq4; this contradicts the hypothesis that X and Y are distinct.

If the winning configuration of X is 0122, then the labels of X and Y must be arranged as z; < y; <
To < yo < x3 =Yz = x4 = y4. Lhe only arrangement of equalities that yields 7 =6 is z1 = y1 < x2 = y2 <
T3 = y3 = T4 = y4; this contradicts the hypothesis that X and Y are distinct.

A A

5. 7 =8

Suppose 7 = 8. We presume that x4 > yy4, that x4 = ys = x5 > y3, and that ((z4 = ys) A (23 = y3)) =
To > yo. The possible winning configurations for X are then 0004, 0013, 0022, 0112 and 1111.

If the winning configuration of X is 0004, then the labels of X and Y must be arranged as 1 < z9 < 23 <
Y1 < y2 <y3 < ys < x4. The only set of equalities that yields 7 =8 is a1 <zo =23 =91 = Y2 =ys = ys <
x4. Observe that x4 —x3 = x9 — 21 because > x; = > y;. H oy —x3 > 1 then Z = (z1, 22,25+ 1,24 — 1) ties
neither X nor Y (fx(Z) — fx(X)=2—-1and fy(Z) — fy(X) =4—-0). If z4 — 23 = 1 then the fact that ¥’
is not balanced implies that either p < y; — 1 (in which case Z = (z1 — 1,22, 23+ 1, 24) ties neither X nor YV’
(fx(Z2)—fx(X)=3-1and fy(Z)— fy(X) =4-0)) or ¢ > ys+1 (in which case Z = (z1,22— 1,23, 24+ 1)
ties neither X nor Y (fx(Z) — fx(X)=1-3 and fy(Z) — fy(X) =0 —4)).

If the winning configuration of X is 0013, then the labels of X and Y must be arranged as z; < xy <
y1 < 23 < yo < y3 < x4 < y4; no set of equalities will yield 7 = 8.
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If the winning configuration of X is 0022, then the labels of X and Y must be arranged as x1 < z9 <
Y1 < yo < x3 < x4 < y3 < yyq. The only arrangement of equalities which yields 7 =8 is 1 = y1 = 22 = yo
T3 = y3 = x4 = Y4; this contradicts the hypothesis that X and Y are distinct.

If the winning configuration of X is 0112, then the labels of X and Y must be arranged as z; < y; <
To < x3 < yo < x4 < y3 < yy; no set of equalities will yield 7 = 8.

If the winning configuration of X is 1111, then the labels of X and Y must be arranged as y; < 1 <
o < 23 < x4 < yo < y3 < yyq. The presumptions that x4 > y4, that x4 = y4 = x3 > ys3, and that
((x4 = ya) A (z3 = y3)) = x2 > Yo cannot be satisfied with 7 = 8.

A

6. =10

Suppose 7 = 10. We presume that x4 > y4, that x4 = y4 = x5 > ys3, and that ((z4 = ys) A (23 = y3)) =
To > y2. The possible winning configurations for X are then 0003, 0012, and 0111.

If the winning configuration is 0003, then the labels of X and Y must be arranged as 1 < 29 < x3 < y; <
Yo < y3 < x4 < yg. The only set of equalities that yields 7 =10is 1 = 2o =23 =y1 = Yo = Y3 < T4 = Y4;
this violates the hypothesis that X and Y are distinct.

If the winning configuration is 0012, then the labels of X and Y must be arranged as z1 < z2 < y1 <
T3 < yo < 24 < y3 < ygq; no set of equalities will yield 7 = 10.

If the winning configuration is 0111, then the labels of X and Y must be arranged as 1 < y; < z9 < 23 <
x4 < yo < yz < y4. The only set of equalities that yields 7 = 10is 1 = y1 < T2 = T3 = T4 = Yo = Y3 = Y4;
this violates the hypothesis that X and Y are distinct.

7. 7=12

Suppose 7 = 12. We presume that x4 > y4, that x4 = y4 = x5 > ys3, and that ((z4 = ya) A (23 = y3)) =
To > yo. The possible winning configurations for X are then 0002 and 0011.

If the winning configuration is 0002, then the labels of X and Y must be arranged as z1 < x5 < x3 <
Y1 < yo < x4 < y3 < 4. No set of equalities yields 7 = 12.

If the winning configuration is 0011, then the labels of X and Y must be arranged as 1 < x5 < y; <
T3 < x4 < yo <y3 < ys. No set of equalities yields 7 = 12.

8.7=14

The only possible winning configuration for X is 0001, corresponding to the label arrangement x;
r3 <y < 24 <y < y3 < yy. No set of equalities yields 7 = 14.

IN

T2 <

9. 7=16

The only arrangement of the labels of X and Y that yields 7 = 16 is z; = y; V7,j. This contradicts the
hypothesis that X and Y are distinct.
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