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A large-scale application of the partial coverage
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The traditional, uncapacitated facility location problem (UFLP) seeks to determine a set of warehouses to open such that
all retail stores are serviced by a warehouse and the sum of the fixed costs of opening and operating the warehouses and
the variable costs of supplying the retail stores from the opened warehouses is minimized. In this paper, we discuss the
partial coverage uncapacitated facility location problem (PCUFLP) as a generalization of the uncapacitated facility
location problem in which not all the retail stores must be satisfied by a warehouse. Erlenkotter’s dual-ascent algorithm,
DUALOC, will be used to solve optimally large (1600 stores and 13 000 candidate warehouses) real-world implemented
PCUFLP applications in less than two minutes on a 500 MHz PC. Furthermore, a simple analysis of the problem input
data will indicate why and when efficient solutions to large PCUFLPs can be expected.
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Introduction

The customary definition of the uncapacitated facility loca-
tion problem (UFLP) involves the determination of which
candidate warehouses to open in order to service all demand
locations (typically referred to as retail stores) such that the
sum of the fixed costs of opening and operating the ware-
houses and the variable costs of supplying the retail stores
from the opened warehouses are minimized. This problem
has been widely studied over the last three decades. Daskin'
as well as ReVelle and Laporte® discuss several new models
and research prospectives for the plant location problem.
More recently Gourdin ez al® discuss a generalization of the
UFLP that involves client matching.

In this paper, we discuss the partial coverage uncapacitated
facility location problem (PCUFLP) as another generaliza-
tion of the UFLP in which not all the retail stores must be
satisfied by a warehouse. The PCUFLP is analogous to the
ROI plant location problem? in that neither problem formula-
tion requires that all retail stores be serviced by a warehouse.
Also, the PCUFLP corresponds to the partial covering
P-center problem and the partial set covering problems
defined by Daskin and Owen.* After providing the mathe-
matical formulation of the PCUFLP, an inventory sizing
application of the PCUFLP will be discussed. Next, large
real-world implemented applications of the PCUFLP will be
solved using Erlenkotter’s® dual-ascent algorithm, DUALOC,
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for the UFLP. The highly efficient solution times obtained by
this classic algorithm (c. 1976) for these applications will be
explained by analysing the PCUFLP input generated by the
applications. Further testing of DUALOC will demonstrate
how it can be applied heuristically to solve large PCUFLP
regardless of the input data structure.

The PCUFLP formulation

The mathematical formulation for the uncapacitated facility
location problem is given below.

UFLP formulation
Minimize ) )" cyxi + Y fiy; M
subject to

Yagx; =1, i=1,....,m )

yi—x; =0, i=1....m j=1,...,n 3)
x; =0, i=1,....m j=1,...,n 4)
¥ € {0, 1}, j=1,...,n. (5)

In this formulation, a;; is 1 if retail store i can be supplied
from warehouse j and 0 if it cannot; c;; is the variable cost of
supplying store i from warehouse j. The number of retail
stores is m and the number of candidate warehouse locations
is n. The f; values are the fixed costs of opening and
operating the warehouses. The value of x;; is 1 if store i is
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to be supplied from warehouse j and 0 otherwise. The value
of y; is 1 if warehouse j is in the solution and 0 otherwise. It
is well known that if the y; values are restricted to either 0 or
1, then the x; values will not take on fractional values.
Therefore, the x; values do not have to be explicitly
restricted to only O or 1.

The PCUFLP is a generalization of the UFLP in which
not all the retail stores need to be serviced by a warehouse.
Specifically, we introduce a ‘universal’ warehouse that can
‘service’ all retail stores and has a fixed cost of zero. The
variable cost of servicing a retail store from the universal
warehouse is the lost sales from that store. The universal
warehouse is simply a ‘dummy’ facility that allows us to
not service (shut down or never open) retail stores that
are not economically feasible. The mathematical formula-
tion for the PCUFLP problem is given below.

PCUFLP formulation

Minimize )Y cyxi; + Y fivi + 2 piUs (6)
subject to

Zayxy+ljl:1’ 1:1,,m (7)
yj_xij>0’ 121,...,7’}1 j:17~~-»n (8)
x; =0, i=1,....m j=1,...,n )
0< U <1, i=1,....m (10)
v €10, 1}, j=1...,n (11)

All variables that also occur in the UFLP have the same
definitions as given previously. Specific to the PCUFLP
formulation, the p; parameters represent the lost sales of
retail store i, if it is ‘serviced’ by the universal warehouse.
Constraint set (7) ensures that all retail stores can be
serviced by the universal warehouse. It is easy to show
that the Uj; variables that must be between 0 and 1 (constraint
set (10)) will not take on fractional values. In other words,
U; is 1 if retail store i is ‘serviced’ by the universal ware-
house and zero otherwise. Thus the PCUFLP is a generali-
zation of the UFLP; because if all the U;=0, then the
PCUFLP reduces to a UFLP.

PCUFLP formulation for inventory sizing
applications

Sheet steel for such diverse applications as automobile body
panels, appliance panels, and steel storage sheds are sold to
customers as master steel coils. The customer, in turn, slits
or shears (or both) the master coils into his specific
requirements. The master steel coils are produced on rolling
mills by deforming rectangular pieces of steel referred to as
slabs. These slabs are the result of a continuous casting

machine transforming batches (as much as 300 tons per
batch) of liquid steel into solid rectangular pieces of steel,
that is, slabs.

The benefits of a semi-finished inventory to act as a buffer
between the steelmaking—continuous casting operations and
the rolling mills are well known in the steel industry.®® The
selection of what sizes to stock is an important combina-
torial optimization problem that can be formulated as a
PCUFLP. It is interesting to note that the following applica-
tion has nothing at all to do with locating facilities, but, in
reality, is a type of inventory size consolidation problem.

The continuously cast slabs can be cut into several
smaller slabs before being processed through the rolling
mills. The problem was to determine, by metallurgical grade
(steel recipe), the minimum number of continuously cast slab
sizes (both width and length—thickness was known)
such that 85 to 90% of the customer order requirements
(by weight) could be met from this semi-finished inventory
of slabs. The remaining 10 to 15% of the customer require-
ments would be met from made-to-order steel production.

The 10 to 15% of the customer requirements not provided
from the semi-finished inventory consisted of small quantity
orders that were more economically made to order. It is
precisely the fact that less than 100% of the customer
requirements needed to be met from the semi-finished
inventory that motivated the introduction of the universal
warehouse concept to accommodate the last 10 to 15% of
the requirements, that is, the defining characteristic of a
PCUFLP.

Determining if a given inventory size was feasible for a
particular customer requirement required the following set
of feasibility checks to be made:

1. Customer dimensional and weight specifications,
2. rolling mill processing constraints, and
3. continuous caster constraints.

If all these checks indicate feasibility, then the correspond-
ing a; coefficient is set to one in the PCUFLP formulation.
Otherwise, the a;; value is set to zero.

Erlenkotter’ developed a highly efficient dual ascent-
based branch-and-bound algorithm for the UFLP called
DUALOC. This FORTRAN code has been used by Nauss
and Markland'” as part of a procedure for lock box location.
It has also been used by Pentico'"' and by Vasko and Wolf'?
as part of solution procedures to solve assortment problems.
In addition, Vasko e al’ used it as part of a procedure to
determine as-cast bloom lengths, that is, the length of
blooms produced directly from a caster.

The current application has similarities to the work
described in Vasko and Wolf,'? as well as Vasko et al.® In
all three cases a separate problem is formulated for each
metallurgical grade under consideration. Also, in each case,
the candidate warehouses represent the potential semi-
finished inventory sizes, and the retail stores represent the
customer requirements.



FJ Vasko and DD Newhart—Partial coverage uncapacitated facility location problem 13

However, there are two important differences:

1. First, the current problem size is much larger. In Vasko
and Wolf'? the largest UFLP had only 232 candidate
warehouses and in Vasko ef al’ the largest UFLP had
only 100 candidate warehouses.

2. Secondly, and more importantly, in the current problem
the inventory sizes are to be designed to satisfy between
85 and 90% of the customer requirements (by weight).
In the previous problems, 100% of the customer
requirements had to be satisfied from inventory.

It is this second difference that we use to our advantage in
formulating the problem as a PCUFLP.

In the current application, there are about 19 000 distinct
slab sizes (candidate warehouses) that are potentially fea-
sible for a given metallurgical grade. The actual number of
feasible sizes (width by length) depends on the customer
specifications within a metallurgical grade—not all of these
sizes are needed for each grade. The largest number feasible
for any given grade, based on annual customer require-
ments, is about 13 600 distinct slab sizes.

A retail store consists of a group of customer require-
ments that are identical based on customer specifications for
metallurgical grade, chemistry requirements, dimensional
requirements, and slab weight requirements. For a given
metallurgical grade, the largest number of distinct retail
stores is about 1650.

Feasible retail store—candidate warehouse pairs are deter-
mined by checking all customer dimensional and weight
specifications, all rolling mill processing constraints, and all
continuous caster constraints. In other words, all these
checks (the specific constraints parameters are proprietary)
boil down to determining whether the a;; coefficients are 1
(feasible) or 0 (infeasible). For a given metallurgical grade,
the largest number of feasible store—warchouse pairs is
about 213 000.

Solutions with different numbers of distinct slab sizes can
be generated by varying the fixed cost associated with
each slab size. It should be noted that the same fixed cost
is used for all slab sizes, and therefore no slab size is favored
based on fixed cost. To model the fact that only 85 to
90% of the customer order requirements need to be satisfied
from inventory, a universal slab size is added to the list
of candidate warehouses. As discussed previously,
this universal slab size has a zero fixed cost and every
customer requirement can be met from it. It is important to
realize that in this PCUFLP application the fixed costs do
not represent actual costs, but instead, these costs are
modelling means for controlling the amount of customer
requirements (by tons) that are assigned to actual slab
sizes in the solution. The higher the fixed costs, the
lower the percentage of customer requirements satisfied
from inventory. The lower the fixed costs, the higher the
percentage of customer requirements satisfied from
inventory.

The variable costs are defined, primarily, so that, for a
fixed number of inventory slab sizes in the PCUFLP
solution, the customer requirements by weight will be maxi-
mized (tons not satisfied from inventory replace lost sales).
For a given PCUFLP solution, customer order requirements
assigned to the universal slab size represent material to be
produced on a made-to-order basis instead of being supplied
from inventory.

Semi-finished inventory size results

For this application, semi-finished inventory sizes were
designed and implemented for about 30 different metallur-
gical grades. In this section, we analyse, in some depth,
results from three of the metallurgical grades. For proprie-
tary reasons, these three grades will simply be referred to as
small, medium, and large based on their corresponding
PCUFLP problem size. Summary information for these
three grades at six different fixed cost values are given in
Tables 1 and 2. Each of the three grades was executed at all
six fixed cost levels to illustrate solution sensitivity to fixed
cost. These tables represent a total of 18 PCUFLPs.
The number of rows refers to the number of retail stores
in a problem. The number of columns refers to the number
of candidate warehouses in a problem and the number of
feasible pairs refers to the number of feasible retail store—
candidate warehouse pairs. Table 1 gives the total number
of dual ascent iterations until the program terminates with
the guaranteed optimal solution, the number of iterations
at which the optimal solution was found, and the iteration at
which the branch-and-bound strategy was initiated. Table 2
gives the total number (including the universal warehouse)
of warehouses in the solution, the percentage of customer
weight requirements met by the solution and the average
percentage of customer requirements met per warehouse.
Executed on a 500 MHz PC, about 275 dual ascents were
performed per second.

For this application the desired solution (85 to 90% cover-
age) occurred at a different fixed cost for each of the three
grades. For a given metallurgical grade, that is, problem size,
the strategy is to start with a high fixed cost and to decrease it
until between 85 and 90% of the customer requirements
can be satisfied from the semi-finished inventory. As seen
from Tables 1 and 2, for the small problem, the desired
solution was found in less than 3 s at a fixed cost of 12 500
with 88% of the customer weight supplied from 15 semi-
finished inventory sizes. For the medium problem,
the desired solution was found in about 90s at a fixed
cost of 25000 with 88% of the customer weight supplied
from 17 semi-finished inventory sizes. For the large pro-
blem, the desired solution was found in about 30s at a
fixed cost of 50000 with 89% of the customer weight
supplied from 20 semi-finished inventory sizes.

Even if we needed to cover as much as 95% of the cus-
tomer order weight requirements for the small and medium
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Table 1

Iteration results for structured data

Small (269 rows,

Medium (929 rows,

Large (1649 rows,

6036 columns, 10625 columns, 13552 columns,
Fixed cost 31904 feasible pairs) 117 504 feasible pairs) 212 870 feasible pairs)
400000 1 151 2035
1 151 1688
NA NA NA
200000 1 720 3076
1 689 3073
NA NA NA
100 000 1 1174 4460
1 1171 4460
NA NA NA
50000 157 3970 8510
157 3970 8510
NA 3250 7172
25000 254 25056 4469425
254 22962 4469383
NA 4521 36438
12500 754 130479 5843403
754 115031 5832574
NA 11516 40507

problems, optimal solutions would be achievable in a few
seconds (small) to a few minutes (medium). However, if we
needed to cover as much as 95% for the large problem
and wanted to guarantee the optimal solution, then it would
take over 4h. As will be shown later, for this type of
application, with high empirical confidence of being
within 1% of optimum, DUALOC can be terminated after,
at most, 500000 dual ascent iterations (about 30 min on
a 500 MHz PC).

For this particular application, the goal was to optimally
satisfy 85 to 90% of the customer weight requirements from

the minimum number of inventory sizes. Each metallurgical
grade required the solution of no more than five PCUFLPs
in order to achieve the correct coverage. Also, each PCUFLP
was solved to optimality in two minutes or less.

Analysis of DUALOC performance

As practitioners we were very pleased that DUALOC was
capable of generating optimal solutions to these large
applications so efficiently. We were curious as to what
structure in our problems allowed this classic algorithm,

Table 2 Optimal PCUFLP results for structured data

Small (269 rows,
6036 columns,

Medium (929 rows,
10625 columns,

Large (1649 rows,
13552 columns,

Fixed cost 31904 feasible pairs) 117 504 feasible pairs) 212 870 feasible pairs)
400000 1 2 6
0% 24% 59%
0% 12% 9.8%
200000 1 5 10
0% 52% 74%
0% 10.4% 7.4%
100000 1 8 15
0% 68% 83%
0% 8.5% 5.5%
50000 4 13 21
42% 81% 89%
10.5% 6.2% 4.2%
25000 8 18 34
66% 88% 96%
8.3% 4.9% 2.8%
12500 16 27 46
88% 94% 98%
5.5% 3.5% 2.1%
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coded in FORTRAN back in 1976 by Donald Erlenkotter,’
to perform so well. Thus, we decided to systematically vary
the input of these three problems.

1. We rearranged the candidate warehouses (the candidate
warehouses were originally sorted in a certain order by
size). Alternative sorting criteria had no impact on
solution time.

2. We rearranged the candidate warehouses randomly, but
this also did not change the solution time.

3.  We kept the number of candidate warehouses that were
feasible for each retail store the same, but, using a
separate random uniform distribution for each retail
store, assigned feasible candidate warehouses to each
store. This kept the overall density of the problem
constant and it kept the number of feasible candidate
warehouses per retail stores the same, but it changed the
distribution of number of retail stores satisfied by a
candidate warehouse. In other words, the average
number of retail stores that a warehouse could service
remained the same, but the number of retail stores that
any particular warehouse could service is now different.

In summary, cases 1 and 2 tested the impact of column
sorting on solution time. Because of the input format of
DUALOC, it was not surprising that these two cases had no
impact on solution time. Specifically, the DUALOC input
requires that, for each retail store, the candidate warehouses
for that store be listed in ascending order based on the
variable cost of meeting that store’s demand. In other words,
no matter how the candidate warehouses (columns) are
sorted or labeled in the model, the input to DUALOC
remains the same. In case 3, the impact of the distribution

Table 3

of number of retail stores satisfied by a candidate warehouse
was determined. The same 18 PCUFLPs were solved using
this randomized data for the small, medium, and large
problems. The results are summarized in Tables 3 and 4.
With this ‘randomized’ data the number of dual ascent
iterations required to solve these problems has increased
significantly. Only for relatively high fixed cost values could
these problems now be solved to optimality. The DUALOC
program was terminated after 10 million dual ascent itera-
tions (approximately 10h of execution time). The smallest
fixed costs in the tables for which each problem was solved
to optimality by DUALOC were 25000 for the small
problem with 63% of the customer weight requirements
covered by eight (nine with the universal warehouse) semi-
finished inventory sizes, 50000 for the medium problem
with 61% of the customer weight requirements covered by
15 (16 with the universal warehouse) semi-finished inven-
tory sizes, and 200 000 for the large problem with only 44%
of the customer weight requirements covered by eight (nine
with the universal warehouse) semi-finished inventory sizes.
As a first step in what was to be a detailed fitness
landscape analysis,'*'* the distributions (random and struc-
tured) of the number of retail stores satisfied per candidate
warehouse were plotted on graphs (Figures 1, 2, and 3) for
each of the three problems. Specifically, for each of the three
problem sizes and two input data sets (random and struc-
tured), we determined the number of candidate warehouses
that could satisfy exactly one retail store, exactly two retail
stores, exactly three retail stores, and so on. This informa-
tion was then organized as ordered pairs (num_rs, num_cw),
in which num_rs was the number of retail stores satisfied
and num_cw was the number of candidate warehouses that

Iteration results for random data

Small (269 rows,
6036 columns, 31 904

Medium (929 rows,
10625 columns,

Large (1649 rows,
13552 columns,

Fixed cost feasible pairs) 117 504 feasible pairs) 212 870 feasible pairs)
400000 1 1 6
1 1 6
NA NA NA
200000 1 4 15854
1 4 15853
NA NA 1158
100000 1 313 10000 000“
1 313 9893483
NA 233 20928
50000 151 2791620 10000 000“
150 2654135 8813362
118 4201 136761
25000 8735 10000 000* 10000 000“
8020 864 867 8126509
553 40237 1303636
12500 10000 000“ 10000 000* 10000 000“
114716 921991 7635222
4642 169170 1038891

“Maximum 10 000 000 iterations exceeded.
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Table 4 Optimal PCUFLP results for random data

Small (269 rows,

Medium (929 rows,

Large (1649 rows,

Fixed cost 6036 columns, 31 904 10625 columns, 13552 columns,
feasible pairs) 117 504 feasible pairs) 212 870 feasible pairs)
400000 1 1 1
0% 0% 0%
0% 0% 0%
200000 1 1 9
0% 0% 44%
0% 0% 4.9%
100 000 1 6 19
0% 33% 56%
0% 5.5% 2.9%
50000 4 16 63
37% 61% 86%
9.3% 3.8% 1.4%
25000 9 55 118
63% 90% 97%
7% 1.6% 0.8%
12500 25 86 155
88% 98% 99%
3.5% 1.1% 0.6%

satisfied num_rs retail stores. For example, in Figure 1,
the left-most data point and the right-most data point of
the structured plot are (1,1678) and (24, 11), respectively.
For the small problem using the actual (structured) input
data, there were 1678 candidate warehouses that could
service exactly one retail store and there were 11 candidate
warehouses that could service exactly 24 retail stores.
In contrast, for the randomized input data for this problem,

1678 CANDIDATE WAREHOUSES

the left-most data point and the right-most data point were
(1, 154) and (15, 3), respectively. That is, when the input was
randomized for the small problem, there were only 154
candidate warehouses that could service exactly one retail
store and there were 3 candidate warehouses that could
service exactly 15 retail stores. For the randomized input
data, 15 stores were the most that any candidate warechouse
could service versus 24 for the actual problem data.

11 CANDIDATE WAREHOUSES
CAN SERVICE EXACTLY 24 RETAIL STORES

v

—4—RANDOM —8— STRUCTURE

Figure 1 Number of candidate warehouses vs number of retail stores satisfied (small problem).
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—4—RANDOM —m—STRUCTURE

Figure 2 Number of candidate warehouses vs number of retail stores satisfied (medium problem).

As can be seen in Figures 1, 2, and 3, the distributions for
the random versus the structured inputs are vastly different;
however, the average number of retail stores satisfied per
candidate warehouse is the same for each problem input.
For the actual (structured) problems, the data are approxi-
mately exponentially distributed. For the randomized data

problems, the data are normally distributed, as expected,
since they are the sum of uniform random distributions.
For the structured (exponential distributions, there are a
few candidate warehouses that satisfy many retail stores (the
right tail of the distributions). Clearly, PCUFLP solutions
should be comprised heavily of these candidate warehouses,

—4—RANDOM —a—STRUCTURE

Figure 3 Number of candidate warehouses vs number of retail stores satisfied (large problem).
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which are easy for DUALOC to identify because there are
few in number. Also, for the exponential distributions, there
are a large number of candidate warehouses that satisfy very
few retail stores (the left tail of the distributions). Obviously,
these candidate warehouses should not be in PCUFLP
solutions.

In contrast to the exponential distributions of the actual
real-world applications, the randomized data problems result
in normal distributions. These normal distributions do not
provide the same easy identification of which candidate
warehouses should be in a solution and which should not be
in a solution, hence, the much longer execution times for the
randomized data problems.

Also, Figures 1, 2, and 3 can be used to explain the
relationship between execution time required to solve the
problem and fixed cost. That is, for high fixed costs,
the warehouses are chosen from the extreme right tail of
the distributions. This is easy to do regardless of the
distribution. However, as the fixed costs are reduced, allow-
ing more warchouses into the solution, the PCUFLP solu-
tion is generated by starting at the right tail of the
distribution and ‘moving’ to the left. The lower the fixed
costs, the further to the left DUALOC has to search for the
optimal solution.

DUALOC as a heuristic

Now let us consider using DUALOC heuristically in order
to solve large PCUFLPs. Suppose, for example, the large
problem application needed to be solved for a customer
weight coverage of 95 to 100%, and for computational

efficiency we needed to limit execution time to, say,
30 min, which is equivalent to about 500000 dual ascent
iterations on a 500 MHz PC. In order to solve such problems,
we could consider a heuristic specifically designed for the
UFLP'>'® or we could make use of a general heuristic or
metaheuristic strategy'”'® that we would need to customize
to solve our particular PCUFLPs.

However, given that DUALOC is efficiently alternating
between improved dual solutions and corresponding primal
solutions,” it appeared that DUALOC could also be used
heuristically. Specifically, DUALOC could be terminated
(without proving optimality) after either a predetermined
number of dual ascents, or when solution improvement
‘slowed down’, or both. The convergence of DUALOC for
a fixed cost of 12 500, for both actual data and random data,
is illustrated in Figures 4, 5, and 6 for the small, medium,
and large problems, respectively.

For the actual applications, even at a fixed cost of 12 500,
the small (Figure 4) and medium problems (Figure 5) are
solved to optimality in less than three seconds and less than
eight minutes, respectively. For the large problem (98%
coverage from inventory), the optimal solution is not
found until dual ascent iteration 5832 574 with optimality
proven shortly after iteration 5843403 (just under 6h of
execution time). From Figure 6, we see that DUALOC has
found a solution with 1.2 and 0.6% of optimality at about
100000 and 300000 dual ascent iterations, respectively.
Based on the three applications discussed in this paper
and numerous other semi-finished inventory design pro-
blems (other metallurgical grades) that we were called
upon to determine sizes for, very good solutions (within

RANDOM DATA —=- STRUCTURED DATA |

Figure 4 Percent deviation from optimum vs number of iterations (small problem).
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—+— RANDOM DATA -=-STRUCTURED DATA

Figure 5 Percent deviation from optimum vs number of iterations (medium problem).

1.0% of optimality) for any of these problems at any fixed
cost level could be achieved by executing DUALOC. This
was true for cases requiring at most 500000 iterations
(about 30 min on a 500 MHz PC).

In contrast, for the randomized data problems, DUALOC
converged much more slowly. At a fixed cost of 12 500, all
three of the problems were terminated after 10 million dual
ascent iterations. For the small problem, the best PCUFLP

solution was found by iteration 114716, but optimality
was still not proven after 10 million iterations. For the
medium problem, the best PCUFLP solution was found by
iteration 921991, but optimality was still not proven after
10 million iterations. For the large problem, the best
PCUFLP solution was not found until iteration 7 635222,
and was still trying to prove optimality after 10 million
iterations. For these randomized data problems, where the

—— RANDOM DATA —=- STRUCTURED DATA

Figure 6 Percent deviation from optimum vs number of iterations (large problem).
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distribution of the number of retail stores satisfied per
warehouse does not allow for the easy identification of
which candidate warehouses should or should not be in the
solution, we would expect any algorithm to perform poorly.
In light of this fact, it is a credit to DUALOC that
for these problems, it converges to within 5% of the
best-known solution after, at most, 500000 dual ascent
iterations.

Conclusions

The PCUFLP is a generalization of the UFLP, in which not
all retail stores need to have their demand satisfied from a
warehouse. The problem of determining semi-finished
inventory sizes to be used to produce sheet steel products
was formulated as a PCUFLP. Erlenkotter’s classic dual-
ascent algorithm, DUALOC, was used to solve real-world
PCUFLP applications with over 1600 retail stores, 13 000
candidate warehouses, and about 213 000 feasible retail
store—candidate warehouse pairs in less than two minutes
on a 500 MHz PC.

The ability to obtain efficient solutions to large semi-
finished inventory size applications formulated as PCUFLPs
is dependent on two key factors: (1) the percentage of
customer weight requirements that are to be met from the
semi-finished inventory; and (2) how the number of retail
stores satisfied per candidate warehouse are distributed. For
large inventory size problems, as the percentage of customer
order weight covered by inventory increases, that is, the fixed
costs decrease, the problem becomes more difficult to solve.

For general PCUFLPs, efficient solution times can be
attributed to the fact that the number of retail stores satisfied
by a candidate warehouse is approximately exponentially
distributed. In contrast, if the number of retail stores
satisfied by a candidate warchouse is approximately nor-
mally distributed, then large instances of the corresponding
PCUFLP are expected to be difficult to solve. Both of these
results will hold true regardless of the particular application.
This characterization of the distribution of number of retail
stores satisfied by a candidate warehouse can be extremely
helpful to any practioner in deciding on how to utilize the
classic DUALOC algorithm as either an exact or an approxi-
mate solution procedure.

Appendix
Outline of DUALOC logic

A dual ascent procedure is used efficiently to generate solu-
tions to a condensed dual of the UFLP. Complementary
slackness relationships for optimal linear programming
solutions are used to derive feasible primal solutions from
dual solutions. If the complementary slackness conditions
are satisfied, then the optimal solution has been obtained.
Otherwise, a dual adjustment procedure is executed in order

to try to reduce complementary slackness violations.
If iterative use of the dual ascent and adjustment procedures
do not yield an optimal integer solution to the UFLP, then
a branch-and-bound procedure is executed.
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