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Summation Notation

* Givenaseries{a,}, an integer lower bound
(or limit) j=0, and an integer upper bound
k>], then the summation of {a} from| to k
IS written and defined as follows:

K
Y a=a +ta,t..+a
=

e Here, I Iscaled the index of summation.
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Generalized Summations

 For aninfinite series, we may write:
Za1. =a, +a,t...
. To sum afunction over all members of a set
X={X;, %op ...} D F0O0=F)+ () +...

XX

* Or, if X={x|P(xX)}, we may just write:

> F()=f(x)+ F(x)+..

P(X)
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Simple Summation Example

iiz +1=(2°+1) +(3° +1) +(4° +1)

1=2

=(4+1)+(9+1) +(16+1)

=5+10+17
=32
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More Summation Examples

 Aninfinite series with afinite sum:

Y20 =20+ + =l i+ i =2
i=0

o Using a predicate to define a set of
elements to sum over:
Y X =22 +3+5°+ 72 =4+9+25+49=87

(Xisprime) [
x<10
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Summation Manipulations

e Some handy identities for summations.

Y cf(x)=c) f(x) (Distributive law.)
" " (Application

Z F(x)+9(x) = (Z f (X)j + ; g(X) Ofact:icz/l}r;y;t_

Zf(l) > f(i-n) (Index shifting.)

i=j+n
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More Summation Manipulations

e Other 1dentities that are sometimes useful :

[Zf(l)j Zk:f(i) If | <m<Kk
I=m+l (Series splitting.)

(Order reversal.)

f(2)+1(2+]) (Grouping.)
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Example: Impress Y our Friends

e Boadt, “I’'m so smart; give me any 2-digit
number n, and I’'ll add all the numbers from
1toninmy head injust afew seconds.”

n

e |.e, Evauate the summation: Zi

1=1
e Thereisasmple closed-form formulafor
the result, discovered by Euler at age 12!

Leonhard i _ “
Euler ﬁ
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Euler’s Trick, lllustrated

e Consider the sum:;

n+1

e n/2 pairs of elements, each pair summing to
n+1, for atotal of (n/2)(n+1).
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Symbolic Derivation of Trick
N\
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Concluding Euler’s Derivation

=n(n+1)/2
e S0, you only haveto do 1 easy
multiplication in your head, then cut in half.

* Also works for odd n (prove this at home).
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Example: Geometric Progression

e A geometric progression isaseries of the
forma, ar, ar?, ar3, ..., ark, wherea,rJR.

he sum of such aseriesis given by:

S:Zk:ari
=0

e \We can reduce thisto closed formvia
clever manipulation of summations...
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Geometric Sum Derivation
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Derivation example cont...
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Concluding long derivation...
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Nested Summations

* These have the meaning you’' d expect.

$50-5 (5058 Sz

i=1 j=1 i=1 \ j=1 i=1 i=1

4

:iGi =6) i =6(1+2+3+4)
=1

=1

=6010=60
* Noteissues of free vs. bound variables, just
like In quantified expressions, integrals, etc.
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Some Shortcut Expressions

Zafk =a(r™ -1 /(r-1),r 21  Geometric series.
k=0

> k=n(n+1)/2 Euler’ s trick.
k=1

> k*=n(n+1)(2n+1)/6 Quadratic series
k=1

> k*=n*(n+1)*/4 Cubic series.
k=1
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Using the Shortcuts
 Example: Evaluate ikz |

— Use series splitting. 4, 100
_ Solvefor desired ) _K* = (Z ksz’ D K
summation. = =0
_ 100 100
— Apply quadratic " k? = (Z kzj Z k?
seriesrule. k=50 k=1
_ Evaluate 1000101201 495009

6 6
= 338,350—-40,425
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Summations; Conclusion

e You need to know:

— How to read, write & evaluate summation
expressions like:

Ya Ta Xf Y

XX P(X)
— Summation manipulation laws we covered.

— Shortcut closed-form formulas,
& how to use them.
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