Kutztown University
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MAT 224: Foundations of Higher Mathematics

I. Three semester hours; three clock hours; required course for B.S. in Mathematics & B.S. in
Secondary Education (Mathematics); also required for Mathematics minor.

II. Course Description:

MAT 224: Foundations of Higher Mathematics 3s.h, 3 ch.
This course is designed to prepare the student for the study of advanced mathematics. Topics
include fundamentals of logic; proof strategies; the algebra of sets; relations; including
equivalence relations; functions and their properties; countable sets and counting techniques;
ordered and well-ordered sets. This course should be taken only after the student has taken at least
two college-level mathematics courses. Prerequisite: C or better in MAT 171.

III. Course Objectives:

The student will:

A. Learn to use the proper mathematical techniques in analyzing information, extracting pertinent
facts and drawing appropriate conclusions.

B. Examine the basic logic that underlies mathematical proofs

C. Write mathematical proofs using the following methods: direct proof; proof by contrapositive;
proof by contradiction; proof by exhaustion; proof by induction.

D. Interpret and prove or disprove quantified mathematical statements.
E. Apply the abstract concepts of relations and functions in mathematical applications.
F. Recognize the foundational nature of set theory in mathematics and its development.
G. Apply the concepts and operations of sets in mathematical disciplines.

IV.Course Assessment

The course assessment will be a subset of tests, projects, presentations, quizzes, homework, team
assignments and final exam.

V. Course Outline
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A. Fundamentals of Mathematical Logic and Proof Strategies

1. Preliminaries
a. The language of mathematics-defined and undefined terms
b. Statements and truth values
c. Definitions, axioms and theorems

2. Fundamentals of Logic
a. The basic sentential connectives; negation and conjugation
b. Truth tables, equivalent statements, tautologies, and contradictions
c. Disjunctions
d. Various properties of the above connectives

3. Conditionals and Biconditionals
a. Conditionals and their relatives
b. Biconditionals

4. Statement Formulas and Quantification
a. Sets, statement formulas and quantifiers
b. Combinations of the universal and existential quantifiers
c. Negation of quantified statements

5. Strategies for Mathematical Proof

Argumentation and valid consequences

Rules of Inference

Method of indirect proof

Quantification in argumentation

Fallacies commonly found in argumentation
Inconsistent and/or unsatisfiable sets of premises
Counterexamples
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B. Set Theory and Related Concepts

1. Fundamentals of Classes and Sets
a. Definitions of classes and sets
b. The set N and proof by induction
c. Algebra of sets
d. Proofs of the properties of the algebra of sets

2. Relations
a. Ordered pairs and cartesian products
b. Relations, images and pre-images
c. Properties of images and pre-images with respect to the algebra of sets
d. Algebra of relations
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3. Equivalence Relations and Partitions of Sets
a. Equivalence relations and equivalence classes
b. Partitions of a set
c. Relationships between equivalence relations and partitions

4. Functions
a. Functions, images and pre-images
b. Properties of images and pre-images with respect to the algebra of sets
c. Properties of functions-injectivity, surjectivity and bijectivity
d. Algebra of functions

5. Families of Sets
a. Indexed collection of sets
b. Generalized algebra of sets
c. Generalized cartesian products
d. Applications

6. Countable Sets and Counting Techniques
a. Infinite sets and equinumerous sets
b. Countable sets and their properties
c. Cantor’s Theorem
d. The existence of uncountable sets

7. Ordered Sets and Well-Ordered Sets

Partial orderings

Special elements of partially ordered sets
Order isomorphism

Well ordered sets

Zorn’s Lemma
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