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ABSTRACT
ON PROPERTIES AND ASPECTS OF TwO QUASI-CANTORESQUE SETS

CHRISTOPHER R. KRIZAN
M. PabpraiG M. M. McLOUGHLIN
DEPARTMENT OF MATHEMATICS,
KuTzTOWN UNIVERSITY OF PENNSYLVANIA

Our paper, ”On Properties and Aspects of Two Quasi-Cantoresque Sets,” begins
with a brief synopsis of the classic Cantor middle-third set, C, and how the study
of said led to our work on quasi-Cantoresque sets.

We introduce the quasi-Cantoresque sets that Krizan created, the Krizan Set, /C,
and the Bubba Set, 5. We explore aspects of and we prove some nice results on each
of the aforementioned quasi-Cantoresque sets; that they are compact, uncountable,
perfect, and nowhere dense, totally disconnected subsets of R but do not necessarily
have the same Hausdorff dimension as C; moreover, they are non-self similar but
symmetric (K and B) so we opine as to a generalised Hausdorff dimension of & and
we offer a limiting argument for said.



1. INTRODUCTION, BACKGROUND, AND PRELIMINARY DEFINITIONS AND
THEOREMS

We note the debt owed to the great mathematician Georg Cantor, the founder
of the theory of infinite sets, and comment that this work is but an extension of his
work.

The primary author wrote his senior thesis under the direction of the second
author [2] and then followed that work with more investigations of the Cantor Set
and some sets that are somewhat like the Cantor set, Cantoresque sets and quasi-
Cantoresque sets that led to papers that were presented at two undergraduate
conferences, the Central Pennsylvania Regional Student Science & Mathematics
Conference of Kappa Mu Epsilon at Bloomsburg University [3] and the Eastern
Pennsylvania and Delaware (EPaDel) Section of the Mathematical Association of
America Conference at Ursinus College [4].

Let U be a well defined universe.!

We assume the Zermelo - Fraenkel (with the axiom of choice) axioms of Set The-
ory; the field, order, and completeness axioms of R; the Kolmogorov axioms of
probability theory; the Peano axioms of N; and, we assume the reader has a basic
understanding of Real Analysis.

Definition 1.01: N* ={0,1,2,3,...,(k—1),k,...}.

Definition 1.02: N={1,2,3,...,(k—1),k,...}.

Definition 1.03: N = {0,1,2,3,...,(k —1),k}.

Definition 1.04: N, = {1,2,3,...,(k—1),k}.

Definition 1.05: Let @ € R, b € R such that a < b. Then a segment is (a,b)
{z|a < z < b} and an interval is [a,b] = {z]a < 2 < b}.  We note that ¢ ([a, b])
|b—al =b—a=1{((a,b)) which is length (the usual metric on R).

Theorem 1.01: (Archimedean Property of N in R) The set N is unbounded above
in R.

Definition 1.06: A set S is finite if S = () or if there exists n € N and a bijection
f:N, — S.  We say the cardinality of S is 0 if S = () and the cardinality of S
is n if there exists n € N and a bijection f: N,, — S.

Definition 1.07: If S is not finite, it is infinite.

Definition 1.08: A set S is denumerable if there exists a bijection f : N — S.  We
say the cardinality of S is Ny when S is denumberable.

Notation 1.01: Let S be a set. denote the cardinality of S as |S]|.

Definition 1.09: Let S and T be sets. The sets S and T are equipollent (or equinu-
merous or equipotent) if there exists a well defined bijection f: S — T. We say
the cardinality of S is equal to the cardinality of 7" or simply note either S = T or
S| = |7

Theorem 1.02: Let S and T be sets. |S| < |T|iff 3f : S — T such that f is a well
defined injective function.

Theorem 1.03: Let S and T be sets. |S| > |T| iff 3f : S — T such that f is a well
defined surjective function.

Definition 1.10: A point x is a limit point of a set S if Ve > 0, (x — e,z +¢) N

LFor our paper all but a momentary side discussion has the property that we will be discussing
set where U = R and it is linearly ordered by the relation less than or equal to (<).
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(S\ {z}) # 0. The set of all limit points of S is denoted S’.

Definition 1.11: The closure of S, denoted S, is defined by S = SU S".

Definition 1.12: The boundary of S, denoted bd (S), is defined by bd (S) = SU SC.
Definition 1.13: A set S is closed iff S = S.

Definition 1.14: A set S is bounded below if 3m € R sm < sVs € S.

Definition 1.15: A set S is not bounded below if Ym € Rds € § 2 s < m.
Definition 1.16: A set S is bounded above if 3p € R o p > sVs € S.

Definition 1.17: A set S is not bounded above if Vp € RIs € S 55 > p.

Definition 1.18: A set S is bounded if is bounded above and bounded below.
Definition 1.19: A set S is compact iff every open cover of that set contains a finite
subcover.

Theorem 1.04: Let Q = {A;} be a collection of closed subsets of R. It is the case
that (€ is closed.

Theorem 1.05 (Heine-Borel): A subset S of R is compact iff S is closed and bounded.
Definition 1.20: If a point « € S and x ¢ S’, then z is called an isolated point.
Definition 1.21: A set S is perfect iff A is closed and A contains no isolated points.
Definition 1.22: A set S is disconnected iff there exists an open set U and an open
set Vsuchthat SCUUV,UNV =0, SNU #0,and SNV # (.

Definition 1.23: If a set S is not disconnected, it is connected.

Definition 1.24: A set S is totally disconnected iff for every x € S and y € S such
that = # y there exists an open set V such that UNV =0, z € U, y € V, and
SCUUV.

Definition 1.25: A set S is nowhere dense in R iff S¢ is dense in R.

Definition (Alternate 1.25): A set S C 7' is nowhere dense in T iff S contains no
segments that are subsets of T.

Definition 1.26: A set S is countable iff it is finite or denumerable. We say the
cardinality of S, |S| < Ng if S is countable.

Definition 1.27: A set .S is uncountable iff it is not countable. We say the cardinal-
ity of S, |S| > Ng if S is uncountable.

Definition 1.28: A set S has measure zero if Ve > 0 3 a collection of segments,

Q={Si};c; 21| <Rg such that Q covers the set S > Zé(Si) <e.
k=1
The classic middle 3"¢ Cantor set is constructed by considering the universe to
be R. Then starting with the interval Cy = [0, 1] we remove the middle 3"¢ segment

(3,2). What is left is [0,4] U [2,1]. C1 = [0,3] U [2,1]. Next we remove the
middle 3" segments from these intervals; thus, [0,5] U [2,2] U [3, 2] U [5,1] is

left; so, Cy = [0, 5] U [2, 4] U [3, 7] U [8,1]. Next we remove the middle 3" seg-

ments from these intervals; thus, Cs = [0, %= | U [&, §]U[2, £]U[5, 2] U[2, 2] U
[%, g] U [g, g—ﬂ U [g—g, ] We continue to remove these middle 3"¢ segments from

the remaining intervals on each C; level Vi € N. Thus, C (the classic middle 3¢

o0
Cantor set) is inductively understood to be C = [ Cj.

j=1

This set cannot be called the Cantor set in gejneral because there are other sets

that are homomorphic to the classic middle 3"¢ Cantor set (a generalised Cantor
set, a middle 4" Cantor set, middle 5" Cantor set, etc.). Therefore, these other
sets can also be called Cantor sets. All these sets have the same properties and
characteristics.
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More rigorously let us note that when welet P = |J | S; where S11 = (%, %)
i=1 k=1
S21 = (5,5) and S22 = (5, 5)
1= (. 2) . 5o = (. 4), S0 = (3 ), and S0 = (3.3)
It is the case that Cy = [0, 1]
¢ = [0.5]U[21]

3
Ca=10,5]U[5,3] U[5.5] U [5.1]
Cs=[0.57] U [37.5] U [§. 27 U [z 5] U - - - V5,1

So, for each i € N, C; is derived by deleting the middle 2¢~! segments of length
37! from the intervals of the (i — 1)th level to construct that which remains which
are 2% intervals of length 37°.

Therefore,
oo 2071 e}
c=01-r=C-J U Sr=[C
i=1 k=1 j=1

Krizan? proved in [2] and [3] that C is a perfect, compact, and uncountable set such
that it is nowhere dense in [0, 1], is a totally disconnected subset of R, with measure
zero, and with Hausdorff dimension 1283

Definition 1.29: A set S is a Cantor middle m- set iff the length of the middle
segment removed from each interval are of the form m™" Vn € N>m € N\ {1}.
Definition 1.30: A set S is a generalised Cantor set iff 3o € (0,1) such that
the length of the middle segment removed from each interval are of the form
a-3™" VneNlN.

Definition 1.31: A set S is a Cantoresque middle % set iff 3k € N;m € N\Ng, k <
(m—2)A3p € No>m = (2p—1) where the construction of the set inductively
defined so that the middle segments removed are of length m™ Vn € N and the
number of segments removed is k.

Definition 1.32: A set S is a generalised Cantoresque middle % set iff 33 €
(0,1),3k € Nym € N\Ng,k < (m —2)A3dp € N > m = (2p—1) where the
construction of the set inductively defined so that the middle segments removed
are of length §-m™" Vn € N and the number of segments removed is k.
Definition 1.33: A set S is a 3 - Cantoresque set if 38 € (1, 00) such that the con-
struction of the set inductively defined so that the middle segments removed are of
length /=" Vn € N and the number of segments removed is m € N* s m < n.
Definition 1.34: A set S is a quasi-Cantoresque set if it is the case that in the con-
struction of the set inductively defined so that the middle segments removed are not
necessarily of the same ratio in the sequence of construction levels to construction
levels (e.g.: 3, Vn € N and the number of segments removed is m € N om < n)
or it is the case that in the construction of the set inductively defined so that there
are middle segments removed then intervals added, then segments removed then
intervals added, etc. such that the total length of the intervals added in a step does
not exceed the total length of the segments removed previous to the addition of
intervals in the construction of the set.

Example 1.01: Let a = é Consider the set S, a generalised Cantor set with a = é
under definition 1.29.

2It has been proven in some books as well but Krizan did not use said; he was directed in his
work under a modified Moore Method by the second author.



SO = [07 1}
o= [Oé’ié] . [57% 48 68 70 90
S2 = [0, 55] U [53. 58] U [55> 60 Y [55- 50)
o0
S=1{)5
n=0
0(S1) =12, £(S2) = 5, £(S3) = 1S, ... which inductively defines that

Jim (¢(S0)) = €(S)

Note we derive a geometric series that sums to % by considering the lengths of the
complements of each S; 27 € N

(SY) =15, USCT)=(15+35), USE)=(i5+35+ 135)
1 /2\"t 1 l 1
Cy _ _ 3
s9-33(3) -3 -3
n=1 3
—1(5)=;

Hence, we clearly see that a Cantor set need not have measure zero.
Example 1.02: Consider the set C'2, a Cantoresque set constructed by removing
middle two-fifths segments from each interval.

Co =10,1]
Cr =10, 5] U 2,3 U[3.1]
?‘224 ][ SACIEEAEIERACIC A S NI I 11
1
25°
Cs = [0, 135] U [ 35, 135] U [15> w35 ] V- U [535, i35 ] W [358 133 ] W [555 1
C: = C
5
UCy) = 2,4(Cy) = 2, U(C3) = 2L, ...Wthh inductively defines that lim (¢(C,,)) =

n—0oo

(Cz)
Note we derive a geometric series that sums to one by considering the lengths of
the complements of each C; 27 € N

(Cl): 5 (02) ( +265) 6(036): (%—’_2%—’—%85)7

o 2 (3\""
e(c%)f;15 (5> =1

Therefore, the length of C’2 is zero which, of course, implies the measure of C'2 2
is zero. Indeed C'z 2 is mterestmg7 Krizan in [4] proved that C'2 2 is compact, perfect
uncountable, totally disconnected, measure zero, and more. Of special note is that
one can construct an example of a generalised Cantor set or a generalised Can-
toresque set that does not have measure zero and one can construct an example of
a generalised Cantor set or a generalised Cantoresque set that does have measure
Zero.



We now review the concept of the dimension of a point-set.

Definition 1.35: Let Ube a space with topology T'. So, (U, T) is a topological space.
(U,T) has small inductive dimension (or Menger - Urysohn dimension or just call
it topological dimension) less than or equal to —1 iff U = . Let n € N* and sup-
pose that (U, T) has dimension less than or equal to & 2k € N* Vi < (n—1).
Then, (U,T) has dimension less than or equal to n if it has a base, B, such that
VB € B, bd (B) has dimension less than or equal to (n — 1).
Definition 1.36: Let (U,T) be a topological space. (U,T') has small inductive di-
mension (or Menger - Urysohn dimension or just call it topological dimension) —1
if U =0. Let n € N* and suppose that U has dimension less than or equal to n but
it is false that U has dimension less than or equal to (n — 1), then, U has dimension
n and we write dim (U) = n.
Theorem 1.06: Let (U,T) be a topological space and dim (U) = n.. Let A C
U. dim(A)<n
Theorem 1.07: R has a Menger - Urysohn dimension of 1.
Theorem 1.08: z e R,y e R,z <y, A A= [z,y] has Menger - Urysohn dimen-
sion of 1.
Definition 1.37: Let U be a well defined universe and S a set. A metric space is
the set S along with a real-valued function, f({a,b} S,b € S so that

(1) f{a,a})=0 VaesS

(2) f{a,b}) >0 Yae S,beSsa#b

(3) f({a,b}) = f({b.a}) VaeS.beS

(4) F({a,e}) < F({a,b}) + f({b.c}) VaeS,beSces

Definition 1.38: Let U be a metric space with metric fand S a set. Then diam(S)
is defined as the real number d such that d = sup{f({a,b} :a € S,b € S}.
Definition 1.39: Let F be a collection of subsets of the metric space U be a space
with topology T. Then m (F) = sup{diam (F): F € F} where diam (F) is the
diameter of F', m (F) is called the mesh of the collection F.

Definition 1.40: A C U where U is a metric space and let k € R 2 k£ > 0. Let

F ={F; :i € N} be a countable open cover of A. Then Si(4,F) = Z (diamF,)".
Definition 1.41: A C U where U is a metric space and let k € R > k é é Let e > 0.
We define Hy(A,e) =inf {Sk(A, F):m(F) < e}

Then My (A) = sup {H(A, )} is the Hausdorff k-measure of A.

Definition 1.42: A C U where U is a metric space. The Hausdorff dimension of A
is the real number, dimg(A), where dimgy(A) = sup {k > 0: My(A) > 0}.

Whilst the definitions are quite involved, the understanding of the concepts of
dimension and computation of them is not as difficult as the definition.

Theorem 1.09: R has Hausdorff dimension of 1.
Theorem 1.10: x e R,y e R,z <y, A A= [z,y] has Hausdorff dimension of 1.

Let U = R. Let p be a point in [0,1]. {p} has a Hausdorff dimension equal to
its topological dimension which is 0.

Let U = R. Notice that the interval [0, 1] is self-similar. It can be separated
into 4 = 4! pieces. Each is i the size of the original. Each looks exactly like the
original figure when magnified by a factor of 4 (a scaling factor). Thus, it has a
Hausdorff dimension equal to its topological dimension which is 1.

Let U = R2. Take the unit square, [0,1] x [0, 1] and stretch each side by 4, the
result is 16 copies of the original and 16 = 42 so the Hausdorff dimension is 2.



Let U = R3. The unit cube, [0,1] x [0,1] x [0,1] The cube can be seen to have
Hausdorff dimension 3 by noting stretching each side by 4 creates 64 copies of the
original cube and 64 = 43.

Let U = R. The Cantor Set has Hausdorft dimension % = logs (2), which can
be explained by tripling the size C produces two Cantor sets (whereas if you triple
the size of the interval [0, 1] produces three copies, hence the interval has dimension

;Z% = 1 or if you quintuple the size of the interval [0, 1] produces five copies, hence
the interval has dimension % =1.
Let U = R. Krizan proved in [4] that C'2 has Hausdorff dimension %, or if one

so desires to express it as such, logs (3). Krizan also considered other Cantoresque
sets which laid the ground-work for the Krizan set.
Example 1.03: Consider the set C% , a Cantoresque set, constructed by removing
middle three-seventh segments from each interval is compact, perfect, uncountable,
totally disconnected, measure zero, and has Hausdorff dimension %.
Example 1.04: Consider the set C% , a Cantoresque set, constructed by removing
middle four-ninth segments from each interval is compact, perfect, uncountable,
totally disconnected, measure zero, and has Hausdorff dimension %.

We are only concerned with sets in the universe U = R with the usual metric,
x € Ry € R — d(x,y) = |x — y|; hence the definition of the Hausdorff dimension

for subsets of the reals suffices for this paper.



2. THE KRIZAN SET

IC, the Krizan set®, is created, like the Cantor set, by defining a first level:
Zy = [0,1]
Note ¢(Zp) = 1. The construction is defined by deleting segments from each pre-

ceding level (n € N*) ¥n € N.
So, we remove the middle third.

A= s Ufi
0Zy)=2or0(Z€) =1

Now, to construct Z; we remove the two middle fifths from each interval
Jo = 2 i U 3 i U i 3 U E E U E E U E E
S FTAE 15°15| ~ [15715 15" 15 15°15| ~ [15715

Z_Oiuziuilugguggugl
27715 15715 1573 3715 15715 15’

U Zy) = 1% or L(Z$) = 1%

Next we remove the three middle sevenths from each existing interval of Z5 to con-
struct Zs.

7. o 1 2 3 4 5 6 7 14 15 16 17
2 [ ’ms}u{ws’ws]u[m’m}“{mm} . [1057105} . L%’ms]
] [ ] e ] e o ] ]
1057 105 1057 105 1057 105 1057 105 1057 105 1057 105
o[ ) 7 ] [ ) o ] 2 ) 2
1057 105 1057 105 105’ 105 105’ 105 105’ 105 1057 105
i) [l o ] o s i ] |
1057 105 1057 105 1057 105 1057 105 1057 105 105’

We continue with removing the four middle ninths from each existing interval of
Z3 to construct Zy:

Zo=lo Lol 2 3ol A Syl 8 T (8 2 (12 127y
*7 7045|9457 045 | | 9457 945 (9457 945 ~ [945° 945 ~ [945° 945

926 927 g 936 937 g 938 939 g 940 941 g 942 943 g 944 945
[9457 945] [945’ 945} [945’ 945} [945’ 945} {9457 945} {945’ 945]
Then we remove the five middle elevenths from each existing interval of Z; to con-
struct Zs, etc.
and therefore the Krizan set is:

e A
n=0

3M(:Loughlin insisted that it be called the Krizan set since Krizan created it. Hence, no
assumption of any arrogance on the part of Krizan should be presumed.



3. THE BuBBA SET

B, the Bubba set? is also begun like the Cantor set, by defining a first level; but
it soon goes awry by not only deleting segments but by 'adding’ intervals.

To start our construction we, like the Cantor set, define a first level:
By = [0,1]. We delete the middle third segment, (%, %), as with the Cantor set, so
we have:

01 23
Bup = |z 2|UlZ,2
(1,D) |:3a3:| |:373:|a

so we have two intevals of length + = ¢(By,p) = 2.

However, now we ’add’ two ’small’ intervals within the removed segment, (%, %),
which are the ’largest’ intervals (stage-intervals) to create a Cantor set through the
deletion of middle-third segments such that (ignoring endpoints) they ’fit’ within
the removed segment,’ [%, %] U [g, g] to create

[0 41 [5 9]

B = |-, - |U]|=, =

D= 1979~ [979]

It is more illustrative and 'natural’ to have it remain as unions of intervals (some
of which intersect).

O

)
O] Ut
Nej e

B = 9§ U-§ U- -U gg
(1,A) — 9’9 _95 7_ 9’9

For By, 4y so we have two intervals of length % and two intevals of length % each so

{Bua)=3%+3=

©[00

Now we delete middle third segment from each interval to yield By py =

0 37 [6 97 ,[9 107 it 127 [15 16] [17 18] [18 21] [24 27
T d e A P A A M A A M A e
UBea,p) = (((Baay) —37) =4 5 +4- 55 = 32

Now we add ’small’ (next level size smaller) Cantor sets to the removed segments
to create B 4) =

3] [ o ] o o 3] o [25):
27’ 27 27’ 27 27’ 27 27’ 27 277 27 817 81
32 33 11 12 36 37 44 45 15 16 48 49
[81’81] . [27’27} . [81’81} . [81’81] . [m} . [81’81} .

50 517 [17 18] (18 21) j[2L 22} [28 247 f24 27
81’ 81 27 27 27’ 27 27’ 27 27’ 27 27’ 27

4M(:Loughlin wanted this name since it is the ’close friend’ of the Krizan set since Krizan
created the Bubba set, also. In the South, the term ’Bubba’ is oft used as a non-specific term of
endearment.

5Forma11y, the removed segment being of length 3% for some j € N implies that the 'added’

; 1
intervals are of length 3G
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_9.,9.3.9 3,9 1 3,9 1 .3 91,3 9,93 9 _66
6(3(2,1‘\))_ﬁ+2'§+871+§+2'ﬁ+871+2'871+871+2'87+ﬁ+87+2'87+§_ST

Now we delete middle third segment from each interval to yield Bz p)y =
0o 9 18 27 27 30 33 36 45 48 [Q %]

[E’E]U[@’@}U[%’%]U[vaﬁ]u[%’%]u 2437 243 U[2437 :JU
(255 213 ) Y (3537 345) Y [313> o15) Y (215 23] Y (280 2a5) Y (o o13) Y [230 23] U
iyl o ) o e sl el (el el e ]
%ggv%% U258 213) Y (333> 315) U (383 335) U (535, 333) U [313, 335 U [ 355> 345 ) U
2437 243

Bs,a) =

[ 3V A10TE £1U L% &)U #1035, S0, £V U
(35 55] U [, 5] U 18,8 0 [, 8] u [ 28T v [ ET U TR ) o
| Vsl el el Vgl o beoad gl
7297 729 ] 7297 729 2437 243 2437 243 7297 729 729° 729 L2437 243
ety vk e o el Tttt iy
g ol e it b it o Tithe- it b Ly
mal e mlo b sl e ol Ve )
ap sl ) O gl Ol anl Ul Gl el T
213215 U [399, 795 U [235, 738 ] U [ 355, 335 ] U [ %55, 23] U [525, 7a5] U [35, 5] U
2RV BV BuE Y

U(Bs.4) = %5
Now we delete the middle third segments from each interval to create B

~

4
[, &1U[Z, 31Ul 281Ul 221015, 28U, B1u[L, Z]u[s, 21U
R0 A U s T, BT S o G sy
[ Y P oy Y bRt DU e Py P FUR Ko VY e o
(16 18 [ Loy 18 1) 12 B[ B0 (s S o[s 200
oA VE B 0 U NUY M Y e A PV - EOTE 3 o O
o, UL, 2 U, 76Ul w5l 0[5, 2010 [ el U 28 2]V
2 255] Vg 7| U L7 7] U Lo 70| Ulg. 7] U o 251 U o 2
205 5] U [555, 5] U [255, %55 ] U (359, 555 ] U [553, 553) U [353, 513) U (&5 2] U
2] 228 0] (22 e ) 280 BT 288 ] | [ ) 80, )

{(B,p)) = 3137

We continue Vn € N constructing B, p then B, 4 and
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4. PROOFS ON SOME OF THE PROPERTIES OF THE KRIZAN SET

Theorem 4.01: K is compact.
Proof:  Assume the premises.
By definition of IC, I is a generalized intersection of intervals.
Since intervals are closed, by theorem 1.04, I is closed.
Further, £ C [0, 1].
[0, 1] is bounded below by —1 and above by 2. Thus K is bounded above and below.
Hence K is bounded.
Therefore, K is compact by the Heine-Borel Theorem (theorem 1.05).
Q.E.D.

Theorem 4.02: Vb € I, b is not an isolated point.
Proof:  Assume the premises.

Suppose 3b € K such that b is an isolated point.

Then Je; > 0 such that (b —e1,b+e1) N K = {b}.

Since €1 > 0, i exists and is greater than 0.

Im € N such that (m — 1) < é <m = L€ (0,e).

On the Z,, level each interval is of length less than 3%”
Further, it is ther case that b is in one of theses intervals.
Since 3% < % < €1, the interval containing b of Z,, is contained in (b —e1,b+ £1),
and it contains a point of K distinct from b. #!
Therefore, b is not an isolated point of K.

Q.E.D.

Corollary 4.02: K is perfect. It follows from theorem 4.01 and theorem 4.02.

Theorem 4.03: Every endpoint of an interval that is a subset of Z,, (m € N) in
the construction of K is a point of .

Proof:  Assume the premises.

0eKand1lek,[0,1] = Zy. Let p € Z for some k € N such that p is an endpoint

of an interval in Zj.Clearly p € Zy. Consider Zj 1, none of the 2(1&% segments
deleted from Zj, contain p. Therefore, p € Zj 1.
=>peZ,VneN=pek
Q.E.D.

Theorem 4.04: K is nowhere dense in [0, 1].
Proof: Assume the premises.
Suppose K contains a segment.
Since K is closed, K = K
Then 3 a segment S C K
Without loss of generality, let S = (p,¢) such that p e R, g e R,and 0 < p < ¢ < 1.
Then (p,q) € N Z;
j=1
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Let l=|p—¢q| >0

Sol€(0,1)= 1€ (1,00)

Jm € N such that (m —1) < 7 <m = L €(0,])
Since 3™ >m and ([]%,2 (i +1)) >3™ >m =
1 1 1

0< (e 267D) <gm <5y <l

Thus, on the Z,, 1 level of the construction of I, each interval is m in
length and .

m—+1 -1
<II@-@+UO <1
i=1

So, S = (p, q) is not a subset of any interval which is a subset of Z,, 1. So Ir € S
such that r € [0,1]\Z,,

Thusr ¢ K= r ¢ K #!

Hence, we note that K contains no segments.

Hence K is nowhere dense in [0, 1].

Q.E.D.

Theorem 4.05: K is totally disconnected.
Proof:  Assume the premises.
Let x € K, y € K such that x # y, without loss of generality let = < y.
Let d = |z —y| So d € (0,1) Then % € (1,00) 3n € N such that (n—1) < 3 <n
So, + € (0,d) Since 3" > n and ([T, 2-(i+1)) >3" >n=
1 1 1
0< (T, 2.6 D) <ge <, <d
Notice Z,, = ;e Z(n,i) where I = Ny for some k € N and Z, ;)Vi € I are intervals.
Therefore, 3j € I such that x € Z(,, ;) and y € Z(,, (j4p)), Where p € N.
3S where Vz € Sz ¢ Kwhere Va € Z, jy and b € Z(,, (j4p)), it is the case a < 2z < b
and moreover we note that x < z < y.
Let w e S.
Let U = (-1, w), V = (w,2)
unv =90
KCUuUV
relU, yeV
Therefore, K is totally disconnected.
Q.E.D.

So, we do have that IC is a perfect, compact set such that it is a totally disconnected
nowhere dense subset of [0, 1].

Theorem 4.06: K is uncountable.
Proof:  Assume the premises.
It behooves us to recall the Cantor set is constructed by considering the interval
Co = [0, 1] and removing the middle 3"¢ segment (%, %) Then, Cy = [O, %] U [%, 1}.
Next we remove the middle 3"¢ segments from these intervals to yield Cy = [O, %] U
o0
[%, %] U [%, %] U [g, 1]. Thus, C is inductively C = 'ﬂl Cj.
J:
We need also recall IC, the Krizan set is constructed by considering the interval

Zy = [0,1], we remove the middle third to yield Z; = [O, %] u [%,1]. Next,
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Zy is constructed by removing the two middle fifths from each interval to yield
_ 70 1 2 3 4 5 10 11 12 13 14 15 :

Zy = [15:15) U [1535] U l55035) U (35, 15] Y [5, 13] U [55, 18] whilst we re-

move the three middle sevenths from each existing interval of Z5 to construct Z3

so, we have Z3 = [0, 155 ]U [ 35 105 ]U [ 156 105 ] Y [105 705) Y [765 105 ) U L0515
U5 105 ] Y [0+ 15) Y [565> 105 ] U [0+ 105) Y L5 105) Y 365+ 3o5) Y08+ 705)
Olys 105] Y Lose 105] U [105. 105] Y L. 105 U 565 105Vl aos» 105 Y [105- 105]

U[lgogs, 19095} U [1057 10%] U [%, %] U Hgg, 1]. We continue with removing the four
middle ninths from each existing interval of Z3 to construct Z,; we remove the five

middle elevenths from each existing interval of Z4 to construct Zs, etc. Thus, K is

inductively K = [\ Z,.

n=0
Now, let us define an injective function from the Cantor set to the Krizan set; to
do so we will define functions from the levels of construction of each set.

fo:Co— Zy > fo(-’l?):l’

So,
0,1] 2% [0, 1]
Define
H: 00— 21 5 fi(z)=n
So,

1 2 : 1 2
[O, 3} U [3,1} iR {0, 3} U {3,1] > fi(z)==x
Since C5 has 4 intervals and Z5 has six intervals we can define a function that scales
the first two intervals of C5 to the first two intervals of Z5 and the first last intervals
of Cy to the last two intervals of Z, (for the first interval f(o1) (#) = 3% and for
all else simply a transformation of f(5 1) for the appropriate scaling an interval of

length % to an interval of length %5 and recentering it.
1| fen 1 2 1| feo | 2 3 2 7| fes |12 13 8 f2,4)
077 - Oai ) ol ==l el T I =rTE | 771 -
9 15 9°3 15715 3°9 15715 9

4
fo:Cy — Zy o fo= Uf(2,i) i € Ny
i=1
Similarly, C'5 has 8 intervals and Z3 has 24 intervals; hence, we can define a func-
tion that scales the first four intervals of C5 to the first four intervals of Z3 and
the last four intervals of C5 to the last four intervals of Z3 (for the first interval
e (@) = 32 and for all else simply a transformation of f(3 1) for the appropriate

357
scaling an interval of length % to an interval of length %5 and recentering it.

1] fon 1 2 1| a2 2 3 2 71 fes 4 5
Oai - Oai e e N T T e BT e T A EEE)
27 105 2779 105" 105 9° 27 1057 105

8 257 fum [102 1037 [26 .71 fes [104
aros|l T I ThEr TR |0 771 - 771
9 27 1057 105" |27 105

8
J3:C3 — Z3 9f3:Uf(3,i) i € Ng

i=1
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We inductively define the functions f, : C;, — Z,, as above Vn € N. It is facile to
argue f, is a well defined injective function from C,, into Z,,. Then we define the
relation F': C — K such that

F=(fi
F:Ci/C

The relation F is a well defined function since Vn € N, f,, is a well defined function

from C), into Z,,. Furthermore, F is injective since Vn € N, f,, is injective from C,

into Z,. So by theorem 1.02, it is the case that |C| < || = K is uncountable.
Q.E.D.

Theorem 4.07: m (K) = 0.
Proof:  Assume the premises.
Consider ((Zy) = 1.

2
6 2 3
{2)=15=33
2% 2 3 4
) =105=3'5 7

So,

Now, consider the sequence, s : N — R, such that it is defined by {sn =11 (21;:11) 'n € N}.

n .
We note that each term of the subsequence {sn =11 (21:;11) in € N} has the
i=6

property that s, < % when (obviously) n > 6. Quite clearly, nlingo % =0 =
lim s, <0. But, Vn € Ns,, >0 = lim s, > 0.
gg,oi)y trichotomy, lim s, = 0. e
Since £ C R =>n7;?7€) =0
Q.E.D.

We end this section with some comments on various interesting properties of the
Krizan set. We note that it is not a fractal in the classical sense since it is not
self-similar. However, it is symmetric about %
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5. RESULTS ON SOME OF THE PROPERTIES OF THE BUBBA SET

All the analagous theorems for the Krizan set follow for the Bubba set easily (more
directly than K) since we have the simple:

Lemma 5.01: C C B.

Theorem 5.01: 5 is compact.

Theorem 5.02: Vb € B, b is not an isolated point.

Corollary 5.02: B is perfect. It follows from theorem 5.01 and theorem 5.02.
Theorem 5.04: B is nowhere dense in [0, 1].

Theorem 5.05: B is totally disconnected.

Theorem 5.06: 5 is uncountable.

When we constructed B we noted that the idea was that as n — oo to derive:
Bn,A \_4
. B

Bn,D /

Indeed an interesting sequence is the sequence of lengths of the stages of the con-
struction of the Bubba set:

2 8 16 66 132 546 1092

1 (Bn,A) \

. ¢(B)

4 (Bn,D) /
But a careful look at the lengths yields a view of the subsequences of ¢ (B,, 4) and
¢(By,p) finds

8 66 546
]-7 )90 » 810 ’ 7290 a\
t(B)
2 16 132 1092 -
37 » 277 72437 721870 "

However, both subsequnces converge to 0; hence, we note that the Bubba set
has the aspect that is the case that:

Theorem 5.07: m (B) = 0.

Proof:  Assume the premises.

Note Bi1,py = [9,%] U [2,2] and that Vi € N it is the case that

CC B(i,D) NC C By, a).-

Note B(1,4) = [3: 5] U[3: 5] U [3: 5] U 5 5]

So, and that Vi € N it is the case that there are two sets equipollent with

C that are subsets of B(;;1,p) A B(;,a) (the sets that are created from the Cantor
set produced by the addition of the [%, %] A [8, g} ).

Now, it is the case that inductively for the deletion steps (Vi € N, B(; py) the
construction produces classic Cantor sets and that it is the case that inductively
for the addition steps (Vi € N, B(i,A)) the construction produces 201 homo-
morphic copies of the classic Cantor set.

Let i € N, so define A(; ;) as each of the 2(+1) homomorphic copies of the classic
Cantor set that were produced from the i*"* addition step in the construction of the
Bubba set, where boviously p € N A p < 2041,

m (C) =0 and m (A(i,p)) =0 for all A(; ;) that are homomorphic copies of C.
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For ease let
A=JAup VieNpeNap<20th
Thus,
B=CUA
Therefore, it follows that B is a coutable union of sets homomorphic to the classic
Cantor set all of which have the property that their measure is zero.
Hence, m (B) = 0.
Q.E.D.

Just as with the Krizan set; we note that it is not a fractal in the classical sense
since it is not self-similar. However, B is symmetric about %
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6. CONJECTURE AS TO THE NATURE OF THE DIMENSION OF THE KRIZAN SET

It is clear that the topological dimension of the Krizan set is not 0 and since

it is a subset of R it is 1. As for the Hausdorff dimension, since the Krizan set is a
subset of R it must be in (0, 1].

Let us consider our construction of K again, like the Cantor set, define the first

level Zj is the interval, [0,1] and we create Z; = [0, %] U [%, 1]. If we from this
point onward do the construction as with the Cantor set, then we would have C

. . . In(2 .
whose Hausdorff dimension is 12%3;' Of course, that was not done so we continue

with the construction of K. Let is call C, Hy for the discussion in this section.
We construct the level Z5 by removing the two middle fifths from each interval

similar to the construction of Cz.

Zo—lo LIu[2 3 oA L2 L 2 By ey
> 71s) 150 15) C [15°3)  [3715) (15715 |15

If we from this point onward do the construction as with the Cantoresque set,
C 2, then we would have a set homomorphic to C' 2, call it Hs, thus its Hausdorff
In(3)
In(5) *
the construction of K.

So, we construct the level Z3 by removing the three middle seventh segments
from each existing interval of Z, yielding 73 = [0, ﬁ] U [i i] U [1— ﬁ] U
(165, 105) Y [105> 705 Vlaor, 105 Y 105 105) Y (05 5] V|
U505 305 ] Y [0 70| Y [0 105 ] Y (165, 105) U 105, 7o) U (705 103 ;
U505 305) Y [0 705) U (105> 105] Y L1055 705) U (368 105) U [568 105 U [63+ 1]
If we from this point onward do the construction as with the Cantoresque set,

C’% , then we would have a set homomorphic to C’% ,, call it Hs, thus its Hausdorff

dimension is EE% As was the case before, that was not done so we continue with

o

dimension is Once more, of course, that was not done so we continue with

the construction of K.

So, it is clear that we shall then repeat this pattern by removing the four middle
ninth segments from the remaining intervals to constructZy, the five middle eleventh
segments from the remaining intervals to construct Zs, the six middle thirteenth
segments from the remaining intervals to construct Zg, etc. So, when we construct
the level Z,, we remove n segments of length ﬁ from the remaining interval from
the level Z,_1).

Now the Krizan set, K, is the generalised intersection of the sets (the levels),

Zy an € N*.
K= ﬂ Zn
n=0

In(2)

Considering , Hy, has Hausdorff dimension

m(3)°
C: and H» have Hausdorff dimension }28;,
C’% and Hj3 have Hausdorff dimension %,

) " ete.

C’% and Hy have Hausdorff dimension oL



17

So, we conjecture that one could produce a 'Hausdorffesque’ dimension for a
quasi-Cantoresque set which is lim d(H,) where d(H,) is the Hausdorff dimen-

n—oo

sion of H,,.

Hence, we have inductively, the "Hausdorffesque’ dimension of K to be lim,, o, d(H,,).
Let f|1°) i [1,00) — R 5 f|b)(z) = ( In(@+1) ) be the extension function of

In (22+1)
the sequence f: N — R 5 f(n) = (11;((27;:11))). We, therefore, note that:
1
i (2EED N Do () o 2L
z—oo \ In (22 + 1) T—00 2332T z—o0 2 (x4+1) 2—o0

by a simple application of L’Hopital’s rule to determine the lim (f|[1’°°) (x)),

i (DY
n—oo \ In (2n + 1)

which clearly implies that
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7. DISCUSSION

We introduced the quasi-Cantoresque sets that Krizan created, the Krizan Set,
K, and the Bubba Set, B. We explored propoerties of, aspects of, and proved some
nice results on each of the aforementioned quasi-Cantoresque sets. We opined as
to the nature of a generalised Hausdorff dimension of K and we offered a limiting
argument for said.

During the research the primary author conducted the probe of the topic and
the secondary author assisted. Our paper is the but a brief point in the research
programme of the primary author. Krizan continues to explore, discover, conjec-
ture, hypothesise, produce thesis, antitheses, and synthesis of ideas that he creates.
Krizan has speculated as to the construction, properties, and aspects of other Can-
tor sets, Cantoresque sets, and quasi-Cantoresque sets. The direction of the research
was done by the second author using the pseudo-Socratic modified Moore method;
but, the formal student-professor relationship ended when the first author gradu-
ated in 2008. It is now the case that the authors are colleagues and the research
that Krizan has started shall not stop.

The Krizan set seems to be much more natural than a fractal since self-similarity
does not seem to be a hallmark of nature but nature seems to create processes that
are quasi-self similar (as is the case with the Krizan set). However, if one were
interested in modelling nature, would it not behoove one to introduce some form
of probability into the process?

We conclude with some conjectures and discuss where our research is leading.
We note that there are evidently more questions raised by the research than ques-
tions answered by the results.

We have noted that it is the case that a Cantor set can be constructed such that
its measure is greater than 0, we have noted that it is the case that a Cantoresque
set can be constructed such that its measure is greater than 0, and it seems clear
that a quasi-Cantoresque set can be constructed such that its measure is greater
than 0. Then the question is, is the case that each of the afforementioned types of
sets can be constructed such that its topological dimension is equal to its Hausdorff
dimension, its topological dimension is greater than its Hausdorff dimension?® We
have yet to answer many ofthe questions we have positied; for example, are there
sets with Hausdorff dimension less than topological dimension such that the Haus-
dorff dimesion is rational?

Additionally, we opine that it may be the case that a quasi-Cantoresque set, call
it @, constructed in a similar manner to the Krizan set will have "Hausdorffesque’
dimension 1. Let n € N and let f(n) be the number of intevals an interval in the
(n— 1)th stage of the construction of Q is decomposed into on the n'” stage whilst
whilst g(n) be the number of intevals left in in the construction of Q at the n*”
stage. The sequence sequences G : N — R, such that it is defined by {g(n) : n € N}
and F : N — R, such that it is defined by {f(n) : n € N} have the property that
g(n) < f(n) Vn € N. When the ratio of the natural logarithms of the sequence
values and the concept of the 'Hausdorffesque’ dimension is considered we opine

61t seems rather obvious it cannot be the case that a set can be constructed its topological
dimension is less than its Hausdorff dimension.
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that we will be evaluating:

1
iy (12100
it \Tn (f(7))
which is a question of a sequential limit of the sequence L : N — R >

Extend the sequence to D C [l,00) > Vo € D In(f(z)) #0Aln(g(x))#0
where g(x) A f(z) are differentiable Vz € D.
We note that we derive LI : D — R >

We, therefore, note that by simple Calculus, some basic algebra, and some well-
chosen applications of L’Hopital’s rule (assuming 3z € R 5 that defines a segment
(z,00) such that In (g(z)) and In (f(z)) are differentiable over the segment so that
we can consider:

CCee) ) @) @) @) )
A (ln (f(:r))) = @) ) T ) ()
= lim g’(x) - lim fl(x) = lim g’(x) . f’(a:) = lim1=1

a—oo fi(x) a—cc g'(x)  a—oe fl(z) g'(x)  e—oo

We also wonder about allowing for Cantoresque or quasi-Cantoresque set that
are not symmetric. What does the non-symmetry ("lop-sidedness’) do to the nature
of the set? We have yet to attack the problem but have discussed it and the idea
has raised some intersting conjectures.

We have also wodered about changing the construction technique of the ’additive
- deletion’ quasi-Cantoresque sets. We note that there could be construction that
By =1[0,1].
We delete the middle third segment, (%, %), as with the Cantor set, so we have:

01 2 3

Ba.p) = [3’ 3} 33

However, now we ’‘add’ two ’small’ Cantor sets within the removed segment,

<l 2)7 P é] U P §] to create B a) = [0 4} U [5 9} We delete the middle

, so we have two intervals of length % = ((B1,p) = 2.

373 979 979 9’9 9°9
third segment from each, [8, %] U [%, %], as with the Cantor set, so we have:
0 4 8 12 15 19 23 27
B =|l—=,—=|U|=—=,—=|U|=,=—=| U |==, =], etc. which ch 5 th -
(2.D) [27’ 27} {27’ 27} [27’ 27] [27’ 27} ete. which changes the na

ture of the set so it is not the Bubba set (it could be named the little sister of
Bubba, Bubbette).

Further, we have pondered as to the nature of a probabilistic Cantoresque or
quasi-Cantoresque set. Could such not be created? We ponder the following: let us
simply consider Cyp = [0,1]. Now, let us create a Cantoresque set by removing mid-
dle ninety-ninth segments from each interval. Divide Cy = [0, 1] into 99 equi-length
intervals. Restrict the discussion so that the first and last intervals must be subsets
of the Cy level. Let p: Ngg\ ({1} U {99}) — R be a well defined probability mass
function. Let k € (0,1) be a threshold-value. Let the m*" segment be removed iff
p(m) > k and the m'" segment not be removed iff p (m) < k.

So, (7 is a union of intervals such that there are c¢; intervals s ¢; € N, where
2 < a <£99. For each interval, divide each into equi-length intervals and do as
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before (with the same probability mass function or perhaps another; a different
threshold-value; etc. What effect has said on the measure, Hausdorffesque dimen-
sion, facility of computation of the set, etc.?).

What is clear is that there are a plethora of questions before us and this
project has but scratched the surface of what seems to us to be a very inter-
esting category of sets. It is very apparant that our research is leading to many
more questions than answers; and, is that not what we wish to have whenever we
embark to do mathematical research?
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