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Math 301  Probability and Statistics

Dr. McLoughlin’s Handy Dandy Guide to 

Joint Probability Distributions

Handout 5 of Math 301 / Handout 0.1 of Math 302
We have now discussed discrete and continuous random variables and have considered many particular distributions.  Now, our attention turns to the generalised (and more applicable) multivariate cases. 


Suffice it to say, in chapter 4 and 5 we considered cases of random variables that were univariate, but many examples abound where more than one variable explains the behaviour of what we are concerned to study.  For example, in water pollution studies one is usually interested in measuring the concentration levels of several pollutants (which all of us should be concerned with - note the Schuylkill River).   In psychometric studies one is interested in several factors that may explain the grade on a standardised test. In biological growth studies, several environmental factors may effect a bacteria’s growth.  etc., etc., etc.   

Definition 1: If X and Y are a discrete random variables, the function given by f((x, y)) = 

Pr(X = x ( Y = y) for each x and y  in the domain of the function is called the probability mass function (p. m. f.). Let A be the set of X values and Y be the set of Y values.  The domain of f, dom(f) is finite or countable.  Therefore, |dom(f)| ((0.  Recall |dom(f)| ((0 means dom(f) is denumerable. 
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Definition 2: If X and Y are a discrete random variables, the function given by F(x, y) = 

Pr(X ( x ( Y ( y) for each x and y in the domain of the function is called the cumulative distribution function (c. d. f.). 
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Note: it is bad notation but one oft writes  f(x, y) for f((x, y))
Definition 3: If X and Y are continuous random variables, the function given by f(x, y)  

for each x and y  in the domain of the function is called the probability density function (p. d. f.). 
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Definition 4: If X and Y are continuous random variables, the function given by F(x, y) 

for each x and y  in the domain of the function is called the cumulative distribution function (c. d. f.). 

F(x, y) = Pr(X ( a ( Y ( b) = 
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Definition 5: If  ( a non-negative function,  f, defined ( x ( (-(,() and  y ( (- (,() such that for any set measurable
 sets A and B ( (  ,  Pr (X ( A ( Y( B ) = 
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, then X,Y are said to be joint continuous random variables.

However, we are at a point to understand the joint p. d. f. s and not to involve measure theory. 

Definition 6: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

the expected value (or mean) of X is  E[X] = 
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E[X]  = (x   = (1,x(
the expected value (or mean) of Y is  E[Y] = 
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E[Y] = (y   = (1,y(
Definition 7: If X and Y are discrete random variables and the function given by f(x, y) = 
Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

the expected value (or mean) of X is  E[X] = 
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E[X] = (x   = (1,x(
the expected value (or mean) of Y is  E[Y] = 
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Definition 8: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

the rth moment about the origin of X is  

E[Xr] = 
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E[Xr] = 
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the sth moment about the origin of Y is  

E[Ys] = 
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Definition 9: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

the rth moment about the origin of X is  E[Xr] = 
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the sth moment about the origin of Y is  E[Ys] = 
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Definition 10: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

the variance (or second moment about the mean) of X is  Var[X] = 
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Var[X] = (x2   Var[X] = E[(X - (x)2]

the variance (or second moment about the mean) of Y is  Var[Y] = 
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Var[Y] = (y2   Var[Y] = E[(Y - (y)2]

Definition 11: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

the variance (or second moment about the mean) of X is  Var[X] = 
[image: image28.wmf](

[

])

(

,

)

x

E

X

x

y

y

x

-

×

å

å

2

f

. Var[X] = (x2   Var[X] = E[(X - (x)2]

the variance (or second moment about the mean) of Y is  Var[Y] = 
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Definition 12: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

the standard deviation of X is  SD[X] = 
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the standard deviation of Y is  SD[Y] = 
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Definition 13: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

the standard deviation of X is  SD[X] =
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the standard deviation of Y is  SD[Y] = 
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Definition 15: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

the covariance of X and Y is  Cov[X, Y] = 
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Cov[X, Y] = (xy =  (yx   

Cov[X, Y] = E[(X - (x) (Y - (y)]

Definition 16: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

the covariance of X and Y is  Cov[X, Y] = 
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Cov[X, Y] = (xy =  (yx   

Cov[X, Y] = E[(X - (x) (Y - (y)]

Note:  since Cov[X, Y] = (xy =  (yx   it is generally the case in a bivariate discussion to denote 

Var[X] = (xx  and Var[Y] = (yy . 

Definition 17: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

the rth and sth product moment about the origin of X and Y  is 

E[ Xr Ys] = 
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Definition 18: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

the rth and sth product moment about the respective means of X and Y  is 

= 
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Definition 19:  The analogous discrete definition to definition 17.  
Definition 20: The analogous discrete definition to definition 18. 

Theorem 1: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

Var[X] = (2,x( - (2,x2  and 

Var[Y] = (2,y( - (2,y2
Theorem 2: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

Var[X] = (2,x( - (2,x2  and 

Var[Y] = (2,y( - (2,y2
Theorem 3: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

Cov[X, Y] = E[XY] - E[X]E[Y] 

Theorem 4: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

Cov[X, Y] = E[XY] - E[X]E[Y] 

Definition 21: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  Then

the correlation coefficient of X and Y is  
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Definition 22: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

the correlation of X and Y is

([X, Y] = 
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Of course, we can generalise the rest of our discussions from univariate cases to include the 
1. coefficient of skewness, (3 

2. coefficient of kurtosis, (4 

Theorem 5: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y  and g(X. Y) is a function of X and Y, then the expected value of g(X, Y)  is  E[g(X, Y)] = 
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Theorem 6: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

and g(X. Y) is a function of X and Y, then the expected value of g(X, Y)  is  E[g(X, Y)] = 

= 
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Definition 23: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y,  

then the marginal probability function of X is

fX(X)  =   
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and the marginal probability function of Y is

fY(Y)  =   
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Definition 24: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y, then 

the marginal probability function of X is

fX(X)  =   
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and the marginal probability function of Y is

fY(Y)  =   
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Theorem 7: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  We know (by definition 8) 

the rth moment about the origin of X is  E[Xr] =   
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and the sth moment about the origin of Y is  E[Ys] =    
[image: image53.wmf]s

y((x,y))dydx

¥¥

-¥-¥

×

òò

f


It is the case that E[Xr] =   
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Theorem 8: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y,.  We know (by definition 9): 

the rth moment about the origin of X is  E[Xr] = 
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the sth moment about the origin of Y is  E[Ys] = 
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It is the case that E[Xr] =   
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Definition 25: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.  X and Y are said to be statistically independent iff 

f(x, y)  = fX(x) fY(y) 

Definition 26: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y. X and Y are said to be statistically independent iff 

f(x, y)  = fX(x) fY(y) 

Theorem 9: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y. Further, X and Y are statistically independent.  Then, the probability of X between (or equal to) a and b and Y between (or equal to) c and d is the probability of X between (or equal to) a and b and the probability of Y between (or equal to) c and d Y between (or equal to) c and d. 

OOProof:  ATP. 
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Q. E. D. 

Theorem 10: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y. Then, the probability of X equal to a and Y equal to b is the probability of X equal to a and the probability of Y equal to b. 

Theorem 11: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y. Further, X and Y are statistically independent.  Then, E[XY] = E[X]E[Y]

 Theorem 12: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y. Further, X and Y are statistically independent.  Then, E[XY] = E[X]E[Y]

Theorem 13: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y. Let T be a linear transformation of X and Y (i.e.: T = X + Y) (  ( ( ,   ( (, then the expected value (or mean) of T  is  E[T] =  E[X + Y] = (E[X] + (E[Y]. 

 Theorem 14: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y. Let T be a linear transformation of X and Y (i.e.: T = X + Y) (  ( ( ,   ( (, then the expected value (or mean) of T  is  E[T] =  E[X + Y] = (E[X] + (E[Y]. 

Theorem 15: If X and Y are continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.   Let T be a linear transformation of X and Y (i.e.: T = X + Y) (  ( ( ,   ( (, then the variance of T  is  Var[T] =  Var[X + Y] = (2Var[X] + 2((Cov[X, Y]  +  (2Var[Y]. 

 Theorem 16: If X and Y are discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y. Let T be a linear transformation of X and Y (i.e.: T = X + Y) (  ( ( ,   ( (, then the variance of T  is  Var[T] =  Var[X + Y] = (2Var[X] + 2((Cov[X, Y]  +  (2Var[Y]. 

Theorem 17: If X and Y are statistically independent continuous random variables, and the function given by f(x, y) for each x and y in the domain of the function is the p. d. f. at x and y.   Then  the Cov[X, Y]   = 0

 Theorem 18: If X and Y are statistically independent discrete random variables and the function given by f(x, y) = Pr(X = x and Y = y) for each x and y in the domain of the function is the p. m. f. at x and y. Then the Cov[X, Y]   = 0

(note: it is not the case that the converse of theorem 17 or 18 is true – that will be shown in Math 302). 

Examples of Random Variables (Joint) P. D. F. s

The Normal
 (Gaussian
) joint random variable is a probabilistic (or stochastic) experiment that can have any outcome on (.  The parametres are (x and (x2 (or (x and (x),  (y and (y2 (or (y and (y), and ((X, Y) (which will be denoted as (xy). Thus, it is defined by its means, variances, and covariance (or correlation). Its applications are many and its use quite important. A substantial number of empirical studies have indicated that the normal function provides an adequate representation of, or at least a decent approximation to, the distributions of many physical, mental, economic, biological, and social variables. 

x ( (,  (x  ( (, and (x ( (0, (), 
y ( (,  (y ( (,  and (y ( (0, (),  and (xy ( [-1, 1] 

BivNor ((x, y), (x , (x2, (y, (y2 , (xy ) = 
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Theorem 19: If X and Y are statistically independent normally distributed random variables then, 

BivNor (x, y, (x , (x2, (y, (y2 , (xy ) = Nor (x, (x , (x2) .  Nor (y, (y , (y2)
Theorem 20: If X and Y are statistically independent random variables then, (xy = 0. 

Special note: 

X and Y are random variables such that (xy = 0 then X and Y are statistically independent is false. 
X and Y are normal random variables such that (xy = 0 then X and Y are statistically independent is true. 
Example 1 : 
The Standard Normal (Gaussian) joint random variable is a probabilistic (or stochastic) experiment that can have any outcome on (.  

x ( (,  (x  = 0,  (x = 1, y ( (,  (y = 0,  and (y = 1  ( (xy = 0. 

BivNor ((x, y), (x = 0 , (x2 = 1, (y = 0, (y2 = 1 , (xy = 0 ) = 
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The Normal (Gaussian) joint random variable when (xy = 0 is 
x ( (,  (x  ( (, and (x ( (0, (), 
y ( (,  (y ( (,  and (y ( (0, (),  and (xy ( [-1, 1] 

BivNor (x, y, (x , (x2, (y, (y2 , 0 ) = 
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The Dirichlet bivariate joint random variable is a probabilistic (or stochastic) experiment that can have any outcome on x ( 0, y ( 0,  0 ( x + y ( 1.  

The parametres are (, (, and ( (all are members of (0, ()). 

D((x, y),(, (, () = 
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The Multinomial variate is the generalisation of the binomial. 

We call the variables X1 , X2 , . . ., Xn (n (() multinomial random variables iff

n ( (
pi ( (0, 1)  for each  i ( (n    
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Multi (x1, x2, . . ., xn, p1, p2, . . . pn, n) =   
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� This is where we get into a problem.  In order to really understand this one needs to take Math 351, Math 352, Math 431, and perhaps even more.  Suffice it to say that we will only consider sets that have well defined measure in this class. 


� The most important of the continuous distributions. 


� Gaussian after K. F. Gauss, “the Prince of Mathematics,” who laid much of the ground work for Modern Probability & Statistics (1809 and later).  The Normal curve family of functions was first considered by DeMoivre (1733).  Modern Probability & Statistics, however, was formalised by R. A. Fisher & K. Pearson.   
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