Math 255 Set Theory -  McLoughlin’s Class


Handout 13


Cardinality





Common custom characterises a cardinal number as a number used in counting such as 


0, 1, 2, 3, ....  It is through custom that we understand what is meant; however, rigor is advised. 





In set theory, a cardinal number (also called ``the cardinality'') is a type of number defined in such a way that any method of counting sets using it gives the same result.   (This is not true for the ordinal numbers [see handout 12]). 





( has 0 members


{a} has 1 member


{a, b} has 2 members


{a, b, c} has 3 members (as does the set {a, b, c, b} [has 3 members], the set {a, c, b}, etc. )





In fact, the cardinal numbers are obtained by collecting all ordinal numbers which are obtainable by counting a given set. 





Definition 0: The sets A and B are equinumerous (or equipollent) iff ( a bijection, j, 


such that j : A ((( B.    Notation:  A ( B  or | A | = | B |.





Definition 1: A set A is finite iff either: 


(1)  ( a bijection, f, such that f : A ((( INk for some k ( IN


or 		(2)  A = (





Definition 2: A finite set A  has cardinality k iff  ( a bijection, f, such that f : A ((( INk 


for some k ( IN.  We denote the cardinality of A as | A | = k. 


. 


Definition 3: A finite set A has cardinality 0 iff A = (.  We denote the cardinality of ( as | ( | = 0. 


. 


Definition 4: A set A is infinite if it is not finite. 





Definition 5: A set A is denumerable iff  ( a bijection, g, such that g : A ((( IN.





Definition 6: A denumerable set A  has cardinality (0 


iff  ( a bijection, g, such that g : A ((( IN.  We denote the cardinality of A as | A | = (0 . 


(obviously, it is therefore the case that | IN | = (0)





Definition 7: A set A is countable iff it is finite or denumerable.





Definition 8: A set A is uncountable iff it is not countable.


Theorem 1: | ZZ    | = (0 . 


Proof:  Assume the premises.  Define  h : ZZ     ((( IN    ( 


� EMBED Equation.2  ���


h is a well defined function. 	(prove this on your own)


h is an injection. 		(prove this on your own)


h is a surjection.	 	(prove this on your own)





Hence, h is a bijection.


Thus ZZ    ( IN


So, | ZZ    | = (0 . 


				Q. E. D. 





Let E denote the set of even natural numbers





Theorem 2:  | E | = (0 . 


Proof:  Assume the premises.  Define  h1 : E  ((( IN    ( h1(x) = � EMBED Equation.2  ���





h1 is a well defined function. 	(prove this on your own)


h1 is an injection. 		(prove this on your own)


h1 is a surjection.	 	(prove this on your own)





Hence, h1 is a bijection.


Thus,  E ( IN


So, | E | = (0 . 


				Q. E. D. 





Let O denote the set of odd natural numbers





Theorem 3:  | O | = (0 . (prove this on your own)





Let E* denote the set of even integers.





Theorem 4:  | E* | = (0 .	(prove this on your own)





Let O* denote the set of odd natural numbers





Theorem 5:  | O* | = (0 .	(prove this on your own)





Theorem 6: | Q | = (0 . 


Outline of “Proof”: [not a proof since we are going to have difficulty defining rigorously the function]  Assume the premises.  





Q = {� EMBED Equation.2  ��� |  m ( ZZ   ,  n ( ZZ    , ( n ( 0 }





So, 





Q =  {  0 , 


  � EMBED Equation.2  ���


	 � EMBED Equation.2  ���


	 � EMBED Equation.2  ���


	 � EMBED Equation.2  ���


	 � EMBED Equation.2  ���


	 � EMBED Equation.2  ���





		.


		.


		.


			}





Now, delete all the repetitions in the list 


(example: delete � EMBED Equation.2  ��� since it was previously represented as � EMBED Equation.2  ���)





Define  h2 : Q ((( IN    ( 








h2 (0) = 1


h2 (1) = 2


h2 (-1) = 3


h2 (2) = 4


h2 (½) = 5


h2 (-2) = 6


h2 (3) = 7


h2 (-½) = 8


h2 (-3) =9


h2 (4) = 10


h2 (1/3) = 11


h2 (3/2) = 12


h2 (-4) = 13


h2 (5) = 14  etc. 








h2  seems a well defined function. 	


h2  seems an injection. 		


h2  seems a surjection.	 	





Hence, h seems  a bijection.


Which leads us to conclude Q ( IN


So, | Q | = (0 . 


				“Q. E. D.” 





Actually to prove theorem 6 rigorously, the following set of theorems suffices and can be shown rigorously to prove theorem 6 as a result. 





Theorem 7:  Let A and B be denumerable sets.  A ( B is denumerable.  





Theorem 8:  Let A and B be finite sets.  A ( B is finite.  





Theorem 9:  Let A and B be countable sets.  A ( B is countable.  





Theorem 10:  Let Ai be denumerable sets ( i ( I ( I ( IN.   Let ( = { Ai  |  i ( I} 


( (  is denumerable.  





Theorem 11:  Let Ai be finite sets ( i ( I ( I ( INk  for some k (IN.   Let ( = { Ai  |  i ( I} 


( (  is finite.  





Theorem 12:  Let Ai be finite sets ( i ( I ( I ( IN.   Let ( = { Ai  |  i ( I} 


( (  is denumerable.  


 


Theorem 13:  Let Ai be countable sets ( i ( I ( I ( IN.   Let ( = { Ai  |  i ( I} 


( (  is countable.  





Note that 





Q =  {  0 }  ( {   � EMBED Equation.2  ���}  ( { � EMBED Equation.2  ���}  ( { � EMBED Equation.2  ���}  ( { � EMBED Equation.2  ���}  ( 


{ � EMBED Equation.2  ���}  ( { � EMBED Equation.2  ���}  (  . . . .





and hopefully one can see the outline of the proof such that using the theorems, we can establish 


| Q | = (0 .








Theorem 14: | (0,1) | = | IR |


Proof:  Assume the premises.  





Define  h3 : (0,1)   ((( IR  ( h3(x) = � EMBED Equation.2  ���





h3 is a well defined function. 	(prove this on your own)


h3 is an injection. 		(prove this on your own)


h3 is a surjection.	 	(prove this on your own)





Hence, h3  is a bijection.


Thus, (0,1)  ( IR


				Q. E. D. 








Theorem 15: | IR | > | IN |


Proof:  Assume the premises.  Suppose  | IR | ( | IN |


Suppose further  | IR | < | IN | .      But, IN  ( IR ,
