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We started this section of the course building from sets to the more general product sets.
Recall: Let U be a well defined universe. Let V be the well defined universe, P (U). Let A be a set. We
considered theorems on sets, power sets, P (A), and sub-collections of power sets, .
Then we considered Let U be a well defined universe. Let V be the well defined universe.. Let A be a set
which is a subset of U. Let B be a set whose points are elements of V. We defined the universe W = U x V.
Def. 13.01 : Let the universe W = U x V be defined from the well defined universes U and V such that
A C U whilst B C V. The relation M from A to B is the set M = {(a,b) : a € A,b € B}.
Let R be any subset of A x B:
R CAxB.
R is called a relation. Big whoop!
We found the subject of relations in and by themselves was not too intriguing.
So, we considered relations on a set.
Def. 13.02 : Let the universe W = U x V be defined from the well defined universe U such that A C U.
The relation S from A to A (Sison A) is theset S={ (a, b): a € A, b € A}.

This creates more interesting ideas.

Def. 13.03 : Let the universe W = U x U be defined from the well defined universe U such that
A C U. Consider the relation R on A. R is said to be reflexive if for every x € A, (z,2) € R and Jz € A
(note there must exist an x such that (z,z) € R, this is to ensure that () does not vacuously hold as
reflexive).

Def. 13.04 : Let the universe W = U x U be defined from the well defined universe U such that A C U.
Consider the relation R on A. R is said to be symmetric if for every (x. y) € R = (y, x) € R.

Def. 13.05 : Let the universe W = U x U be defined from the well defined universe U such that A C U.
Consider the relation R on A. R is said to be antisymmetric if (x. y) € R = (y,x) ¢ R .

Alternate Def. 13.05.1 : Let the universe W = U x U be defined from the well defined universe U such
that A C U. Consider the relation R on A. R is said to be symmetric if (x. y) € RA (y,x) e R=x=1y.

Exercise:
1. Prove definition 13.05 and alternate definition 13.05.1 are logically equivalent.

Def. 13.06 : Let the universe W = U x U be defined from the well defined universe U such that A
C U. Consider the relation R on A. R is said to be transitive if (x. y) € R A (y,z) € R = (x,z) € R.

Notice this is not the same as saying the following: Let the universe W = U x U be defined from the well de-
fined universe U such that A C U. Consider the relation R on A. (z,y) € R = 323 (2,2) € RA(z,y) € R.

Exercises:
2. Let the universe W = N x N. Let A C N. Consider the relation R on A.
Consider A = {1, 2, 3, 4} Let R = {(1, 1), (1, 2), (2, 2), (3, 2), (2, 3), (3, 3)}
(1) Prove R is not reflexive.
(2) Prove R is not symmetric.
(3) Prove R is not antisymmetric.
(4) Prove R is not transitive.
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Exercises continued:
3. Let the universe W = N x N. Let A C N. Consider the relation S on A.
Consider A = {1, 2, 3, 4} Let S = {(1, 1), (2, 2), (3, 2), (2, 3), (3, 3), (4, 4)}

(1) Prove S is reflexive.

(2) Prove S is symmetric.

(3) Prove S is not antisymmetric.
(4) Prove S is transitive.

4. Let the universe W = N x N. Let A C N. Consider the relation T on A.
Consider A = {1, 2, 3,4} Let T = {(1, 1), (1, 2), (1, 3), (2, 3), (2, 2), (1, 4), (3, 3), (4,4)}

(1) Prove T is reflexive.

(2) Prove T is not symmetric.
(3) Prove T is antisymmetric.
(4) Prove T is transitive.

Def. 13.07: Let the universe W = U x U be defined from the well defined universe U such that A C
U. Let the relation be R on the set A. If R is reflexive, symmetric, and transitive, then R is called an
equivalence relation on A.

Example 13.1:

Let the universe W = N x N. Let A C N. Consider the relation S on A.
Consider A = {1, 2, 3, 4} Let S = {(1, 1), (2, 2), (3, 2), (2, 3), (3, 3), (4, 4)}
S is an equivalence relation on A.

Def. 13.08: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let the relation be R on the set A. If R is an equivalence relation on A, then R induces a subset of P (A)
[a collection], called the collection of equivalence classes of A induced by R.

An equivalence class of the element a € A from R is denoted as [a]r [a]r = {b € A : (a,b) € R}.

Example 13.2:

Let the universe W = N x N. Let A C N. Consider the relation S on A.

Consider A = {1, 2, 3, 4} Let S = {(1, 1), (2, 2), (3, 2), (2, 3), (3, 3), (4, 4)}

[1]s = {1}.[2]s = {2,3} = [3]s.[4]s = {4}. Notice that ¥ = {[1]s, [2]s, [4]s} = {{1},{2,3},{4}} S P (4).

Def. 13.09: Let the universe U be defined and let the set A be well defined such that A C U. Let
the collection II C P (A). II is called a partition of A iff: (1) VM € IIA VN € II, it is the case that
M N N =0 (the sets in II are pair-wise disjoint or they are said to be mutually exclusive); and

(2) UIL = A (the collection is said to be exhaustive).

Theorem 13.1: Let the universe W = U x U be defined from the well defined universe U such that
A C U. Let the R be an equivalence relation on the set A. The collection of equivalence classes of A
induced by R partitions A.

Theorem 13.2: Let the universe W = U x U be defined from the well defined universe U such that
A CU. Let II be a partition of A. II induces an equivalence relation on A which is typically denoted as
A\IL

Example 13.3:
Let the universe W = N x N. Let A C N. Consider the relation S on A. Consider A = {1, 2, 3, 4} Let S

={(1,1), (2,2), (3,2), (2,3), (3, 3), (4, 4)}
s = {1}.[2]s = 12,3} = [38].[4]s = {4}. Notice that ¥ = {[1]s, [2], [4]s} partitions A!
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Venn Diagramme of Partition defined by ¥

Example 13.4:
Let the universe W = N x N. Let A C N. Consider the partition of A, ® = {{1,2},{3,4}}.

Venn Diagramme of Partition defined by ®

Note that A\® is an equivalence relation on A such that
A\® = {(1,1),(2,2),(1,2),(2,1),(3,3),(4,4),(3,4), (4,3) }.

Def. 13.10: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let the relation be R on the set A. If R is reflexive, antisymmetric, and transitive, then R is called a
partial ordering on A.
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Def. 13.11: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be partially ordered under R. If either xRy or yRx for z,y € A then x and y are said to be
comparable.

Def. 13.12: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under R. Let the symbol < denote a partial ordering.

Def. 13.13: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under <. If Ve Ay € A, x=y VvV y=z, then A is linearly
ordered by <.

Def. 13.14: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < . If there exists an element 1 of A such that for every
x € A, =z, then [ is called the least element of A.

Def. 13.15: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < . Let m belong to A. If there does not exist an element
x of A such that x < m, then m is called a minimal element of A.

Def. 13.16: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < . If there exists an element L of A such that for every
x in A x < I, then L is called the greatest element of A.

Def. 13.17: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < . Let M belong to A. If there does not exist an element
x of A such that M < x, then M is called a maximal element of A.

Def. 13.18: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < . If a < b A a # b, then we will say a is less than b
under the order and denote this by a < b.

Def. 13.19: Let A be a set and it be partially ordered under < . If a < b A a # b, then we will say
b is greater than a under the order and denote this by a a < b or b > a.

Def. 13.20: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < and B C A.
Let 3 belong to A. If <8 Vz € B then [ is called an upper bound of B.

Def. 13.21: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < and B C A. Let b€ A. If b Va € B then b is called a
lower bound of B.

Def. 13.22: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < and and B C A. Let 0 belong to A. If § < 3 V[ that

are upper bounds of B then ¢ is called the least upper bound of B (or supremum) and is denoted
as 0 = lub(B).

Def. 13.23: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < and and B C A. Let g belong to A. If b < g Vb that
are lower bounds of B then g is called the greatest lower bound (or infinum) of B and is denoted as

g = glb(B).



Example 13.5:
Let the universe W = N x N. Let A C N. Consider the relation T on A.

Consider A = {1, 2, 3, 4} Let T = {(1,1), (1,2),(1, 3),(2,3),(2,2),(1,4), (3,3), (4,4)}.
Note that T is a partial order on A.

Hasse Diagramme of the partial order T on A.

It can be seen that 1 is a minimal element, 1 is the least element, 3 is a maximal element, 4 is a maximal
element, and there does not exist a greatest element.

Consider B € A 5 B = {2,4} It can be seen that 1 is a lower bound of B and there is no upper
bound.

Consider C C A 5 C = {2,3} It can be seen that 1 is a lower bound, 2 is a lower bound of B, 3 is
an upper bound, and that 1 is not the glb(C),2 is the glb(C), and 3 is the lub(C).
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Example 13.5:

Let the universe W = Z x Z. Let K CZ > K = {—4,-3,-2,—-1,0,1,2,3,4}. Consider this Hasse
diagramme:
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Hasse Diagramme to Create a Partial Order S on K.

It can be deduced that the Hasse diagramme is a graphical representation of a partial order on K, let us
symbolise it as <. and call the partial order S on K.

So,2<92,2<-22<93,-2<3,-2<4, -2 <0, yada, yada, yada.

Notice that 440 A 440.

It also (I hope) can be seen that 2 is a minimal element, 2 is the least element, -4 is a maximal element,
-1 is a maximal element, 1 is a maximal element, and there does not exist a greatest element.

Exercise:
5. Show that S is indeed a partial order on K.
6 - 10 Find upper bounds of the sets relative to K under < (the partial order S on K).
6. Consider B C K 5 B = {2, 4}
7. Consider C C K 3 C = {2, 3}
8. Consider D C K 3D = {-2, 4, -3, -1}
9. Consider EC K> E = {-2, 3, -3, -4}
10. Consider FC K> F = {3, 0, -1}

We could study partial orders in even more detail. If one is so inclined, it is a great subject for di-
rected reading and can lead to a nifty Senior Seminar project.

Def. 13.24: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < and B C A.
B is called a chain if all the elements of B are related, that is Vz Vy € B,z <yVy =< x.

Def. 13.25: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under < and A be a chain. Then, A is called a totally ordered
set.
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Def. 13.26: Let the universe W = U x U be defined from the well defined universe U such that A C U.
Let A be a set and it be partially ordered under <. A is called a well ordered set if for each non-empty
subset of A, B, it is the case that B has a “first element.”

(eg:3f€B> f<a VreB).

From this point on the discussion is purely one of enrichment; it is NOT part of the course
but is ’future excitement.’

Def. 13.27: An algebra is an ordered pair (A, * ) such that A is a non-empty set and * is a binary
operation on A.

Def. 13.28: Let (A, x4 ) and (B, xp) be algebras. f : A — B is a homomorphism from A to B if
ven Vye A flzxay) = f2)*s f(y)

Def. 13.28 can be generalised to more operations (not necessarily binary) with distinguished elements
for each operation (like the integers with addition and multiplication coordinated with distinguished ele-
ments zero and one, respectively)

Def. 13.29: Let (A,4+4,%X4,04,14) and (B,+5,xp5,05,1p) be algebras. We call f : A — B be a
homomorphism from (A, +4, X 4,04,14) to (B,+5, xp,05, 1p)if:

f(04) =0p; and
) f(1a) =15
Def. 13.30: Let (A, 44, %x4,04,14) and (B, +5, X5,05,15) be algebras and f: A — B be a bijection
from A to B that is a homomorphism from (A, +4, X4,04,14) to (B,+p5, Xp5,0p,15). Then we call that
homomorphism an isomorphism from A to B. Indeed, we say (A,+a4, X4,04,14) is isomorphic to
(B,+B, x5,08,15) or more simply A is isomorphic to B*

Finally we can see it all coming together when we consider:
Define the relation “ ~” on A to be z ~ y iff f(z) = f(y).

i) F: A— (A/ =) defined by F(x) = [z]4 is onto (A/ =)
ii) if f is surjective also, then there exists a unique function p : (A/ =) — B » p is a bijection and po F' = f.
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WWhich is sloppy since the operations are not mentioned, but it is said often.



